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Preface

The last three decades have been marked by the evolution of electronic computers
and an enormous and wide-spread availability of computational power. This has
boosted the development of computational methods and their application in engi-
neering and in the analysis and design of structures, which extend from bridges to
aircrafts and from machine elements to tunnels and the human body. New scientific
subfields were generated in all engineering disciplines being described as “Compu-
tational ", e.g. Computational Mechanics, Computational Fluid Mechanics, Com-
putational Structural Analysis, Computational Structural Dynamics etc. The Finite
Element Method (FEM) and the Boundary Element Method (BEM) are the most
popular of the computational methods. While the FEM has been long established
and is most well known in the engineering community, the BEM appeared later
offering new computational capabilities with its effectiveness, accuracy and low
computational cost.

Although the BEM is taught as a regular course at an ever increasing number of
universities, there is a noticeable lack of a textbook which could help students as
well as professional engineers to understand the method, the underlying theory and
its application to engineering problems. An essential reason is that BEM courses
are taught mainly as advanced graduate courses, and therefore much of the under-
lying fundamental knowledge of mathematics and mechanics is not covered in the
respective undergraduate courses. Thus, the existing books on BEM are addressed
rather to academia and researchers who, somehow, have already been exposed to
the BEM than to students following a BEM course for the first time and engineers
who are using boundary element software in industry.

This observation stimulated the author to write the book at hand. His research in
the development of BEM during the last 25 years as well as the experience he ac-
quired by teaching for many years the course of Boundary Elements at the Civil
Engineering Department of the National Technical University of Athens, Greece,
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justify this endeavor. The author’s ambition was to make BEM accessible to the
student as well to the professional engineer. For this reason, his main task was to
organize and present the material in such a way so that the book becomes “user-
friendly” and easy to comprehend, taking into account only the mathematics and
mechanics to which students have been exposed during their undergraduate studies.
This effort led to an innovative, in many aspects, way of presenting BEM, includ-
ing the derivation of fundamental solutions, the integral representation of the solu-
tions and the boundary integral equations for various governing differential equa-
tions in a simple way minimizing a recourse to mathematics with which the student
is not familiar. The indicial and tensorial notations, though they facilitate the
authors’ work and allow to borrow ready to use expressions from the literature,
have been avoided in the present book. Nevertheless, all the necessary preliminary
mathematical concepts have been included in order to make the book complete and
self-sufficient.

In writing the book, topics requiring a detailed study for a deep and thorough un-
derstanding of the BEM, have been emphasized. These are:

(i) The formulation of the physical problem.

(i) The formulation of the mathematical problem, which is expressed by the
governing differential equations and the boundary conditions (boundary
value problem).

(iii) The conversion of the differential equations to boundary integral equations.
This topic familiarizes the reader with special particular solutions, the so-
called fundamental solutions, shows how they are utilized and helps to com-
prehend their singular behavior.

(iv) The transformation of domain integrals to boundary line integrals or their
elimination, in order to obtain pure boundary integral equations.

(v) The numerical solution of the boundary integral equations. This topic, which
covers a significant part of the book, deals with the numerical implementa-
tion of BEM rendering a powerful computational tool for solving realistic
engineering problems. It contains the discretization of the boundary into
elements, the modeling of its geometry, the approximation of the boundary
quantities, as well as the techniques for the evaluation of regular and singular
line integrals and in general the procedure for approximating the actual
problem by a system of linear algebraic equations.

(vi) A detailed description of the FORTRAN programs, which implement the nu-
merical procedure for the various problems. The reader is provided with all
the necessary information and the know-how so that he can write his own
BEM-based computer programs for problems other than those included in
the book.
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(vii) The use of the aforementioned computer programs for the solution of repre-
sentative problems and the study of the behavior of the corresponding physi-
cal system.

Throughout the book, every concept is followed by example problems, which have
been worked out in detail and with all the necessary clarifications. Furthermore,
each chapter of the book is enriched with problems-to-solve. These problems serve
a threefold purpose. Some of them are simple and aim at applying and better un-
derstanding the presented theory, some others are more difficult and aim at extend-
ing the theory to special cases requiring a deeper understanding of the concepts,
and others are small projects which serve the purpose of familiarizing the student
with BEM programming and the programs contained in the CD-ROM.

The latter class of problems is very important as it helps students to comprehend
the usefulness and effectiveness of the method by solving real-life engineering
problems. Through these problems students realize that the BEM is a powerful
computational tool and not an alternative theoretical approach for dealing with
physical problems. My experience in teaching BEM shows that this is the students’
most favorite type of problems. They are delighted to solve them, since they inte-
grate their knowledge and make them feel confident in mastering BEM.

The CD-ROM which accompanies the book contains the source codes of all the
computer programs developed in the book, so that the student or the engineer can
use them for the solution of a broad class of problems. Among them are general
potential problems, problems of torsion, thermal conductivity, deflection of mem-
branes and plates, flow of incompressible fluids, flow through porous media, in
isotropic or anisotropic, homogeneous or composite bodies, as well as plane elas-
tostatic problems in simply or multiply connected domains. As one can readily find
out from the variety of the applications, the book is useful for engineers of all dis-
ciplines. The author is hopeful that the present book will introduce the reader to
BEM in an easy, smooth and pleasant way and also contribute to its dissemination
as a modern robust computational tool for solving engineering problems.

In closing, the author would like to express his sincere thanks to his former student
and Visiting Assistant Professor at Texas A&M University Dr. Filis Kokkinos for
his carefully reading the manuscript and his suggestions for constructive changes.
His critic and comments are greatly appreciated. Thanks also belong to my doctoral
student Mr. G.C. Tsiatas, M.Sc., for checking the numerical results and the deriva-
tion of several expressions.

J.T. KATSIKADELIS

Athens
January 2002



This Page Intentionally Left Blank



Preface ottt et et e es s easrarraaaen e e st r ettt ta i nns A1

Chapter 1  Introduction..............coccoooiiiimiiiiiic e et 1
1.1 Scope 0f the DOOK ...c..ceiiiiiiiiiieieiieiiei ettt e I
1.2 Boundary Elements and Finite Elements ...........cccccccooiiiiiiinncnnicienn. 2
1.3 Historical development of the BEM ..o 5
1.4 Structure of the BOOK .......cc.coccriniiriiiiici e 7
1.5 CD-ROM CONENTS.....coriiiiriiiiiiiiiicie et et e st e s s 9
1.6 REFEIENCES ..vocvveiiiieiieiicierecie ettt ettt s e b e s be et e bt e 9
Chapter 2 Preliminary Mathematical Concepts............coccccoeerriirenrennnnnne. 13
2.1 INrOAUCHION oottt e e e e e ae s e ena s srnaeenes 13
2.2 The Gauss-Green theorem ... ....cooceiniieiiiirieiiee et rae s 13
2.3 The divergence theorem of Gauss ..........cccccoueiiciiiiiicininieicciiee s 15
2.4 Green’s secONd IENULY ...c.oovcvriiiiiiiiiii s 16
2.5 The adjoint OPErAtOr ......cccevveeriirieiiriiete ettt e ee s r e ee e e e s s 17
2.6 The Dirac delta function........cc.cooeveniineicnnnine et 18
2.7 REfEIENCES c.ouiieniieriieeirecceierte sttt et st s e e e st et 23
PIODIEIMS ..ot e s 23
Chapter 3 The BEM for Potential Problems in Two Dimensions................ 25
3.1 INtrOdUCHION ....coueeeeiiiiinticiceie ittt et 25

XI



XII BOUNDARY ELEMENTS

3.2 Fundamental SOIULION ....c..ooceeviiiiiiiiiii ittt e 26
3.3 The direct BEM for the Laplace equation.........cccceeovenennnnrnniccnceenienn, 28
3.4 The direct BEM for the Poisson equation ...........cccecvvvveeninniiinicnnnnennn, 34
3.4.1 Application of Green’s identity .......cccoccoverevneninnicnniereneneenns 34
3.4.2 Transformation of the Poisson equation to
the Laplace equation .........cccccoceiieniiniiisinceceee e 34
3.5 Transformation of the domain integrals to boundary integrals ............... 36
3.6 The BEM for potential problems in anisotropic bodies ..........ccccceeueenee. 39
3.6.1 Integral representation of the sOlution ...........ccoccevveveevicnicrienenne, 39
3.6.2 Fundamental SOIUtION ......cocoviiiieeiiiiiiccc e 40
3.6.3 Boundary integral equation .......c...ccccccoeriieniinieniencee e 43
3.7 REEIENCES .ooeeieiiiii et e e st a e 44
ProbIemMS ..o 46
Chapter 4 Numerical Implementation of the BEM ..., 47
4.1 INrOAUCTION Louiiii ettt et 47
4.2 The BEM with constant boundary elements ............ocooevvvveeciiiieniennnn, 49
4.3 Evaluation of line integralS..........coocvvoieiniiiiiee e, 53
4.4 Evaluation of domain integrals..........ccccooeiiiiiiiiniicee, 57
4.5 The Dual Reciprocity Method for Poisson’s equation ............ccccccouvnnne, 58
4.6 Program LABECON for solving the Laplace equation
with constant boundary clements .........coovveiiiiiieiiiiecc 61
4.7 Domains with multiple boundaries.........cocooiiciiniiniiniin e 85
4.8 Program LABECONMU for domains with multiple boundaries............ 86
4.9 The method of subdomains .........cocooviiiiiiiniei e, 96
410 REIEIEICES 1.ovevieeiieiiieie ettt ettt ae e ee v e e eaeeas 102
PrOBIEMS ..o 104
Chapter S Boundary Element Technology............ccococoiniinniininnnine 105
S.1 INtrOAUCHION .ooiiieiiieiii e 105
5.2 Linear elements ........coccooieiirmiiiiiiiie e 107
5.3 The BEM with linear boundary elements..........c.cccovvviivcnniinininnnnnns 111
5.4 Evaluation of line integrals on linear elements ...............cccoeeeoiiiieinnn, 115
5.4.1 Outside INEGration .......c.cocceeureiinieniariiiie e eee e ereereee e e eeas 116
5.4.2 Inside INtEration .........ocoviriiiiririiiriiie et 118
5.4.2.1 Integrals with logarithmic singularity ........c..ccocoveoins 118
5.4.2.2 Integrals with Cauchy-type singularity ......................... 126

5.4.3 Indirect evaluation of the diagonal influence coefficients.......... 127



Table of Contents XIII

5.5 Higher order elements ........cccceeeriireeniiinieeieie ettt 129
5.6 Near-singular integrals .......c.ccocceriiiieniinieieeenie et 136
5.7 RefereNnCeS ...oooovviiiiiieiii ittt et cve b e 140
PrODIEMS ..ot et st b e s avrae s 142
Chapter 6  Applications .............ccoooiveririiirinieeeeeee et et 143
6.1 INtrOAUCHION ...eceeiiiiieiii e eeee sttt ee et e e re e s araesseeeenaaenes 143
6.2 Torsion of non-circular bars.........c.ccooeeiviiiiieii e 143
6.2.1 The warping function.........ccccecvevicinininenieiiceee e 143
6.2.2 Evaluation of StreSSes ....c.oocvivviiiiiiieiiecee e 155
6.2.3 Program TORSCON for solving the torsion problem
with constant elements.............coovviveerciiniieecs e 157
6.2.4 Torsion of aniSOtropic bars .....c..ccocceveiriiierceiienienie e 171
6.3 Deflection of elastic MEMDBIANES .........cceeevvvieriieeeieeiee e creeereens 174
6.4 Bending of simply supported plates ...........cccevveeirenincnnicrieiererene 178
6.5 Heat transfer problems .......c..coccooeviviiiiinincinice e 181
6.6 Fluid flow problems ........cccciiniiniiiiiiiieci e 187
6.7 CONCIUSIONS ..oieeireiiisiiieeiiie ettt e eeie e eet e e e eaes e e erbeeesearssesseranesestraesans 193
6.8 REFEIENCES ....viioviieiiiiiie ettt et erae et sraeebee e 197
PrODICIMS ..o e et 198
Chapter 7 The BEM for Two-Dimensional Elastostatic Problems............ 201
7.1 INOAUCHION ..ottt ertae e aee b enre e aee e aeeennes 201
7.2 Equations of plane elastiCity.......c..ccooeiieiieniinriiiitiic e 201
7.2.1 Plane Straif .....ccocovieiiviirieniienice e ciee ettt et ereeeteae s 201
7.2.1.1 Kinematic relations .........cc.ovvveiivervireieeeeceee e esiee e 202
7.2.1.2  Constitutive relations.........cccocvvieeiieeiresivenieeiesiieeeneinns 203
7.2.1.3  Equilibrium equations .........c..ccoceereerinnieiienieseeen e 205
7.2.1.4 Boundary conditions .............cccccvovvieiriiineeieeneeseee s 206
7.2.1.5 Initial stresses and Strains.............ocooeevvevvvenrveneeneennennnnn 208
7.2.2 Plane SIIESS ....c.covtiiuerririieiiieictiee ettt 209
7.3 Betti’s reciprocal identity ........ocooiiieiiiiiieni e 211
7.4 Fundamental SOIUHION .......cccvivviiiiiieicaeiiecr e e 213
7.5 Stresses due to a unit concentrated force..........cccovvvvvieiciiicieiienieniene. 219
7.6 Boundary tractions due to a unit concentrated force.............coooevueennn.. 220
7.7 Integral representation of the SOlUtION .........coociviiieiiiiiiiiiier e, 221
7.8 Boundary integral eqUations.........cccoccviviiiierienienriee et 224

7.9 Integral representation of the StreSSes........cevririeieiiieirenrnniienenenrenne 228



XIV BOUNDARY ELEMENTS

7.10 Numerical soiution of the boundary integral equations...........c.cceoece....
7.10.1 Evaluation of the unknown boundary quantities ......................
7.10.2 Evaluation of displacements in the interior of the body ...........
7.10.3 Evaluation of stresses in the interior of the body .....................
7.10.4 Evaluation of stresses on the boundary ...........ccocceeienieniennn,
711 BOAY fOTICES «.oievviiiiieiie ettt e e ere s s rer e e e annvae e nbeeesaveensrens
7.11.1 Direct numerical evaluation..........c...cocevvieriiniienneerieniesieenns
7.11.2 Evaluation using a particular solution .............c..cccoooernnnrnnn.
7.11.3 Transformation of the domain integrals
to boundary integrals .........cocccoriiiiiiiii e
7.12 Program ELBECON for solving the plane elastostatic problem
with constant boundary elements ..........coceoceriiniienieniiienen e,
713 REfEIENCES ceiiiiiiiiiieiteececeeeeeeeerereeeeeeeeeeeeeeeene
ProBIEMS c..oociiiiei ettt
Appendix A Derivatives of r ...
Appendix B Gauss Integration................c.ocooeoiniiniiinnincee
B.1 Gauss integration of a regular function ..............cccoooinii i,
B.2 Integrals with a logarithmic singularity........c...c.coooiniiie
B.3 Double integrals of a regular function................ocooooiii
B.3.1 Gauss integration for rectangular domains..............oocccovvinnenn.
B.3.2 Gauss integration for triangular domains .............ccoooiviiiiinnnns
B.4 Double singular integrals.........cccoooviiiiiiiinii e
B.4.1 Domain integrals of the fundamental solution for
the Laplace equation ........cc.cooviiiiiiiiniienieieiceie e
B.4.2 Domain integrals of the fundamental solution for
the Navier @qUAIONS .......ocieiiriiiee ittt
B.5 REfErenCes .....oovioiiiiiiiiiieicc s
Appendix C  Answers to selected problems ................c.cccoooiiviiiinnrninnnnn.
AUthor INAeX ..o e e

Subject Index ...

300



Chapter 1

Introduction

1.1 Scope of the book

Since the Boundary Element Method (BEM) became an appealing area of research,
twenty five years ago, several books have been published on this method [1-15].
These books present the theoretical background and the numerical application of
this modern tool of analysis. Hence, it would be fair to pose the question “what is
the purpose of writing one more book on the topic?”’. The answer i1s quite simple.
All the existing books, although they describe comprehensively the method, for the
most part they are written concisely. It could also be said that they are for academic
use, and especially for the scientist that has already been exposed to the method
and not for the student who studies the BEM for the first time. Moreover, since the
BEM as a modern tool of solving engineering problems is intended for engineers, it
must be presented in a way that can get across to them and bearing always in mind
that extended utilization of advanced mathematics carries away authors in pre-
senting the method rather as a subject of applied mathematics than a nice tool for
solving engineering problems. For example, although use of tensors provides a
concise and elegant formulation, it puts engineering students off. For this purpose,
the book at hand presents the BEM and provides derivation of all the necessary
equations by incorporating only fundamental concepts and basic knowledge from
differential and integral calculus, and numerical integration. Since, the scope of this
book is to present the BEM in a comprehensive way and not to study in-depth all
its potentials, the application of the method is limited to simple problems. Some of
them are boundary value problems governed by the Laplace or Poisson equation in
two dimensions and plane elasticity problems. A considerable portion of the book
1s devoted to the numerical implementation of the method and its application to
engineering problems. In all cases, computer programs are written in FORTRAN
language. These programs, even though they solve important engineering prob-
lems, they are not professional but educational. Mainly, they present the logical
steps required for their construction and they familiarize students with the develop-
ment of a BEM software.
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The author anticipates that the book at hand will help students as well as field
engineers to understand the BEM and apply it to problems they are faced with,
either through the computer programs provided with the book or even their own. In
addition, it is the author’s strong belief that this book will contribute to a wider
acceptance of the BEM as the most modermn computational method.

1.2 Boundary Elements and Finite Elements

The Boundary Element Method (BEM) constitutes a technique for analyzing the
behavior of mechanical systems and especially of engineering structures subjected
to external loading. The term loading is used here in the general sense, referring to
the external source which produces a non-zero field function that describes the
response of the system (temperature field, displacement field, stress field, etc.), and
it may be heat, surface tractions, body forces, or even non-homogeneous boundary
conditions, e.g. support settlement.

Study of the behavior of structures is achieved today using computers. The reason
is quite obvious, the low cost of the numerical versus the expensive experimental
simulation. Numerical modeling can be used to study a wide variety of loadings
and geometries of a structure and to determine the optimum design solution, before
proceeding to its construction.

The method used for the numerical analysis of structures during the last 30 years is
mainly the Finite Element Method (FEM). It is the method with which realistic
problems of engineering are being solved, that is the analysis of structural elements
of arbitrary geometry, arbitrary loading, variety of constitutive relations, with lin-
ear or non-linear behavior, in two or three dimensions. Justifiably, the FEM has
been valued during the last 30 years as a modern computational tool.

A reasonable question to ask is “why do we need the BEM since we already have
the FEM that solves engineering problems?”. The answer is that a modeling with
finite elements can be ineffective and laborious for certain classes of problems. So
the FEM, despite the generality of its application in engineering problems, is not
free of drawbacks. The most important of which are:

(i) Discretization is over the entire domain occupied by the body. Hence, gen-
eration and inspection of the finite element mesh exhibit difficulty and are
both laborious and time consuming, especially when the geometry of the
body is not simple. For example, when there are holes, notches or corners,
mesh refinement and high element density is required at these critical re-
gions of large solution gradients (Fig. 1.1a).

(i) Modification of the discretized model to improve the accuracy of the solu-
tion or to reflect design changes can be difficult and requires a lot of effort
and time.

(ii1) For infinite domains, e.g. half-space or the complementary domain to a finite
one, fabrication of fictitious closed boundaries is required in order to apply



Chapter 1 Introduction 3

the FEM. This reduces the accuracy and some times may result in spurious
or incorrect solutions.

(iv) For problems described by differential equations of fourth or higher order
(i.e., plate equations, or shell equations of sixth, eighth or higher order), the
conformity requirements demand such a tedious job that FEM may become
impractical.

(v) Although the FEM computes accurately the field function, which is the un-
known of the problem, it is ineffective in determining its derivatives. The
accuracy drops considerably in areas of large gradients.

i’ f gszﬁ

(b) BEM

Figure 1.1 (a) Domain (FEM) and (b) boundary (BEM) discretization.
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Drawbacks (i) and (it) can be overcome by using updated releases of advanced pro-
fessional finite element software, such as NASTRAN, which are equipped with
automatic and adaptable mesh generators. Essentially, the task of generating a fi-
nite element mesh is a hard geometric problem, and in several cases, it may prove
to be far more difficult than the physical problem which is to be solved by the
FEM. The new disadvantage, though, is that the codes for creating FEM meshes
are closed, and any effort to produce them requires specialized knowledge from a
different scientific area. An attempt, by the engineer, to learn the necessary mate-
rial will only distract him from his original goal, which is to solve a physical prob-
lem.

On the contrary, the Boundary Element Method possesses many advantages, the
most important of which are:

(i) Discretization is only over the boundary of the body, making the numerical
modeling with the BEM easy (see Fig. 1.1b) and reducing the number of un-
knowns by one order. Thus, a remodeling to reflect design changes becomes
simple.

(ii) For infinite domains, the problem is formulated simply as an exterior one.
Apparently, the fundamental solution has to satisfy some conditions at infin-
ity, such as Sommerfeld’s radiation condition for problems in dynamics. In
this manner, computer programs developed for finite domains can be used,
with just few modifications, to solve problems in infinite domains. This is
not possible with the FEM.

(i) The method is particularly effective in computing the derivatives of the field
function (e.g., fluxes, strains, stresses, moments). It can easily handle con-
centrated forces and moments, either inside the domain or on the boundary.

(iv) The BEM allows evaluation of the solution and its derivatives at any point of
the domain of the problem and at any instant in time. This is feasible because
the method uses an integral representation of the solution as a continuous
mathematical expression, which can be differentiated and utilized as a
mathematical formula. This is impossible with the FEM, since the solution is
obtained only at the nodal points.

(v) The method is well suited for solving problems in domains with geometric
peculiarities, such as cracks.

At its current stage of development, the BEM exhibits the following main disad-
vantages:

(i) Application of the BEM requires the so-called fundamental solution. The
method cannot be used for problems whose fundamental solution is either
not known or cannot be determined. Such are, for example, problems de-
scribed by differential equations with variable coefficients. The method is
obviously not applicable to non-linear problems for which the principle of
superposition does not hold. In this case, a BEM model produces domain in-
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tegrals that can be computed by discretizing the domain, but this, of course,
spoils the pure boundary character of the method. During the last years,
intense research has been conducted in an effort to overcome the aforemen-
tioned disadvantages.

(i1) The numerical implementation of the BEM results in systems of linear alge-
braic equations whose coefficient matrices are fully populated and non-sym-
metric. In a FEM model, however, the corresponding matrices have some
very nice properties, they are banded and symmetric. This drawback of the
BEM is counterbalanced by the much smaller dimensions of its matrices.
The general format of the coefficient matrices for a FEM and BEM model is
shown graphically in Fig. 1.2.

FEM

Figure 1.2 Coefficient matrices for FEM and BEM.

1.3 Historical development of the BEM

Until the beginning of the eighties, the BEM was known as Boundary Integral
Equation Method (BIEM). As a method for solving problems of mathematical
physics has its origin in the work of G. Green [16]. He formulated, in 1828, the in-
tegral representation of the solution for the Dirichlet and Neumann problems of the
Laplace equation by introducing the so-called Green’s function for these problems.
In 1872, Betti [17] presented a general method for integrating the equations of
elasticity and deriving their solution in integral form. Basically, this may be re-
garded as a direct extension of Green’s approach to the Navier equations of elas-
ticity. In 1885, Somigliana [18] used Betti’s reciprocal theorem to derive the
integral representation of the solution for the elasticity problem, including in its
expression the body forces, the boundary displacements and the tractions.

The fatherhood, however, of the Boundary Element Method could be attributed to
Fredholm. At the beginning of the twentieth century, he was the first one to use
singular boundary integral equations in order to find the unknown boundary quan-
tities for problems of potential theory [19]. In fact, the method was employed as a
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mathematical tool to determine the necessary boundary conditions for a well-posed
problem of mathematical physics, and not as a method to solve the problem. This is
quite reasonable, because it was, and still is, not possible to find the analytic solu-
tion of the derived singular integral equations. In the aforementioned methods, the
unknown boundary quantities have a direct physical or geometrical meaning and
for this reason they are referred to as direct BEM. In addition to these methods,
there were also other BEM formulations developed, in which the unknown bound-
ary quantities have no direct physical or geometrical meaning, and thereafter they
are given the name indirect BEM [20, 21, 22]. A detailed review of these methods
may be found in [23]. Sherman {24, 25], Mikhlin [26] and Muskhelishvili [27] used
complex functions to develop boundary integral equation methods for the solution
of plane elasticity problems.

Closed form solutions of integral equations were only derived for some domains
with very simple boundary geometry. Unfortunately, the work of Fredholm pre-
dated the computers, which could make his ideas practical For this reason, the
Boundary Integral Equation Method was neglected until the end of the fifties.
Then, with the advent of computers, the method came back to the spotlight as an
appealing numerical method for solving engineering problems. Numerical methods
were developed for the solution of boundary integral equations and difficult physi-
cal problems of complex boundary geometry, which could not be tackled by other
methods, were solved for the first time by the BIEM. The first works that laid the
foundation of BEM as a computational technique appeared in the early sixties.
Jaswon [28] and Symm [29] used Fredholm’s equations to solve some two-dimen-
sional problems of potential theory [30, 31]. The merits of BEM, which were listed
in the previous section, attracted researchers and motivated them to further develop
the method. Rizzo [32] and Cruse [33] applied the method to two-and three-
dimensional elasticity problems, respectively. Rizzo and Shippy [34] extended the
method to anisotropic elasticity, while Cruse and Rizzo [35] solved the elastody-
namic problem. Ignaczak and Nowacki [36] expressed the integral equations of
thermoelasticity and Mendelson [37] studied problems of elastoplastic torsion.

All the aforementioned problems are governed by second order partial differential
equations. Another group of problems are those described by the biharmonic equa-
tion. In this case, the integral representation of the solution was derived from the
Rayleigh-Green identity {38), and the approach was applied to plate bending and
plane elasticity, with the latter being formulated in terms of Airy’s stress function.
The formulation consists of two boundary integral equations, one for each of the
unknown boundary quantities. The first one arises from the boundary character of
the integral representation of the field function, while the second is obtained from
the integral representation either of the Laplacian of the field function or its deriva-
tive along the normal to the boundary. The second approach presented by Katsi-
kadelis et al. [39] became the prevailing one and was adopted later by Bezine [40]
and Stern [41] to solve the plate bending problem. An extended and detailed
presentation of the plate bending problems that have been analyzed by the BEM
can be found in Ref. [42]. Already in the late eighties, one could find numerous
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publications in the literature, where the BEM was applied to a wide variety of
engineering problems. Among them are static and dynamic, linear or non-linear
problems of elasticity, of plates and shells, problems of elastodynamics, wave and
carthquake engineering, geomechanics and foundation engineering, soil-structure
interaction, fluid-structure interaction, fluid dynamics, unilateral contact, fracture
mechanics, electricity and electromagnetism, heat conduction, acoustics, aerody-
namics, corrosion, optimization, sensitivity analysis, inverse problems, problems of
system identification, etc. It could be said that today the BEM has matured and
become a powerful method for the analysis of engineering problems, and an alter-
native to the domain methods. The method has been established by the name BEM
(Boundary Element Method), which is attributed to the approach used to solve the
boundary integral equations (i.e., discretization of the boundary into elements).
Software based on the BEM has been developed for computers of simple or paral-
lel architecture, along with professional high performance packages, like BEASY
[43]. In 1978, C. Brebbia organized the first international conference on BEM, and
since then conferences on BEM are organized yearly by the International Society
for Boundary Elements (ISBE) and the International Association for Boundary
Elements (IABEM). Furthermore, all conferences on computational mechanics de-
vote sessions to the BEM. A detailed review of this enormaus work would occupy
a lot of space in this book and, of course, it is beyond its scope. However, inter-
ested readers are referred to literature review articles [44, 45], to the proceedings of
the above conferences (BEM, IABEM) and to the numerous publications of the
Computational Mechanics Publications, Southampton.

New developments in BEM aim at overcoming any drawbacks of the method. They
deal with complicated time-dependent problems, linear problems for which the
fundamental solution is not known, and also non-linear problems. For all these
types of problems the resulting integral solution involves domain integrals, which
complicate the application of the method. The most promising techniques that suc-
cessfully overcome most of the difficulties and at the same time preserve the purely
boundary character of the BEM, are the Dual Reciprocity Method (DRM) [46],
which has, however, some limitations, and the Analog Equation Method (AEM)
[47, 48]. The latter is general and relieved of DRM’s limitations.

1.4 Structure of the book

As it was mentioned in Section 1.1, the scope of this book is to make the BEM
comprehensible to the engineering student. For this purpose, its application will be
limited to the simpler but most representative problems. On these grounds, the
book contains including the introduction, seven chapters and three appendices.
Every chapter is followed by the pertinent bibliography and recommended refer-
ences for further study. Several exercises have been included at the end of each
chapter in order to help the reader practice the concepts studied in the book.

Chapter 2 presents some preliminary mathematical concepts that are necessary for
developing the BEM. These concepts are the divergence theorem of Gauss,
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Green’s reciprocal identity (Green’s second theorem) and the definition of the delta
function along with its properties.

In Chapter 3, the direct BEM is developed for some problems of potential theory,
that is boundary value problems for the two-dimensional Laplace and Poisson
equations. It is extended also to the case of general second order partial differential
equations with constant coefficients, which govern the homogeneous orthotropic,
or generally, anisotropic bodies.

Chapter 4 describes the numerical implementation of BEM and the numerical
solution of the singular boundary integral equations. For educational purposes, the
solution is derived only for constant boundary elements and a computer program
has been developed in FORTRAN language. The program is explained thoroughly
and its structure is given in a systematic way, so that the student can become ac-
quainted with the logic of writing BEM software. The method is also applied to
domains containing holes and another computer program is provided for this case.
Finally, one will find the method of subregions (subdivision of the original do-
main) as it applies to the BEM.

Chapter 5 is devoted to the boundary element technology. The singular integral
equations are integrated numerically using boundary elements. The elements may
be subparametric, isoparametric or superparametric and emphasis is put on the lin-
ear and parabolic elements. A considerable portion of the chapter is devoted to the
evaluation of the singular and hypersingular integrals.

Chapter 6 presents applications of the BEM to engineering problems that can be
reduced to boundary value problems for the Laplace or Poisson equation. In par-
ticular, the BEM is applied to the Saint-Venant torsion problem for isotropic and
anisotropic materials, to the bending of membranes and of simply supported plates,
to heat conduction and to the irrotational flow of incompressible fluids. For each of
these problems, the reader is provided with a computer program and representative
examples.

Chapter 7 studies the plane elasticity problem. The fundamental solution and the
corresponding boundary integral equations are derived in a simple way so that the
student will be able to follow all the steps and understand the subject. A computer
program has been written also for this problem and several numerical applications
are presented with intend to familiarize the student with the use of the program, on
one hand, and to demonstrate the effectiveness of the method, on the other.

Appendix A lists useful relations, which facilitate the differentiation of the kernels
found in the integral equations. Appendix B presents the Gaussian quadrature (nu-
merical integration) for regular and singular integrals in one and two dimensions.
Finally, Appendix C provides answers and/or hints to selected problems from those
found at the end of the six chapters.
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1.5 CD-ROM contents

The book is accompanied by a CD-ROM containing the computer programs whose
code is presented in the chapters of the present book. Specifically, the following
programs can be found in the CD-ROM.

1.

LABECON.FOR, RECT-1.FOR and ELLIPSE-1.FOR. The first one solves the
Laplace equation using constant elements, while the other two form the data
files for rectangular and elliptic domains.

. LABECONMU.FOR and RECT-2.FOR. The first program solves the Laplace

equation for domains with holes and the second one prepares the data file for
multiply connected domains (Example 4.3).

. TORSCON.FOR, RECT-3.FOR and ELLIPSE-3.FOR. The first one solves the

torsion problem and the other two create the data files for rectangular and ellip-
tic cross-sections.

. FLUIDCON.FOR. It analyzes the irrotational flow of incompressible fluids.
. ELBECON.FOR, RECT-4.FOR and RECTEL-MU.FOR. The first one solves

the plane elasticity problem (plane strain and plane stress). The second one con-
structs the data file for rectangular domains, while the third one forms the data
file for domains with multiple boundaries (Example 7.3).
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Chapter 2

Preliminary
Mathematical Concepts

2.1 Introduction

In this chapter, some mathematical relations are presented which are required for
the development and understanding of the boundary element method (BEM).
Although these relations could have been included in an appendix, they are placed
here to show the reader their important role in the theoretical foundation and
development of the BEM. They will be used many a time and oft in the book and
particularly for the transformation of the differential equations, which govern the
response of physical systems within a domain, into integral equations on the
boundary. The understanding of these mathematical concepts will give the reader a
feeling of confidence for their subsequent use.

2.2 The Gauss-Green theorem

The Gauss-Green theorem is a fundamental identity, which relates the integral of
the derivative of a function over a domain €} to the integral of that function on its
the boundary I' . The domain may be two- or three-dimensional. For simplicity of
presentation, this relationship is derived for the two-dimensional case. Consider the
plane domain €2 bounded by the curve I'. We shall work first with the derivative
of a function f = f(z,y) with respectto z . The integral over {2 may be written as
a double integral, for which the integration is carried out first with respect to z and
then with respect to y . Thus, we can write

ngﬁd j‘m (j:zgfdz)dy_f {fm%y)_ (zlv )}dy (21)

where

o =z(y) and 3 = 7y(y) (2.2)
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Yi

Ya
dy

i z, iz % z
Figure 2.1 Integration over a plane domain {2 bounded by a curve I'.

From the detail of Fig. 2.1, we have

dy =cosa =" = dy=n.ds (2.3a)
ds
dz .
. =sinoe=n, = dr=-nyds (2.3b)
s

where 7.; and ny are the components of the unit vector n, which is normal to the
boundary ['. The negative sign in Eq. (2.3b) is due to the fact that the dz and the
sin v have opposite signs when the angle « is measured in the counter-clockwise
sense with respect to the positive z —direction (see detail in Fig. 2.1).

Consequently, Eq. (2.1) becomes
[ @y - fetdy = [ feapneds= [ f@yn-ds @9

In the previous expression the integration on s, is performed in the negative direc-
tion (clockwise) when y varies from ¥, to y,. Using uniform direction for the
integration over s, both terms in Eq. (2.4) can be combined in a single expression

Interchanging z with y in Eq. (2.5), we obtain

ﬁ)g—];dQ:frfnyds (2.6)

If g is another function of = and y, then Egs. (2.5) and (2.6) result in
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fﬂmdngrfgnzds =f9g%dn+fgfg§dﬂ =

ox
fng%daz—fﬂf%dmrfrfgnzds 2.7)
j;) By Q) = ffgn ds—fg dQ+ff8ng =
gg o= f‘99 a2+ [ fyn,ds 2.8)

Equations (2.7) and (2.8) state the integration by parts in two dimensions and are
known as the Gauss-Green theorem.
2.3 The divergence theorem of Gauss

The divergence theorem results readily as an application of the Gauss-Green theo-
rem. Consider the vector field u = ui+ v j, where i, j denote the unit vectors
along the z and y axes and u = u(z,y), v = v(z,y) its components. Applying
Eq. (2.5) for f = u and Eq. (2.6) for f = v and adding, yields

Ou  Ov
f[a+5y—]dﬂ fr(unx-%vny)ds (2.9)

If the coordinates = and y are represented by z; and z,, respectively, then the

components of the vector field u are denoted by w, (i =1, 2) and those of the
normal vector n by n,. Therefore, Eq. (2.9) can be written as

Ou | O 4o
j;l[(’)azl + o, ]dQ = fr(ulnl + uyny)ds (2.10)

or using the summation convention

fn gzz dQ*fulnlds (i=12) @2.11)

Equations (2.9), (2.10) and (2.11) can also be written using vector notation as
fﬂv-ud9=fru-nds 2.12)
in which the symbolic vector V is defined as

Vit 4 jo =i — +ip— (2.13)
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and represents the differential operator that produces the gradient of a scalar field.

The quantity V - u, i.e. the dot product of the vectors V and u, is referred to as
the divergence of a vector field u at a point inside the domain 2, whereas the
quantity u - n is referred to as the flux of the vector field at a point on the boundary
I'. The latter dot product expresses the projection of u in the direction of n.
Eq. (2.12) relates the total divergence to the total flux of a vector field and it is
known as the divergence theorem of Gauss. It is one of the most important theo-
rems of integral calculus.

2.4 Green’s second identity

Consider the functions « = u(z,y) and v = v(z,y) which are twice continuously
differentiable in © and once on I'. Applying Eq. (2.7) for g = v, f= 4% and
Eq. (2.8) for g =v, [ = % and adding the resulting equations, we arrive at the
following

[ v[ +8“]ds2_ - {@0—%@?—“]&
o (9z° 8y’ ol gr dz Oy Jy
+[v[

Similarly, applying Eq. (2.7) for g = u, f =g and Eq. (2.8) for g =u, f =4t

n: + nu ]ds (2.14)

dr

and adding the resulting equations, we obtain

2 2 .
fﬂ [07)+ﬂ]d52: B Q[%_dl_}_d“d”]jg

oz 0y’ dx 0x Oy dy
+fr [dz n: + yn.,]ds (2.15)
Subtracting Eq. (2.15) from Eq. (2.14) yields
e votvga - [0 )
‘/;)(UV u —uV 11)dQ = fr( o uan)ds (2.16)

where V? is known as the Laplace operator or harmonic operator and it is defined
as

P . 2 N2
2 'i]za 0 (2.17)

—_— + —_—
az® oy’

while
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ni
yay

Q—En-Vz(nzi+nyj)'[i—a~+j—8—]:nzi+
Oz

2.18
on Oz dy (2.18)

is the operator that produces the derivative of a scalar function in the direction of
n . Equation (2.16) is known as Green's second identity for the harmonic operator
or Green's reciprocal identity.

2.5 The adjoint operator

Consider the complete second order differential equation with variable coefficients

2 2 2
L) = a2l yop 90U o0u, pOu pOu, by g (2.19)
oz Oz dy Oy Oz Ay

where A, B,...,F are given functions of z and y in 2. Multiplying Eq. (2.19) by
a function v = v(z,y) and integrating over the domain, we have

j: v L(u)d2 =0 (2.20)

Let us assume that v is twice continuously differentiable in €2 and once on I'.
Subsequently, integrating Eq. (2.20) by parts repeatedly until all derivatives of u
are eliminated and incorporating Egs. (2.7) and (2.8), we arrive at

fQ{vL(u)_uU(u)}dQ:fr(Xn,wn,,)ds @.21)
where
2 2 2 ]
L) = g (A;}) + 26 (Bv) N dr(C;v) _O(Dv)  O(Ev) 4 Fu (2.22)
Oz Oz0y Oy Oz Jdy
X:A(va—u»u@)+B[v@~ua—v]+[D—?ﬁ—8—B]uv (2.23)
Oz oz Jy oy dz Oy
Y:B(v@—u@)+0[/@i—ua—v]+(E~Q§—a—g]ub (2.24)
Oz Oz oy ay oz y

The differential operator L'( )} defined in Eq. (2.22) is referred to as the adjoint
operator of L{ ). Equation (2.21) is the general form of the Green’s second identity
(2.16), which results readily as a special case of Eq. (2.21) for A=C =1 and
B=D=F =0.Thecase F = 0 does not affect Eq. (2.16) as it is equivalent to
adding and subtracting the term Fuv in the integral of the left hand side of this
equation. When A, B,C are constants and D = F = 0, Eq. (2.22) becomes
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2 2 2
9 op2l
9y

— + Fv 2.25
Oz’ y? ( )

I'(v)=4

Namely, the operator L'( ) is identical to L( )and in this case L( ) is called self-
adjoint.

The character of the solution of Eq. (2.19), as well as the type of the problem to be
solved, depends on the quantity A = B> — AC. We distinguish three types of
equations:

(a) Elliptic type, for A <0
(b) Parabolic type, for A =0
(c) Hyperbolic type, for A >0

2.6 The Dirac delta function

In problems of solid mechanics, we often come across concentrated loads, that is
actions that are applied to a very small region, theoretically at a point, of the space
or of the time.

Figure 2.2 Circular disc loaded by Figure 2.3 Force distribution on the
vertical concentrated unit load F'. boundary of the body.

For example, consider the plane elastic body A, having constant thickness A and
occupying the half-plane —oo < z < 400, y > 0 (Fig. 2.2). A circular disc A, of
the same thickness . and radius R is in contact with the semi-infinite body at
point (xz,y) = (0,0) of its free boundary. The circular disc is loaded by a vertical
concentrated unit load F as shown in Fig. 2.2. Because of the deformation of the
elastic bodies the contact does not take place at a point, but it is extended over a
small region. The function f(z) represents the distribution per unit length of the
force applied on the boundary of the body A, . This function, which most probably
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has the shape shown in Fig. 2.3, is not a priori known. However, we know that it is
sufficiently concentrated and

[ " fe)dz = 1 (2.26)
which expresses that the total force applied on the body A, is equal to unity. If we
skip the problem of determining analytically the function f, we may assume a pri-
ori a prescribed shape for this function as

k/2, 1zi< %
filz) = ) (2.27)
0, iz1>-—
k
or
fi(z) = S, S (2.28)
7 (1 + k*z?)

where k is a positive number.

Figures 2.4a and 2.4b show that both functions f, defined in Eqs.(2.27) and
(2.28), respectively, become sufficiently concentrated for large values of k. More-
over, they satisfy Eq. (2.26), which means that they are statically equivalent to f .

k k

ﬁ\ J(@) = 2 i ) = (14 k*z?)

(a) (b)

Figure 2.4 Functions f. sufficiently concentrated for large values of k.

The distribution of f(z) becomes more “concentrated” as the bodies become less
deformable. This is expressed by increasing the values of k& in Eqs. (2.27) and
(2.28). The limiting case where the bodies are rigid is expressed by & — oo . This
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produces a fictitious distribution of the unit force per unit length, which is denoted
by 6(z) and is defined as

6(z) = Lim fi(z) (2.29)

k—ex
where f.(z) is the function defined in Eq. (2.27) or (2.28). The function §(z) is
known as delta function or Dirac delta function.

In mathematics, the delta function is treated in the theory of generalized functions.
We give below the definition of the delta function as a generalized function of one
and two variables, and we mention some of its properties used in developing the
BEM.

The one-dimensional delta function is defined by the relation

[ :” 8(2) h(z) dz = h(0) (2.30)
for a point source applied at the position z = 0 or by the relation

fj: &(z — xo) h(x) dz = h(z.) (2.31)
for a point source applied at x = z, . The function h(z) is continuous in a finite
interval containing the source point x = 0 or = = z,, and has zero value outside

the interval. The one-dimensional delta function can also be described by the rela-
tions

0, z=z=0
6(x) = ( N (2.32a)
ffm Sayde = [ 8(a)dn =1 (2.32b)

where ¢ is a positive number. According to this definition, the function 6(z) has
zero value everywhere except at point z = (0, where it becomes infinite, and satis-
fies Eq. (2.32b).

Equation (2.30) may be obtained from Eq.(2.32b) by applying the mean value
theorem of integral calculus. Referring to Fig. 2.4a and choosing ¢ =1/k, we
obtain

2e

fw h(z)é(z) dz = (ivrtf:- ) fi(x) de = Mm[h,(:n‘)él—
—-nu s-al) o -2 =0 €
— tim[A(z")} = h(0)

The Dirac delta function §(QQ — Q.) in two dimensions is defined as



Chapter 2 Preliminary Mathematical Concepts 21

[ 6Q-Q)h@) d2% =h@),  Q@,y), Qelee,ye) €0 (2.33)

for an arbitrary function (Q)), which is continuous in the domain  containing
the point Qo(zo,¥o). The two-dimensional delta function may also be described by

Oa Q = Q"
5@—@J=LD Q=0 (2.34a)
[ 8Q-Q)d% = [ 6Q-@Q)d0q =1,
Qa(.’l?o, ya) e c Q (234b)

In accordance to the one-dimensional delta function &(z — z,), the two-dimen-
sional 6(Q — Q) may be defined as the limit of a set of functions. More specifi-
cally,

Q@ — Qo) = fim fi(r), Qz,y), Qo(zo,90) € Q (2.35)

where

r=y(r-) +@y-2)

For example the limit of the function

E/m, v < %
fi(r) = (2.36a)
0 r> l
’ Tk
or
ke
fe(r) = - (2.36b)

for kK — oo is a two-dimensional delta function. We can also write §(Q — @,) as
the product of two one-dimensional delta functions as follows

6(Q - Qo) = 6(.’1: — Io) 6(y - yo) (237)
Consider now the transformation

z=u&n)
(2.38)
y=v(&n)
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where u and v are assumed to be single-valued continuous differentiable func-
tions of their arguments. The transformation of the function §(¢ — Q) from the
Cartesian coordinates z and y to the curvilinear coordinates £ and 7 can be per-
formed in the following way.

It is supposed that under this transformation the point z = z,, y = ¥, is mapped
onto the point § = &, 1 = 70 . By changing coordinates, the integral of Eq. (2.33)

fn 6(z — z0) 8(y — yo) h(z,y) dz dy = h(z0,yo)

becomes
. 81u(&,m) = o] [0(€,m) = yol i, ) 1] dE dny = h(o, o) (2.39)
where
du o
ag  o¢
J =
on Oy

is the Jacobian of the transformation.

Equation (2.39) states that the symbolic function
8lu(€,m) — ) Su(E,m) = v ] 1]

assigns the value of the function h(x,y) at the point where w = z,, v = y., that is
at the point where £ = £, 17 = 75.. Consequently, we may write

lu(&,m) — zo] (€, m) — yo 171 = 6(§ = &) &(1) = 10)
which may also be set in the form

8(E — &) 6(n —n
6z —20) 6y ~ yo) = (€ ¢ I)]I(U ) (2.40)

provided that |J| == 0, a condition which implies that the transformation (2.38) is
non-singular (invertible).

We close this section by stating a property of the derivatives of the delta function.

(i) For the m™ order derivative of the one-dimensional delta function the follow-
ing equation is valid

b m _ m N
[y LX) gy ) ) i
a dz dx
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(ii) For the (m + n)* order derivative of the two-dimensional delta function, the
following equation is valid

O™ HQ — Qo) ™" hQo)
T A0, = (— 1) e ]
-/;1 "e) -9z Oy” o = (1) oz™ dy” (242)

where Qo(zo,%0), Q(z,y) € Q.

2.7 References

This chapter has been designed to give a brief elementary description of the basic
mathematical tools that will be employed throughout this book in developing the
BEM formulations. The reader may look for more details about the Gauss-Green
theorem and the Gauss divergence theorem in most books on calculus as well as in
many books of engineering mathematics or mathematical physics, such as Smir-
now [1], Hildebrand [2], Kreyszig [3], Sommerfeld [4]. For a detailed discussion
about the Dirac delta function, we refer to the book of Greenberg [5] or to the more
advanced books of Roach [6] and Duff and Naylor [7].
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Problems

2.1. Convert the domain integral

QfdQ

to boundary line integral on I', when the function f is
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(0 f=x i)y f=y
(i) f ==y (ivy f=2
v f=y vi) f=t+y

(vil) f =cosz

2.2. Derive the operator V? in polar coordinates (r, 6 ) and convert the follow-
ing domain integral to a boundary line integral on I’

j;)fnrdQ, r=yJzl+¢*

2.3. Evaluate the integrals

() fbé(z~:1:o)d$, a<z0<b
b
(ii) f §(kz) f(z)dz, a<0<b
(11i) fbé(—z) dr, a<0<b
@ [ ¢(x)dr, a<0<b

2.4. Show that
(i) 6(-x)=96(x), a<0O<b
5(2) 8(y)

(i) &(axr + by) 8(cz + dy) = ————
|ad — be|

2.5. Transform the delta function 6(P — P,) for the points P(z,y) and Fo(zo,yo)
into polar coordinates r and 4.

2.6. Derive Eq. (2.21) along with Eqgs. (2.22) through (2.24).

2.7. Show that fs VudQ = frg—“ds.
n

2.8. Given L(u) = V% +a-Vu+ cu, where a = a:i+ ayj is an arbitrary vec-
tor, show that

(i) L'(v) = Vu—V-(au)+ cu,
(i) vL(u)—ul'(v) =V -(vVu—-uVv+ auv), and
(iii) derive Green’s identity for the operator L(u).



Chapter 3

The BEM for Potential
Problems in Two Dimensions

3.1 Introduction

In this chapter the boundary element method is developed for the solution of engi-
neering problems described by the potential equation

Viu = f(x,) (x,y € Q) (3.1)

This is the governing equation of potential theory, which for f =0 is known as
the Laplace equation, whereas for f = () is known as the Poisson equation. Its so-
lution w = wu(x,y) represents the potential produced at a point (z,y) in the domain
§2 due to a source f(x,y) distributed over ). The potential equation (3.1) de-
scribes the response of many physical systems. It appears in steady state flow
problems, such as fluid flow, thermal flow, electricity flow, as well as in torsion of
prismatic bars, bending of membranes, etc. According to the definitions given in
Section 2.5, Eq. (3.1) is of elliptic type, since A < 0. Its solution is sought in a
closed plane domain {2 having a boundary I" on which either the function u or its
derivative dJu/0n in the direction normal to [" is prescribed. That is, the solution
must satisfy the boundary conditions of the problem on the boundary T'. The
boundary value problems for the potential equation can be classified as follows:

(i) Dirichlet problem
Viu=/f in Q (3.2a)
u=u on T (3.2b)
(i1) Neumann problem

Vu=f in Q (3.3a)



26 BOUNDARY ELEMENTS

du

=, on I 3.3b
oy = U (3.3b)

(i1} Mixed problem

Viu=f in Q (3.4a)
u=1u on [} (3.4b)
'a—u' = Un on FQ (340)
on

where I UTy =T and T, NTy = {0} .
(iv) Robin problem

Viu=f inQ (3.5a)

wt k()2 —0 on T (3.5b)
on

The quantities denoted by @, #. and A(s) are known functions defined on the
boundary.

All four problems can be expressed through a single formulation as

Viw=f in Q (3.6a)

au+[39ﬂ:7 on I (3.6b)

an

where a = (s}, 3= 3(s) and v = ¥(s) are known functions defined on the
boundary I'. Apparently, each of the foregoing four boundary value problems
(Egs. 3.2-3.5) may be derived from Eq. (3.6) by appropriately specifying the func-
tions «v, 3 and 7.

Two boundary element methods have been developed for solving the previously
stated four boundary value problems: the direct boundary element method and the
indirect boundary element method. In this book, we present only the direct bound-
ary element method.

3.2 Fundamental solution

Let us consider a point source placed at point P(z,y) of the zy —plane. Its density
at Q(&,n) may be expressed mathematically by the delta function as

(@) =6@Q—P) 3.7
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and the potential v = (@}, P) produced at point () satisfies the equation
Vi = 6(Q ~ P) (3.8)

A singular particular solution of Eq. (3.8) is called the fundamental solution of the
potential equation (3.1). It is determined by writing Eq. (3.8) in polar coordinates
with origin at the point source P . Since this solution is axisymmetric with respect
to the source, it is independent of the polar angle 8, and thus Eq. (3.8) becomes

1d{ dv) B
where
r=1Q-Pl=yJE-2+(n-y) (3.10)

The right-hand side of Eq. (3.8) vanishes at all points of the plane, except at the
origin r = 0, where it has an infinite value. Apart from point » = 0, Eq. (3.9) is
written as

1d ( dv)
——lr—|=0
rdr\ dr

which gives after integrating twice
v=Alnr+ B

where A and B are arbitrary constants. Since we look for a particular solution, we
may set 3 = (. The other constant, A, may be determined in the following way.

Figure 3.1 Circular domain 2 of radius p
with a source P at its center.
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Due to the axisymmetric nature of the problem (see Fig. 3.1), it is

v _0v_ 41 4 ds=rdd (3.11)
on Or T

Application of Green’s identity (2.16) for u = 1 and v = A {nr, yields

—fQVQUsz— @ds

rdn

where € is the circle with center at point P and radius p . Using then Egs. (3.8)
and (3.11), and noting that for points on the boundary I' it is r = p, the above
relation is written as

2n ]_
- Qa(Q—P)dQ_—fU A;pdG

or by applying Eq. (2.34b), it takes the form
1=27A

from which we obtain

A=— 3.12
o (3.12)

Hence, the fundamental solution becomes

v = 1 Inr (3.13)

2T

From Eq. (3.10) it is evident that the fundamental solution does not change value,
when points P and () interchange their role. This means that v is symmetric with
respect to these points, namely

(@, P) = v(P,Q) (3.14)

The fundamental solution (3.13) is also known in the literature as the free space
Green's function.

3.3 The direct BEM for the Laplace equation

In this section, we derive the solution of the Laplace equation
Vu=0 in Q (3.15)

with mixed boundary conditions (see Fig. 3.2)
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w=7 on T (3.16a)
9 _ & on T (3.16b)
on

where T’y UT', = I. In the literature, condition (3.16a) is referred to as essential or
kinematic, while (3.16b) as natural. Instead of the boundary conditions (3.16), we
can use the general condition (3.6b), but at the present time, we avoid it for the
sake of simplicity.

Applying Green’s identity (2.16), for the functions « and v that satisfy Eqgs. (3.15)
and (3.8), respectively, and assuming that the source lies at point P, we obtain

0ua) _ ) QAR P

E 3.17
on, . 9 (3.17)

[ w(@ 6@~ P)ds = |, [v<q, P)

where P,Q € Q and g€ I'.

In the previous equations and hereafter, points inside the domain {2 are denoted by
upper case letters, e.g. P, (¢, while points on the boundary I" are denoted by
lower case letters, e.g. p, q. The subscripts of the differentials, e.g. dQg, ds,,
and the derivatives, e.g. 9()/0n,, denote the points that vary during integration or
differentiation, respectively.

Figure 3.2 Domain {2 with mixed boundary conditions.

By virtue of Egs. (2.33) and (3.14), Eq. (3.17) is written as

dulg) u(q) ou(P,q) ds, (3.18)

anq 8”(1

u(P)=- [ [v(P,q>

The functions v and dv/0n in the foregoing equation are both known quantities.
These are the fundamental solution of the Laplace equation and its normal deriva-
tive at point ¢ of the boundary, which are given as
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v="Ltnr (3.19)
2

v _ 1 cosd (3.20)

on 27 T '

where » = |g — P| and ¢ = angle(r,n) (see Appendix A).

The expression (3.18) is the solution of the differential equation (3.15) at any point
P inside the domain 2 (not on the boundary T") in terms of the boundary values
of u and its normal derivative du/On. The relation (3.18) is called the integral
representation of the solution for the Laplace equation. It is apparent from the
boundary conditions (3.16a) and (3.16b), that only one of the quantities « or
Ou/dn is prescribed at a point ¢(£,n) on the boundary. Consequently, it is not yet
possible to determine the solution from the integral representation (3.18). For this
purpose, we are going to evaluate the boundary quantity which is not prescribed by
the boundary conditions (either u or du/dn ), by deriving the integral representa-
tion of u for points P = p lying on the boundary I".

Figure 3.3 Geometric definitions related to a corner point P
of a non-smooth boundary.

We study the general case where the boundary is not smooth and P is a corner
point (see Fig. 3.3). We consider the domain 2" which results from §2 after sub-
tracting a small circular section with center P, radius £ and confined by the arcs
PA and PB. The circular arc AB is denoted by I': and the sum of the arcs AP
and PB by {¢. The outward normal to I'c coincides with the radius € and is di-
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rected towards the center P . The angle between the tangents of the boundary at
point P is denoted by « . Obviously, it is

Lim(6, — 6,) =

e—0
Zirgz([“ —0) =

Next we apply Green’s identity (2.16) in the domain 2" for the functions u and v
satisfying Eqgs. (3.15) and (3.8), respectively. Since point P lies outside the do-
main Q", where itis 6(Q — P) = 0, it follows that

j;rué(Q—P)dQ =0

and consequently Green’s identity gives

0 ( @_u@)dw ( @i_u@)ds 3.21)
r-e\ gn on r-\ 9n on

We will examine next the behavior of the integrals in the above equation when
g — (). Apparently, the first integral becomes

. Ju v B Ju gv\
éz_mfl [(v%—ugz) d‘s—fr(v%—u%)ds (3.22)

while, the second one is written as (see Appendix A)

f (v@——u——) f —Lﬁfnrd —f Lug(—)—sjzds
<\ On I: 21 On Te 271 T
=1L +1 (3.23)

For the circular arc I'c, itis 7 = ¢ and ¢ = 7. Moreover, ds = €(—df), because
the angle @ is positive in the counter-clockwise sense, which is opposite to that of
increasing s. Therefore, the first of the resulting two integrals in Eq. (3.23), takes
the form

1 du 1 Ju
I, = o o nrds ffi] — — ¢ {ne d(-0) (3.24)

27 On

According to the mean value theorem of integral calculus, the value of an integral
is equal to the value of its integrand at some point O within the integration interval
multiplied by the length of that interval. Hence,
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1 [u

5€n6 6, — 6
=2 | n (6, —6,)

1

When € — 0, the point O of the arc approaches point P . Of course, in this case
the derivative [0u/0n ], , though not defined, it is bounded. Nevertheless, it is

éirg(s ne) =10
which implies that
€i76L I, =0 (3.25)

In a similar way, the second integral in the right-hand side of Eq. (3.23) may be
written as

1  cos¢ 1 -1
=—| —u—Fds=—| —u—=ed(-0
I fr[2ﬂu . ds N QWUEE( )

or by applying the mean value theorem

1 6,6,

I, =——u — 6 ! u,
2 o 06— 0,) = P
and finally
lim 1, = —u(P) (3.26)
£—0 27

By virtue of Egs. (3.25) and (3.26), Eq. (3.23) yields

lim f
e—{( -

Incorporating now the findings of Eqs. (3.22) and (3.27) into Eq. (3.21), the latter
gives for € — 0

()u q . ov(p,q)| ,.
—u(p fl 5 (q)an—]daq (3.28)

— —u——"|ds = — u(P 3.27
Udn u()n (P) ( )

ou (‘)11] Q

The last expression is the integral representation of the solution for the Laplace
equation (3.15) at points p € I', where the boundary is not smooth. For points p,
where the boundary is smooth, it is « = 7 and thus, Eq. (3.28) becomes

Sulp) =~ ol

A comparison between Egs. (3.18) and (3.28) reveals that the function u is discon-
tinuous when the point P € 2 approaches point p € I' . It exhibits a jump equal to

g 249 (q)a—“(”—’@l ds, (3.29)
(‘3n(, Tiq
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(1 — «/2w) for corner points (Eq. 3.28), or 1/2 for points on smooth parts of the
boundary T" (Eq. 3.29). When the point P is located outside the domain £2,
Green’s identity (2.16) gives

==

Equations (3.18), (3.29) and (3.30) can be combined in a single general equation as

o(P,q) 8;2‘1) u(g )a'g: q)] dsq (3.31)

~ u(q) Ov(P,q)

d 3.30
8nq ong | (3-30)

e(P) u(P) = —

where ¢(P) is a coefficient which depends on the position of point P and is de-
fined as

for P inside 2

e(P) = for P = p on the boundary T’

1
1
2
0 for P outside (2

Equation (3.29) constitutes a compatibility relation between the boundary values of
u and Ju/Jn, meaning that only one of the quantities u and du/On can be pre-
scribed at each point of the boundary. At the same time, Eq. (3.29) can be viewed
as an integral equation on the boundary I', that is a boundary integral equation,
with unknown the quantity which is not prescribed by the boundary condition.

In the sequel, we assume a smooth boundary I' . Thus, for the Dirichlet problem
(u=7u on I'), Eq. (3.29) is written as

1. ou  — (')v)
—U = — v— —u-—|ds 3.32a
2 fl ( on on ( )
in which the only unknown is the function du/9n on T' . For the Neumann prob-
lem (Qu/0n = u.), Eq. (3.29) becomes

- —f (um - u@) ds (3.32b)

r an

with only unknown the function v on I' . For problems with mixed boundary con-

ditions, Eq. (3.29) is treated as two separate equations (see Eqs. 3.16), namely

%a:—f (v@——gz)db on T, (3.33a)

1 — v
5u_—fr (vun—u—a—)ds on T, (3.33b)

n
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3.4 The direct BEM for the Poisson equation

In this case, we seek the solution of the boundary value problem which is governed
by the Poisson equation

Viu=f in Q (3.34)

and has mixed boundary conditions

u=u on [} (3.35a)
@ =1y, On Fg (335b)
on

The solution can be obtained in two different ways, which are presented in the fol-
lowing sections.

3.4.1 Application of Green’s identity

The integral representation of the solution is obtained by applying Green’s identity
(2.16) for the functions u and v that satisfy Eqs. (3.34) and (3.8), respectively,

du dv
e(P)u= | vfdQl— (v— — u——) ds 3.36
(P) j;’ d f[ on on ( )
The corresponding boundary integral equation for smooth boundary is
1 ou Jv
~u= | vfdQ— ('U—-u—)ds 3.37
2 *[;? / j; on on ( )

3.4.2 Transformation of the Poisson equation to the Laplace equation
The solution of Eq. (3.34) can be obtained as a sum of two solutions
U = Uy + Y (3.38)

where wu, is the solution of the homogeneous equation (Laplace equation) with
boundary conditions uy =% —u; on I'; and Juy/On = @ — du;/On on Ty, and
1, is a particular solution of the non-homogeneous equation.

(i) Particular solution u,

The particular solution of the non-homogeneous equation is any function u,; that
satisfies only the governing equation

Vi = f (3.39)

independently of boundary conditions. We will show next that
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w =fﬂvf aQ (3.40)

where v is the fundamental solution. Using the definition (2.33) of the Dirac delta
function, Eq. (3.39) becomes

Viu(P) = £(P)
= | 8@~ P)(Q) d%%

and incorporating Eq. (3.8),

Viu(P) = [ V(@ P)S(Q) df = V*| [ Q. P) (@) %
or

V[ (P) - [ Q. P) Q) 2| =0
which is obviously satisfied by the particular solution

w(P) = [ w(QP)(Q) d2y

[t should be noted that the differentiations indicated by the V? operator are per-
formed with respect to the coordinates of point P . Moreover, v is continuous with
respect to this point. Based on these, the V? operator was moved outside the inte-
gral in the above equations.

Another method to establish a particular solution is by transforming Eq. (3.39) into
the complex domain. The transformation is defined as

r=z+iy, Z=xz—1y (i =V-1) (3.41a)

and its inverse is

g2tz _iT2 (3.41b)

’

2 ' 21
We can readily show that Eq. (3.39) is transformed to

42U = 12 7) (3.42)

which, after two successive integrations, yields the particular solution u,(2,7). It is
worth mentioning that any arbitrary integration functions can be omitted, because
we look only for a particular solution. Subsequently, the transformation (3.41a)
produces the particular solution w,(z,y) in the physical space.
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Example 3.1
Determine a particular solution u,(z,y) of the Poisson equation (3.34) when
f=2"+9y (a)

Applying the transformation (3.41b) to the above equation (a), gives the function
f in the complex domain,

f=27 (b)
Equation (3.42) may then be written as

2
ﬁu_lzlzz— (C)
0207 4

which, after successive integrations, yields

1 2.0
U =—2"z d
| 6 (d)

Substituting Eq. (3.41b) in the above equation, we find the particular solution in the
physical domain

J ) 242
i =— (@ +y e
1 16( ) (e)

(il) Homogeneous solution 1w,

Once the particular solution u, has been established, the solution 1, of the homo-
geneous equation will be obtained from the boundary value problem

Vi, =0 in Q (3.43)
Uy — U — Uy on Fl (3443)
Ouy _ gz 0w oo, (3.44b)
on on

This problem can be solved using the procedure presented in Section 3.3.

3.5 Transformation of the domain integrals
to boundary integrals

In the process of solving the Poisson equation by BEM, domain integrals appear in
the integral representation of the solution (3.36). These integrals are of the form
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fQ vf dQ (3.45)

Although the integrand vf is known, the fact that domain integrals need to be
evaluated spoils the pure boundary character of the method, thus weakening the
advantages of BEM over domain methods. However, it is possible to overcome this
drawback by converting the domain integral (3.45) to a boundary line integral on
I', i.e., the boundary of the domain §2. Next, two different approaches are pre-
sented for the conversion of integral (3.45).

(i) The function f is polynomial of x and y.

Let us assume that the function f is a first degree polynomial with respect to z
and y,

f=at+tayz+amy (3.46)

where g, oy and «, are known constants. This function, apparently, satisfies the
Laplace equation,

Vif=0 (3.47)

As it will be shown later, we may determine a function I/ which satisfies the Pois-
son equation

VU = v (3.48)

and apply Green’s identity (2.16) for the functions f and U,

fn(fVQU~UV2f)dQ:f (f—n—Ugi)

By virtue of Egs. (3.47) and (3.48), the above equation yields

vafdQ:f(fE—Ugi) (3.49)

If the function f is defined in a subdomain Q" C Q with boundary I (see
Fig. 3.4), then Eq. (3.49) becomes

ﬁzvfdﬂ:‘/;rvfdQ:fr_(f%%—Ugﬁ)ds (3.50)

The function U = U(r) is established as a particular solution of Eq. (3.48). For

this purpose, we write the Laplace operator in polar coordinates,

1d ( dU) 1

-— = —{nr
dr

r dr 2
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Figure 3.4 Subdomain Q" C Q with boundary ',

Integrating twice the above equation, we find the particular solution

U=2Lg (fnr —1) (3.51)

(ii) The function f is arbitrary.

In this case f is an arbitrary function defined in §2° C Q2. We first establish an-
other function F which satisfies the following Poisson equation

VF=f (3.52)

This function F is determined as a particular solution of Eq. (3.52) using the pro-
cedure presented in Section 3.4.2. The Green identity (2.16) is then applied for the
functions v and F in the domain 2",

o OF . v
IRGE Y vzv)dszzfr.(ﬂa—p dn)

which becomes

_ . oF dv
fﬂ.vfdQ—j;)_Fé(Q—P)dQQntfr (v—a—;—Fb—n—>db (3.53)

We distinguish two cases:

(a) Q' =Q. Thepoint P is always inside €2 and Eq. (3.53) yields

fvfdQ F+f( EZ_FgZ) (3.54)
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(b) Q" C Q. The point P may be inside Q°, on I'", or outside 2*. In this case
Eq. (3.53) gives

fQ'vfdQ:5(P)F+fr_(v%§_pﬂ)ds 3.55)

where €(P) =1, %, 0 depending on whether the point P is inside Q*, on I'
or outside 2", respectively.

3.6 The BEM for potential problems in anisotropic bodies

In this section, we develop the BEM solution for the following boundary value
problem

8*u d%*u d*u .
koz — + 2key —— + kyy — = f(z, in 3.56a
Py Y 9r 9y vy 9y’ f(z,y) ( )
wu=u on I (3.56b)
Vu-m=g. on [, (3.56¢)
where

m = (k!] nr + k,ry 7Ly) i + (l\:.r_y/ nr + ky‘(/ 'H/!/) j

is a vector in the direction of the connormal to the boundary and k., kr, kyy are
constants satisfying the ellipticity condition k2, — kwky, < 0. Obviously, when
ko =ky =1 and hky =0, it is m = n and the boundary value problem (3.56)
reduces to the mixed boundary value problem for the Poisson equation described
by Egs. (3.34) and (3.35). Equation (3.56a) describes potential problems in anisot-
ropic bodies (see for example Section 6.5).

3.6.1 Integral representation of the solution

Green’s identity for the differential operator of Eq. (3.56a) can be obtained from
Eq. (2.21) by setting A =kw, B=ky, C =ky and D=F = F = 0. Thus,
one readily arrives at the following equation

j;)[vL(u)—uL(v)]szfr(vVu-m—uV%m)ds (3.57)
where
o’ 0? 0*
L( )=ke —+2ky —— + kyy— 3.58
() Py y 920y vy 9y ( )

The boundary condition (3.56¢) may also be written, after rearranging its terms, as
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Vu-m=q-n=gqn (3.59)
where
Ju Jdu | . Jdu ou
=i+ qu)=lbko—thky— |14+ | key—+ kyy—1] 3.60
q=4q qy ) [ oz ryay] [ryam yyay].l ( )

is a vector representing the flux of w, which is the flow of the potential u through
the boundary I" per unit length of the boundary, and ¢» its component (projection)
in the direction of the normal to the boundary.

The resulting integral representation of the solution is obtained as

u(P):fﬂvfdQ-—fF(vVu-m-qu-m)ds, PeQ (3.61)
where v is the fundamental solution of Eq. (3.56a), namely, a singular particular
solution of the equation

L(v) = 6(Q — P) (3.62)

3.6.2 Fundamental solution

The fundamental solution of Eq. (3.56a) is established by transforming Eq. (3.62)
in its canonical form. For this purpose we consider the transformation

IT=y—acz
B ) (3.63a)
y=—bx
and its inverse
r = —l Y
X
(3.63b)
y=%->%
b
where
a= by and b= “kIDl (3.64)
Ker  Kay \
|D| = k k . = kzx kyy bt k)x_y (365)
Ty Ry

The derivatives involved in the operator (3.58) become under the transformation
(3.63a)
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Qﬁ = _[ — 4 b@]
Ox o oy
du_ov
dy Ot

2 2 2
O _ 200 4 9gp 0V 420
Oz 19} ozTdy a7

2 2 2

S (o 0
0zdy or 0TdYy
o _ o
oy? 9T’

and, finally, the operator L(v) takes the following concise form

a

07 (3.66)

D|( 0%
L) = P19
®) Kir [(‘)1—-2
The function 6 () — P) is transformed into the Ty

8(Q-P)
]

—plane using Eq. (2.40),

(Q—-P)=

where the coordinates of the points are Q(&,73), P(xz,y), Q(E ) P(z,y) and
the Jacobian of the transformation (3.63a) becomes

dx 0Oy
s A= 0 1
] ot 0T 1
= = 1 = -
9x dy| |73 —% b
oy 07 ’
or
ko
| =—= (3.67)
VID]
Consequently, the Dirac function is being transformed as
D —
6(Q~P)=% (Q-P) (3.68)

Incorporating Egs. (3.66) and (3.68) into Eq. (3.62), the latter becomes
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1

VDI

where the Laplace operator is expressed in terms of the T and ¥ coordinates. A
comparison between Egs. (3.8) and (3.69) reveals that, according to Eq. (3.13), the
fundamental solution of Eq. (3.69) in the (Z,y ) coordinate system is

Vi = 5(Q - P) (3.69)

1
= nr 3.70
27| D} ( )
where
r=y\(£-Z) +(@-7)
or back in the (z,y) system
r=J(a®+0") (-2l —2a(E—a)(n-y)+(n—y)
which by virtue of Eq. (3.64) becomes
oo (6 =20 = 2k (€= 2) (0 = y) + ker (n — )
r = 3.71)
]\:J'.l"
The fundamental solution is not altered, if a constant is added to it. Thus, we can
write
-1 {nr [ ’k” )
271 D| 27r\/
or
v = _ 1 {nr (3.72)
2r (D] '
where now

(3.73)

T:\/kw(é—x)2—2kw(£—ﬂf)(71—y)+ku(n—y)2
D]

It should be noted that the quantities ky,/|D|, kn/|D| and k«/|D| are the
elements of the matrix D™ [17]. If the material is orthotropic, the constants
become kzy = 0, |D| = ke kyy , and Eq. (3.73) is reduced to

7G_\/(Ek (n y)° (3.74)

yy
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For the established fundamental solution (3.72), the term Vv -m appearing in the
integral representation (3.61), becomes

1 Vr-m
Vv m=———— 3.75
2rJ|D| 7 (3.75)
where
Vrom=2m + 9 m, (3.76)
0¢ on

in which the components of m are m: = kunz + kyny and my = knyne + kyyny .

The derivatives in Eq. (3.76) are obtained by differentiating Eq. (3.73),

ar 1 ( -z 7)—y)

— =k — ki 3.77

ag |Dl vy r Y r ( )
and

Q = —1_ (—kx;u 6 T + kfﬁ —_T} — f/) (378)

on |D| 7 r

3.6.3 Boundary integral equation

The boundary integral equation can be obtained from Eq. (3.61) when the point
P ¢ © coincides with a point p on the boundary I'. In this case, taking into ac-
count Egs. (3.72) and (3.75) and the analysis presented in Section 3.3, for points p
where the boundary is smooth, we have

€imf vVu-mds=0

P—p

€'imfr uVv-mds = %u(p)

P—op

Consequently, the boundary integral equation takes the form

1 1
~u(p) = enr dS2
2P = o Jo

[(vu-m)énr SPRAAL PR (3.79)

1
_27r\/mfF

r

The kernels in the above equation are identical to those of Eqgs. (3.28) or (3.37),
except for the distance 7, which is given by Eq. (3.73).



44 BOUNDARY ELEMENTS

Equation (3.79) is used to determine the quantities © and Vu-m on the parts of
the boundary where these are not prescribed. Subsequently, the solution at any
point P € 2 is evaluated from Eq. (3.61).

3.7 References

The method of solving the potential equation by transforming it into a boundary
integral equation is not recent but it goes back to the beginning of the last century.
In 1900, Fredholm [1] employed it in the potential theory to determine the un-
known boundary quantities from the prescribed ones. A detailed presentation of the
method can be found in Kellog’s book [2] on potential theory. However, the re-
searchers abandoned the boundary integral equation method, as a solution method
for potential problems, since it was practically impossible to solve the resulting
singular boundary integral equations. The method was mainly limited to prove ex-
istence theorems for the solution of the differential equations.

Nevertheless, with the advent of modern computers the method came forth again
and started slowly to be used as a computational method in the beginning of the
1960’s. Jaswon [3] and Symm [4], presented a solution algorithm for the potential
equation; Jaswon and Ponter [5] developed a numerical technique to solve the
boundary integral equation for the classical Saint-Venant torsion problem of non-
circular bars. They adopted a formulation in terms of the warping function and
solved a Neumann problem for the Laplace equation. Numerical results were
obtained for bars with various cross-sectional shapes, such as ellipses with or
without holes, rectangles, equilateral triangles and circles with notches. Mendelson
[6] solved the same problem as a Dirichlet problem for the stress function. Later,
Katsikadelis and Sapountzakis [7] formulated the boundary integral equations for
the torsion problem of composite bars consisting of two or more materials. They
developed the numerical technique for the solution of the boundary integral equa-
tions and produced numerical results for composite cross-sections of elliptical
shape with elliptical or circular inclusions, for hollow box-shaped cross-sections
and for a rectangular cross-section with an I-shaped inclusion. Symm [8] solved
the problem of conformal mapping for simply connected domains having arbitrary
shapes onto the unit circle |w(z)] = 1 of the complex domain. Christiansen [9] pre-
sented a complete collection of the integral equations for the Saint-Venant torsion
problem.

In the last 20 years, the number of publications on BEM solutions for the potential
equations has increased enormously. The reader is advised to look in the Boundary
Elements Communications [10] or in the recently published Boundary Elements
Reference Database [11]. For a more detailed study of the boundary integral equa-
tion method, we refer to the books by Jaswon and Symm [12], and Gipson [13].
For the application of BEM to the potential problems, we refer to the books by
Banerjee and Butterfield [14], Brebbia and Dominguez [15]. Finally, it is worth
mentioning the books by Zauderer [16] and Mikhlin [17], which may be useful to
readers interested in the theory of partial differential equations of elliptic type.
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Problems

3.1.

3.2

3.3.

3.4.

3.5.

Determine a partial solution of the equation

Viu=zy

Evaluate the following integral over a circle 2 having radius £ and being
centered at point P(zo,yo)

fnvfdQ

where

vzziénr, r=1Q-Pl=(z-2.)" +(y—w)
m

and

f, )= +oz+ay
Convert the domain integral

Ov
f“ o140

where

v= —l—fm', r=1Q—P|= \/(L —zo) 4 (y —y0)*

2

to a line integral on the boundary I', for the following two cases
) f=g+z+y

(i) f=2"+¢°

Derive the integral representations of the derivatives du/0n, and Ou/0ts,
where u is the solution of the Laplace equation and n, and t, are the direc-
tions of the outward normal and the tangent to the boundary at point p € I',
respectively.

Derive the integral representations of the derivatives Ju/0xz and Ou/0y at
points: (i) P €2, and (i) peT.



Chapter 4

Numerical Implementation
of the BEM

4.1 Introduction

This chapter presents the numerical implementation of the BEM for solving the
potential problems analyzed in the previous chapter. For realistic engineering ap-
plications, an exact solution of the integral equation (3.29) is out of the question. A
numerical, however, solution of the same equation is always feasible by employing
the BEM.

Let us consider an arbitrary domain €2 with boundary I'. The quintessence of the
BEM is to discretize the boundary into a finite number of segments, not necessarily
equal, which are called boundary elements. Two approximations are made over
each of these elements. One is about the geometry of the boundary, while the other
has to do with the variation of the unknown boundary quantity over the element.
The usually employed boundary elements are the constant element, the linear ele-
ment and the parabolic or quadratic element. On each element, we distinguish the
extreme points or end points and the nodes or nodal points. The latter are the points
at which values of the boundary quantities are assigned. In the case of constant
elements the boundary segment is approximated by a straight line, which connects
its extreme points. The node is placed at the mid-point of the straight line and the
boundary quantity is assumed to be constant along the element and equal to its
value at the nodal point (Fig. 4.1a). For linear elements, the boundary segment is
approximated again by a straight line connecting its end points. The element has
two nodes usually placed at the extreme points and the boundary quantity is as-
sumed to vary linearly between the nodal values (Fig. 4.1b). Finally, for parabolic
elements, the geometry is approximated by a parabolic arc. The element has three
nodes, two of which are placed at the ends and the third somewhere in-between,
usually at the mid-point (Fig. 4.1c¢).
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4 end point
- S node
element
end point
(a) Constant elements
node
) extreme node

element
extreme node

(b) Linear element

_nodes
& S

extreme node

element

mid-node

extreme node

(c) Parabolic elements

Figure 4.1 Various types of boundary elements.
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For linear and parabolic elements, the geometry of the segment is depicted isopara-
metrically, that is the geometry and the boundary quantity are approximated over
the element by polynomials of the same degree. For constant elements, the geome-
try is depicted superparametrically, since it is represented with higher-order poly-
nomial than that used to approximate the boundary quantity. Constant elements
depict the boundary quantities discontinuously from element to element, in contrast
to linear and parabolic elements, which depict them continuously. Although, the
inter-element continuity ensures a better approximation of the boundary quantity, it
gives rise to complications at corner points or at points where the boundary condi-
tions change type (mixed boundary value problems). These difficulties can be
overcome by employing discontinuous linear and parabolic elements, which do not
have nodal points at the ends of the element (see Chapter 5). The numerical solu-
tion of the integral equation (3.29) will be first presented by using constant bound-
ary elements, because at this stage understanding the numerical implementation of
the BEM overrides the need to incorporate more advanced numerical techniques,
which improve the accuracy and efficiency of the BEM.

4.2 The BEM with constant boundary elements

The boundary [ is discretized into N constant elements, which are numbered in
the counter-clockwise sense. The values of the boundary quantity « and its normal
derivative Ju/dn (denoted also as w. ) are assumed constant over each element
and equal to their value at the mid-point of the element.

The discretized form of Eq. (3.29) is expressed for a given point p, on T" as

—u :_Zf (p.,q 5 ds,, +Zf u(q) 9u(pi,0) ds, 4.1

ony dny

where I'; is the segment (straight line) on which the j —th node is located and over
which integration is carried out, and p, is the nodal point of the i-th element. For
constant elements, the boundary is smooth at the nodal points, hence ¢(P) =1/2.
Moreover, the values of © and Ju/Jn are constant on each element, so they can
be moved outside the integral. Denoting by «’ and wui the values of v and wu.,
respectively, on the j—th element, Eq. (4.1) may be written as

YISl

J=1

vds ) i 4.2)

I

The integrals involved in the above equation relate the node p,, where the funda-
mental solution is applied, to the node p; (j = 1,2,...,N) (Fig. 4.2). Their values
express the contribution of the nodal values u’ and wui to the formation of the
value ju'. For this reason, they are often referred to as influence coefficients.
These coefficients are denoted by HU and G;, which are defined as
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7 - [ 9vpua) o |
i = [ ellds and Gy = J. wwoads (4.3)

where the point p; remains constant (reference point), while the point g varies
over the j-th element (integration point).

Jj+2

1 — element

Figure 4.2 Nodal-point location and relative distances for
constant element discretization.

Introducing the notation (4.3) into Eq. (4.2), the discrete form of the solution be-
comes

N N
—%u' + ZHUu’ = ZGUUY{ (4.4)
=1 j=1

Moreover, setting
H, =, - %5” “.5)

where §,; is the Kronecker delta, which is defined as 6;; = 0 for i = j and 6,=1
for i = 7, Eq. (4.4) may further be written as

N N }
S Hju!' =Y Gyud (4.6)
J=1 J=1

Equation (4.6) is applied consecutively for all the nodes p; (i = 1,2,...,N) yield-
ing a system of NV linear algebraic equations, which are arranged in matrix form

[H]{u} = [Gl{un} (4.7
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where [H| and [G] are N x N square matrices, and {u} and {u.} are vectors of
dimension N .

Let us assume mixed boundary conditions. In this case, the part I'; of the boundary
on which u is described and the part T'y on which u. is described, are discretized
into Ny and N, constant elements, respectively (I UL, =T, N, + Ny = N).
Hence, Eq. (4.7) again contains N unknowns, that is N — N; values of u on I',
and N — N, values of un on I';. These N unknown quantities may be deter-
mined from the system of Egs. (4.7).

Prior to solving the system of the equations, it is necessary to separate the unknown
from the known quantities. Equations (4.7) may be written after partitioning of the
matrices in the following way
{’U.n}l
(4.8)

{zh

{'lL}Q {'1771}2

where {4}, and {@.}, denote the prescribed quantities on ', and Iy, respec-
tively, while {u.}, and {u}, denote the corresponding unknown ones. Carrying
out the multiplications and moving all the unknowns to the left hand side of the
equation, we obtain

]=[[Gn1 (Gl

|[H1] [fm](

[A{X} ={B} (4.9)
where

[A] = “Hrz] —[Gn}] (4.10a)

{X} = {{:}}i ] (4.10b)

{B} = —[Hu] {u} +[Gp] {w}, (4.10¢)

{A] being a square matrix with dimensions N x N, and {X}, {B} vectors with
dimension N .

The previous rearrangement of matrices is effective when the N, points where the
values of u are prescribed, thus also the N, points where the values of u, are pre-
scribed, are consecutive. Otherwise, the partitioning of the matrices in Eq. (4.8)
should be preceded by an appropriate rearrangement of columns in [H] and [G].
Matrices [A] and {B} can also be constructed using another more straightforward
procedure, which is based on the observation that matrix [A] will eventually con-
tain all the columns of [H] and {G] that correspond to the unknown boundary val-
ues of u and wu., whereas vector {B} will result as the sum of those columns of
[H] and [G], which correspond to the known values u and u., after they have
been multiplied by these values. [t should be noted that a change of sign occurs,
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when the columns of [G] or [H] are moved to the other side of the equation. The
aforementioned procedure is more suitable for writing the computer program.

The solution of the simultaneous equations (4.9) yields the unknown boundary
quantities © and u.. Therefore, knowing all the boundary quantities on I", the
solution u can be computed at any point P(z,y) in the domain © by virtue of
Eq. (3.31) for e(P) = 1. Applying the same discretization as in Eq. (4.1), we arrive
at the following expression

u(P):Z:F[ ul —

The coefficients G;; and ﬁ,] are computed again from the integrals (4.3), but in
this case the boundary point p; is replaced in the expressions by the field point P
in Q (see Fig. 4.2).

The partial derivatives Ju/Jz and du/0y can be evaluated at points within 2 by
direct differentiation of Eq. (3.31) for &(P) = 1. Since the fundamental solution
and its derivatives are continuous functions of z and y, the differentiation passes
under the integral sign giving

G, vl 4.11)

M-

=1

Ou Ov du (du)]
=—] i — = — d 4.12
f Jor On on @ ¢ )
ov du

(dl))th (4.13)
Jdy On ()1/ on

011,: f

where the derivatives of the fundamental solution (3.13) are obtained as

gu_119r v_119r dv_ 110w )

dr  27rdx Oy 27r7'c')y’ on 271 dn

d(dv) 1 [_z)lgz__'dl@]

Jz\0n ondx 9t Oy

8(817) 1 [glg+glg] > ild
an 2 \{dndy Ot Ox (@.14)

9r _ Or_ f-z  Or_ Or_ n—y

Oz o r By on T

ﬂ:V%n:-@in_I»JrQLny, Q:Vr-t:—@—'ny—kﬁm

on 8¢ on ot o€ an j

Expressions regarding partial derivatives of r along with their derivation may be
found in Appendix A. The last of Eqgs. (4.14) is obtained by noting that the compo-
nents of the tangential unit vector t are ¢t = —ny and ¢, = n.. Attention should
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be paid to the evaluation of the derivatives 9(0v/0n)/0z and 8(9v/dn)/0y.
The differentiation with respect to n is carried out at point ¢(¢,7) € I, while dif-
ferentiation with respect to z or y is carried out at point P(z,y) € Q.

Equations (4.12) and (4.13) are discretized in the same way as Eq. (4.1) and they
yield the following expressions for the evaluation of the derivatives 4. and u, at
point P(z,y)

o N . 4

us(P) = (2] = 30(Hr) 0 =D (G, @19)
(9$ P j=1 oz =1 !
ou N N »

”vy(P):[““] =2 (He), W =2 °(Gr), vl (4.16)
9y )p 5= v =1 ’

where the influence coefficients are given by the integrals
Ov(P,q) 5 0 81}(P,q)l
Gp). = ——2ds, Hp ) = — | = ds
(Cr). fr oz (o, ),f fr oz| Ong

(4.17)

_ ou(P,q) , 3 _ Kl M 3
(GPI )‘y - fI“J (92/ 'db, (IIPJ )__z/ . j‘l‘, Oy[ 87Lq ds

4.3 Evaluation of line integrals

The line integrals G;; and 1?,] defined in Eq. (4.3) are evaluated numerically using
a standard Gaussian quadrature. Of course, these integrals can be evaluated through
symbolic languages, e.g. Mathematica [1] or Maple [2], but the resulting expres-
sions are very lengthy and usually cover more than a page. Hence, the advantage of
accuracy over the numerical integration is rather lost, due to the complexity of the
mathematical expressions. For this reason, the Gaussian integration remains as the
most suitable method for computing line integrals (see Appendix B). Two cases are
distinguished for the integrals of the influence coefficients.

(i) Off-diagonal elements, © = j

In this case the point p, (z;,y;) lies outside the j—element, which means that the
distance 7 = |¢ — p;| does not vanish and, consequently, the integral is regular.

The Gaussian integration is performed over the interval —1 < £ <1,
1 n
[ H©de =Y wi f(&) (4.18)
- k=1

where n is the number of integration points (Gauss points), and &, and w,
(k=1,2,...,n) are the abscissas and weights of the Gaussian quadrature of order
n.
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Let us consider the element 7 over which the integration will be carried out. This
element is defined by the coordinates (z;,y;) and (z;,1,y;41) of its extreme
points, which are expressed in a global system having axes = and y, and origin at
point O (Fig. 4.3). Subsequently, a local system of axes =’ and y' is introduced at
point p; of the element. The local coordinates (z’,0) of point g on the j-—th
element are related to the global coordinates of the zy —system through the expres-
sions

_TmtT T — = (4.19a)
2 ‘
y:y,-+1+yj+yj+1~yjz/, —QSQJISQ‘ (4.19b)
) 2 2 2

where £ is the length of the j—th element and is given in terms of the coordinates
of the end points as

0 =@ — ) + @ — ;)

1 — element

Y

Figure 4.3 Global and local coordinate systems.

Expressions that map the global coordinates onto the integration interval [—1,+1]
are obtained by introducing to Egs. (4.19) the geometric relation

!
T

02

£

Thus, the resulting coordinate transformation becomes
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_ Lt T

z(§) = T £ (4.20a)
y(é) — y]+12+ Y; + y]+12_ Y; 5 (420b)

Moreover, it is

ds = Jdz* + dy® = \/(z“l? 3”]) + (yf“ y’) dé

2

=Yg (4.21)

Hence, the Jacobian of the transformation is

¢
|J(§)|=?

On the basis of the foregoing, the integrals of the influence coefficients are evalu-
ated numerically in the following way:

(a) The integral of G

G, = fl*] vds = fjl 2%@71,[7'(6)] % dg = _Z%r- ;Fn[r({k)] w;, (4.22)
where
r(&) = la(€) = =] + (&) - v.] 4.23)

(b) The integral of f{U

This integral can also be evaluated analytically according to Refs. [3, 4]. Referring
to Fig. 4.4, we notice that

ds cos¢ = rda
which can be used along with Eqs. (4.14) and (A.7) to derive the expression

Hy = [ @ds:f[ iﬁ‘ﬂds:f[ R /) (4.24)

r,on 2w o 27 2T

The angles a;,, and a; are computed from

3 — Y
tana,,, = 2% (4.25)
Tjyy — Iy
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tana; = L8 (4.26)

T; —I;

where z;,;, y;+1 and z;, y; are the coordinates of the extreme points of the j—th
element.

element

Figure 4.4 Definition of angles involved in the numerical
integration over constant elements.

(ii) Diagonal elements, i = j

In this case the node p; coincides with node p,, and r lies on the element. Conse-
quently, itis ¢ = w/2 or ¢ = 37/2, which yields cos¢ = 0. Moreover, we have

_:I:J+l+z) _yj+l+?/1
xp] - ———-——_7 pj - T
2 2
and
_ \/ oo 12 , , 2 _ é]
(&) = V{2(§) — zp, |+ {y(&) ~ v, ] ~?I£I 4.27)
Hence,

)
G :fr —I——Enrds=2 ! —l—énrdr

) 2T 0 27

0,/2 1¢

:l[rfnr—r] e}
s 0 T 2

[en(e,;/2)—1] (4.28a)

and
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R osd) lcosqS
e e I
= licosqﬁ €n|§|]0 =0 (4.28b)
T

It should be noted that for higher order elements (e.g. linear or parabolic) analytical
integration is not applicable, and for this reason, other integration techniques are
employed (see Chapter 5).

4.4 Evaluation of domain integrals

The integral representation of the solution for the Poisson equation (3.36) may be
written for the boundary which has been discretized into N constant elements, as

eu' = [ ofd2- Zf v—d +Zf u—ds (4.29)

In some cases the techniques presented in Section 3.4 for transforming the domain
integral

Ft = L (P Q) 1(Q) d (4.30)

to a boundary line integral are not suitable, and, if more advanced techniques are
not utilized, the only recourse is a domain discretization. The domain 2 is divided
into M two-dimensional elements or cells, e.g. triangular or rectangular cells (see
Fig. 4.5), over which numerical integration is performed. Thus, employing two-
dimensional Gaussian integration, Eq. (4.30) becomes

Z iwk v(ps, Qi) f(Qu) | A, 4.31)

where @ and w;, (b =1,2,...,n) are the k—th integration point and correspond-
ing weight for the Gaussian quadrature on the j—th cell, and A; (j =1,2,..., M)
is the area of the cell (see Appendix B).

By means of Eq.(4.31) and the notation introduced in Egs. (4.3) and (4.5),
Eq. (4.29) takes the following matrix form

(Hl{u} + {F} = [GCHun} (4.32)

Equations (4.32) are first reordered on the basis of the specified boundary condi-
tions, and subsequently, they are solved for the unknown boundary quantities. The
values of u at points inside 2 may then be computed from Eq. (4.29) for ' =1.
It should be noted that, for a point ¢ (¢ = 1,2,..., M) lying on the j—th cell, the
domain integral exhibits a logarithmic singularity and special care must be taken
for its evaluation (see Appendix B and also Ref. [5]).
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Figure 4.5 Discretization of domain 2 into triangular cells.

4.5 The Dual Reciprocity Method for Poisson’s equation

The method presented in Section 3.5 for converting the domain integral
1(P)= [ ((P.Q)f(@QdSY%, P(ay)e(QUI), Qay)eQ (433)

to a boundary integral, though effective, has an inherent drawback, which is the
determination of function F' as the solution of Eq. (3.52) for a given source den-
sity function f(x,y). Apparently, this procedure cannot be embedded in a com-
puter code, since the user is responsible for providing this function and its normal
derivative according to Eq. (3.55). This drawback can be overcome by employing
the Dual Reciprocity Method (DRM) which was first introduced by Nardini and
Brebbia [6] in 1982, They used the method to establish a consistent mass matrix in
an effort to solve dynamic problems by utilizing the BEM and the static funda-
mental solution. Since then, the DRM was further developed to solve elliptic prob-
lems for which the fundamental solution could not be determined or was difficult
to treat numerically, as well as to solve parabolic and hyperbolic problems em-
ploying simple static fundamental solutions. Nonlinear problems have also been
attacked by this method. For a detailed presentation of the DRM, the interested
reader is referred to the book by Partridge et al. [7]. A brief description of the DRM
1s given next.

Let us consider a set of M collocation points arbitrarily located in the domain §2
(see Fig. 4.6). According to the DRM the function f representing the source den-
sity is approximated by radial basis functions series, namely

fQ,y) = 3 a,0,(rq) (434)

where a; are M unknown coefficients and ¢; = ¢;(r,¢) is a set of radial basis
Sfunctions with argument
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ne=1Q-Pl=V@-2,) +-y) (4.35)

which is the distance between the field point Q(z,y) and the collocation point
Pi(z;,y,) . Although, the radial basis functions are usually denoted in BEM litera-
ture by f;(r), in the present book the notation ¢,(r) is preferred to avoid confu-
sion with the source density function f . It should be noted that if the function f is
defined on the boundary I', the total number of points employed in the series
(4.34) can be chosen to be M + N instead of M, where N is the number of
boundary nodal points used for the discretization of the boundary.

Figure 4.6 Integration over a plane domain 2 bounded by a curve .

The unknown coefficients «, are determined in the following way. First, we apply
Eq. (4.34) to all collocation points obtaining expressions of the form

M

f=1P)=3)"a,¢,(n) (i=12..,M) (4.36)
j=1
where
o=@ - Q=@ - 2) + -y (4.37)
Using matrix notation Eq. (4.36) is written as
{f} = [®]{a} (4.38)

in which {f} is a vector containing the values of function f at the M collocation
points, {a}is the vector of the M unknown coefficients and [®] = [¢;(r;,)] an
M x M known matrix.

Assuming that [®] is not singular, Eq. (4.38) can be solved to yield
{a} = [@]'{/} (4.39)
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Substituting Eq. (4.34) into Eq. (4.33) gives
1(P) = Za] [, o(P.Q),(re)d0% (4.40)

The domain integrals in the above equation can be converted to boundary line
integrals using the procedure presented in Section 3.5 (ii). For this purpose, we
introduce first the functions 4; = 4;(r) (j = 1,2,..., M), which are determined as
the particular solution of the equations

Vi, = ¢,(r) (4.41)

Note that the derivatives involved in the Laplace operator are taken with respect to
point Q(z,y).

Subsequently, we apply Eq. (3.55) for the domain Q" C Q setting f = ¢; and
F = 4;, which yields the following expression

ﬂ SUP.Q),(Q)d2%= ﬁ LUPQVL(Q)d%

= e(P)u,(P)

n f { ) 9i(9) uj(q)wdqu (4.42)

Ong Ty

where £(P) =1, %, 0 depending on whether the point P lies inside Q ,on I or
outside 2", respectively.

Substituting the domain integral of Eq. (4.42) into Eq. (4.40), the latter becomes

Zu,{ (P)a, P)Jrf

The boundary integrals in Eq. (4.43) are approximated by utilizing the same dis-
cretization as that adopted for the evaluation of the unknown boundary quantities
(for the case I'" = I'). Applying Eq. (4.43) for all the N boundary nodal points by
letting point P to coincide with each of the nodal points, we obtain the vector {F'}
of Eq. (4.32) as

{F} = ([G11Q1 - [H[U]) {a} (4.44)

where [G] and [H] are the matrices defined in Section 4.2 and [U], [Q] are
N x M matrices with entries

)

()12 q) ., 0vuP,
D) )2,

ng g

9 ] (4.43)

Uy = u(rs) (4.45a)
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Qi = 9,(r) (4.45b)
on

where i =1,2,....,.N, j=12,.... M and

=g~ Bl =@~z + (@ -y, pel

Finally, combining Eqgs. (4.39) and Eq. (4.44) we arrive at

{F} =[RI{f} (4.46)
where
[R] = ([Q)[Q) - [H][U]) [®]"* (4.47)

Apparently, Eq. (4.46) states that the vector {F'} is expressed in terms of the val-
ues of the source density function f at the collocation points. This procedure is
suitable when the function f is defined by a set of scattered values. It should be
emphasized that the involvement of domain nodal points does not spoil the pure
boundary character of BEM, since the discretization into elements and the integra-
tion are limited only to the boundary.

The success of DRM depends on the choice of the radial basis functions. Many
types of radial basis functions have been reported in the literature, e.g. polynomial
type (¢, = 1+ 7+ > +...), multiquadrics (¢, = (r> + ¢*)"/> where ¢ is an arbi-
trary constant), thin plate splines (¢; = r*¢nr), etc. In general, the series of
Eq. (4.34) must, first, converge to f in some sense for M — oo and, second, en-
sure a good approximation of f for a relatively small number of collocation
points. For more information about the radial basis functions the reader is advised
to look in [8, 9, 10].

4.6 Program LABECON for solving the Laplace
equation with constant boundary elements

On the basis of the analysis presented in the previous sections, a computer program
has been written in FORTRAN language [11] for the solution of boundary value
problems described by the Laplace equation. This program employs constant ele-
ments to approximate the line integrals.

Main program

The structure of program LABECON is described by the macro flow chart shown
of Fig. 4.7. The main program defines the maximum dimensions of the arrays and
opens two files. The file containing the data and the file in which the results are
written. Next, it calls the following eight subroutines:

INPUT Reads the data from INPUTFILE.
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MAIN PROGRAM

Defines N and IN
and calls the subroutines

v

INPUT

Reads the data and writes
them in OUTPUTFILE

v

GMATR
Forms the matrix G

V4

HMATR
Forms the matrix H

V4

ABMATR
Forms the matrices A and B

v

SOLVEQ
Solves the system [A] {x}={B}

\ 4

REORDER

Rearranges the boundary values and
forms the matrices UB and UNB

v

UINTER
Computes the solution at internal points

V4

OUTPUT
Prints the results in OUTPUTFILE

Figure 4.7 Macro flow chart of program LABECON.
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GMATR  Forms the matrix [G] defined by Eq. (4.3).

HMATR  Forms the matrix [H] defined by Eqs. (4.5) and (4.3).

ABMATR Rearranges the matrices [H] and [G] according to the boundary
conditions and forms the matrices [A] and {B} of Eq. (4.9).

SOLVEQ Solves the system of linear equations [A]{X} = {B} using Gauss
elimination.

REORDER Rearranges the boundary values and forms the vectors {u} and
{un}.

UINTER  Computes the values of u at the internal points.

OUTPUT  Writes the results in OUTPUTFILE.

The variables and arrays introduced in the program along with their meaning are

given below:
N
IN
INDEX
XL
YL

XM

YM

T

UB

UNB

XIN

Number of boundary elements and boundary nodes.
Number of internal points where the solution is computed.

One-dimensional array in which a type of boundary conditions is
assigned to the nodes. It is INDEX(J)=0 when u is prescribed,
while INDEX(J)=1 when du/0n is prescribed.

One-dimensional array containing the z coordinates of the ex-
treme points of all the elements.

One-dimensional array containing the y coordinates of the ex-
treme points of all the elements.

One-dimensional array containing the z coordinates of all the
boundary nodes.

One-dimensional array containing the y coordinates of all the
boundary nodes.

Square matrix defined by Eq. (4.3).
Square matrix defined by Eqgs. (4.5).
Square matrix defined by Eq. (4.10a).

One-dimensional array. At input, it contains the boundary values
of u, if INDEX(J)=0, or u/dn, if INDEX(J)= 1. At output it
contains all the boundary nodal values of w .

One-dimensional array containing the right hand side vector of
equation [A]{X} = {B} given by Eq. (4.10c). At the end it con-
tains the boundary nodal values of du/dn .

One-dimensional array containing the = coordinates of the inter-
nal points at which the values of u are computed.
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YIN One-dimensional array containing the y coordinates of the inter-
nal points at which the values of « are computed.

UIN One-dimensional array containing the computed values of u at
the internal points.
Subroutine INPUT

The subroutine INPUT reads in free FORMAT all the required data. The data have
been written in INPUTFILE, to which the user has assigned a specific name as
required by the main program. This file contains the following data:

1. User’s name. One line with the name of the user.
2. Title. One line with the title of the program.

3. Extreme points of the boundary elements. N pairs of values consisting of the
coordinates XL and YL of the extreme points. They are given in the positive
sense, which for a closed domain  is counter-clockwise (Fig. 4.8a), whereas
for an open domain (external domain) is clockwise (Fig. 4.8b).

4. Boundary conditions. N pairs of values consisting of either INDEX =0 and u,
or INDEX =1 and du/0n.

5. Internal points. IN pairs of values consisting of the coordinates XIN and YIN of
the internal points at which the values of u will be computed.

Finally, the subroutine INPUT writes the data in OUTPUTFILE, to which the user
assigns a specific name.

n
-" | E 2 )

(a) Closed domain (b) Open domain

Figure 4.8 Positive direction and normal vector on the boundary
of closed and open domains €.

Subroutine GMATR

The subroutine GMATR forms the matrix G defined in Eq. (4.3) by using the
subroutines RLINTC and SLINTC. These subroutines perform the following tasks:
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The RLINTC, (R)egular (L)ine (Int)egral for (C)onstant Elements, computes the
off-diagonal elements of the G matrix.

The SLINTC, (S)ingular (L)ine (Int)egral for (C)onstant Elements, computes the
diagonal elements of the G matrix.

Subroutine RLINTC

This subroutine computes regular line integrals on constant elements employing a
four-point Gaussian integration scheme (see Appendix B). It uses the coordinates
of the ¢ —th nodal point and those of the extreme points of the j —th element (points
j and j+ 1), it renames them to O, 1 and 2 (see Fig. 4.9), respectively, and then it
evaluates the integral of Eq. (4.22).

__— 4 Gauss points

(&), k=1,2,3,4 M

()

Figure 4.9 Four-point Gaussian quadrature and point numbering
for subroutine RLINTC.

Subroutine SLINTC

This subroutine uses the coordinates of the extreme points of the j—th element
(points 7 and j + 1), it renames them to | and 2, respectively, and then calculates
the integral on the basis of Eq. (4.28a).

Subroutine HMATR

It forms the matrix H defined in Eq. (4.5). The diagonal elements of the matrix H
are f;;, =0 (see Eq. 4.28b), while the off-diagonal elements are calculated using
the subroutine DALPHA.

Subroutine DALPHA

This subroutine uses the coordinates of the 7-th nodal point and those of the
extreme points of the j—th element (points j and j + 1), it renames them to 0, 1
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and 2 (see Fig. 4.9), respectively, and then calculates the off-diagonal elements H,
according to Eq. (4.24).

Subroutine ABMATR

This subroutine generates the matrix A and the vector B of Eq. (4.9) from the col-
umns of matrices G and H . The J-th column of matrix A consists of the corre-
sponding column of H , if « is unknown (INDEX(J)=1), or that of —G, if un is
unknown (INDEX(J) = 0). The vector B results as the sum of the columns of —H
multiplied by the corresponding known values of u (INDEX(J)= 0) and the col-
umns of G multiplied by the corresponding known values of u, (INDEX(J)=1).
It should be noted that in the construction of A and B a change of sign occurs,
when columns of H or G are transferred, respectively, to the left- or to the right-
hand side of the equation (see Egs. 4.10).

Subroutine SOLVEQ

This subroutine employs the matrix A and the vector B(= UNB) and calls the
subroutine LEQS, which solves the system of linear equations. The solution is
stored in the vector UNB.

Subroutine LEQS

This subroutine uses the matrix A, the vector I3 and the parameter N to solve the
system of equations AX = B by Gauss elimination. The solution is stored in the
vector 3. The output parameter LSING takes the value LSING = 0, when the
matrix A is regular, or LSING = 1, when the matrix A is singular.

Subroutine REORDER

This subroutine rearranges the vectors UB and UNB on the basis of the boundary
condition vector INDEX. At input the two vectors contain the known and the com-
puted boundary values of « and u., respectively, while at output UB contains all
the values of « and UNB all the values of its normal derivative du/dn .

Subroutine UINTER

This subroutine uses the boundary values of the vectors UB and UNB to compute
the values of u at the specified internal points on the basis of Eq. (4.11).

The evaluation of derivatives u.. and uy at the internal points is left as an exercise
to the reader (see Problem 4.1).

Subroutine OUTPUT

It prints all the results in the output file. First, it lists the coordinates of the bound-
ary nodal points along with the corresponding nodal values of « and du/dn, and
then the coordinates of the internal points and the computed values of u at those
points.

In the sequel, we provide the listing of program LABECON:
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Ce=z==rz== CEEErEEESCECNCEEECSEASFSSCER T RSRCISSSSEsSSSIRITEnScansz

Cc

naoaoaan aonn nanaoan

naan

naon nan nnao nnon naoa naan aan

annon

PROGRAM LABECON
This program solves the two dimensional (LA)place equation
using the (B)oundary (E)lement method with (CON)stant
boundary elements

IMPLICIT REAL*8 (A-H,0-2)
CHARACTER*15 INPUTFILE, QUTPUTFILE

Set the maximum dimensions

PARAMETER (N=16)
PARAMETER (IN=9)

N= Number of boundary elements which is equal to the number
of boundary nodes

IN= Number of internal points where the function u is calculated
DIMENSION INDEX (N)
DIMENSION XL (N+1),YL(N+1l),XM(N),YM(N),G(N,N) , H(N,6N)
DIMENSION UB(N),A(N,N),UNB(N),XIN(IN),YIN(IN), UIN(IN)

Read the names and open the input and output files
WRITE (*,'(A)')' Name of the INPUTFILE (max.l15 characters)'
READ (*,*(A)') INPUTFILE
WRITE (*,'(A)')' Name of the OUTPUTFILE (max.l5 characters)’
READ (*,'(A)') OUTPUTFILE
OPEN (UNIT=1, FILE=INPUTFILE)
OPEN (UNIT=2, FILE=OUTPUTFILE)

Read the data from INPUTFILE
CALL INPUT (XL, YL,XIN,YIN, INDEX,UB,6N, IN)

Compute the G matrix
CALL GMATR (XL, YL,XM,¥YM,G,N)

Compute the H matrix
CALL HMATR (XL, YL,XM,YM,H,N)

Form the system of equations AX=B
CALL ABMATR (G,H,A,UNB,UB, INDEX,N)

Solve the system of equations
CALL SOLVEQ(A,UNB,N, LSING)

Porm the vectors U and UN of all the boundary values
CALL REORDER (UB,UNB, INDEX, N)

Compute the values UIN of u at the internal points
CALL UINTER (XL, YL,XIN,YIN,UB,UNB,UIN,N, IN)

Print the results in the OUTPUTFILE

CALL OUTPUT (XM, YM,UB,UNB, XIN, YIN,UIN,N, IN)
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C Close input and output files

o]
CLOSE (1)
CLOSE (2)
o]
STOP
END
c
c
C==s===s=ccc-zcosss=ss=c-=-=S=SSSSS==SSSSSCSSSESSNSSSSIETITITSSSSISSSS
c
SUBROUTINE INPUT (XL,YL,XIN,YIN,INDEX,UB,N, IN)
C
C This subroutine reads the data from the input file
C and writes them in the output file
c
IMPLICIT REAL*8 (A-H,0-Z)
CHARACTER*80 NAME, TITLE
DIMENSION XL (N+1),YL(N+1),XIN(IN),YIN(IN), INDEX(N), UB(N)
C

WRITE(2,100)
100 FORMAT('',69('*'))

C
C Read user's name
C
READ (1, ' (A) ') NAME
C
WRITE (2, ' (A) ') NAME
(o4
C Read the title of the program
C
READ (1, ' (A) ') TITLE
(o4
WRITE(2, ' (A)')TITLE
C
WRITE(2,200)N,IN
200 FORMAT (//'BASIC PARAMETERS'//2X, 'NUMBER OF BOUNDARY ELEMENTS='
1,13/2X, '"NUMBER OF INTERNAL POINTS WHERE THE FUNCTION IS CALCULATED
la',13)
C
C Read the coordinates XL,YL of the extreme points of the boundary elements
C
READ(1,*) (XL(I),YL(I),I=1,N)
C
C Write the coordinates in the output file
c
WRITE(2,300)
300 FORMAT (//2X, 'COORDINATES OF THE EXTREME POINTS OF THE BOUNDARY ‘'
1'ELEMENTS', //2X, 'POINT', 9X, 'XL"', 15X, 'YL"')
DO 20 I=1,N
20 WRITE(2,400) I,XL(I),YL(I)
400 FORMAT (2X,I3,2(3X,E14.5))
C
C Read the boundary conditions and store them in UB(I).
C If INDEX(I)=0, the value UB(I) is the prescribed value of u.
C If INDEX(I)=1l, the normal derivative un is prescribed.
(o4
READ (1, *) (INDEX(I),UB({(I),I=1,N)
C
C Write the boundary conditions in the output file
C

WRITE(2,500)

500 FORMAT(//2X, 'BOUNDARY CONDITIONS'//2X,'NODE', 6X, 'INDEX',
1 7X, 'PRESCRIBED VALUE')
DO 30 I=1,N



Chapter 4 Numerical Implementation of the BEM

69

30 WRITE(2,600) I,INDEX(I),UB(I)
600 FORMAT (2X,I3,9X,Il,8X,E14.5)

c
C Read the coordinates of the internal points
C

READ(1,*) (XIN(I),YIN(I),I=1,IN)

RETURN

END

[+
o
Cszwasscazsr=sszss=S==z-S-=SSSsrSCESITCSSSRSYrNCECSSISSSISTATITTISSSSS
c
SUBROUTINE GMATR (XL, YL, XM,YM,G,N)
c
C This subroutine computes the elements of the G matrix
C
IMPLICIT REAL*8 (A-H,0-2)

DIMENSION XL (N+1),YL(N+1),XM(N),6 YM(N)
DIMENSION G(N,N)

c
C Compute the nodal coordinates and store them in the arrays
C XM and ¥YM
o]
XL (N+1) =XL (1)
YL(N+1)=YL(1)
DO 10 I=1,N
XM(I)=(XL(I)+XL(I+1))/2.
10 YM(I)=(YL(I)+YL(I+1))/2.
o]
C Compute the elements of matrix G
c
DO 20 I=1,N
DO 20 J=1,N
JP1=J+1
IF(I.NE.J)THEN
CALL RLINTC(XM(I),¥YM(I),XL(J),YL(J),XL(JP1),YL(JP1l),RESULT)
G(I,J)=RESULT
ELSEIF (I.EQ.J)THEN
CALL SLINTC(XL{J),YL(J),XL(JP1),YL(JP1l),6 RESULT)
G(I,J)=RESULT
ENDIF
20 CONTINUE
RETURN
END
[o]
C
Cssuz=zcz=cz==s==r=c=c==S=S==SS=CSSESSSREY¥ICSSISSESSESSSZSTESISSs=ss
o]
SUBROUTINE RLINTC (X0,Y0,X1,Y1,X2,Y2,RESULT)
C
C This subroutine computes the off-diagonal elements of the
C matrix G
C
C RA= The distance of point O from the Gauss integration point
C on the boundary element
c
C WG= The weights of the Gauss integration
o]
C XI= The coordinates of the Gauss integration points in the
c interval (-1,1]
c
C XC,¥YC= The global coordinates of the Gauss integration points
[o]

IMPLICIT REAL*8 (A-H,0-2)
DIMENSION XC(4),YC(4),XI(4),WG(4)
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DATA XI/-0.86113631,-0.33998104,0.33998104,0.86113631/
DATA WG/0.34785485,0.65214515,0.65214515,0.34785485/
PI=ACOS(-1.)

AX=(X2-X1)/2.

AY=(Y2-Y1)/2.

BX=(X2+X1)/2.

BY=(Y2+Y1) /2.

(o4
C Compute the line integral
C

RESULT=0.
C
DO 30 I=1,4
XC(XI)=AX*XI(I)+BX
YC(I)=AY*XI (I)+BY
RA=SQRT ( (XC(I)-X0) **2+ (YC(I)-Y0Q)**2)
30 RESULT=RESULT+DLOG (RA) *WG (I)
SL=2.*SQRT (AX**2+AY**2)
RESULT=RESULT*SL/ (4. *PI)
RETURN
END
C
c
Czzxcccraxr=zESrsS==S=XSTRESSE==SSsE==SS=S=SSSSSSSTIISSTSIIE=ISISSEZESS
o]
SUBROUTINE SLINTC(X1,Y1,X2,Y2,RESULT)
c

C This subroutines computes the diagonal elements of the matrix G
(o4

IMPLICIT REAL*8 (A-H,0-2)

PI=ACOS(-1.)

AX=(X2-X1)/2.

AY=(Y2-Y1)/2.

SL=SQRT (AX**2+AY**2)

RESULT=SL* (DLOG(SL) -1.) /PI

RETURN

END
C
C
Coxrsazszonssza=oarrT-x=2S - CCEEC T I CRICRCSUOICIICIITEICICACCSISTETAD
Cc

SUBROUTINE HMATR (XL, YL, XM, YM,H,N)
o]
C This subroutine computes the elements of the H matrix
o]

IMPLICIT REAL*8 (A-H,0-Z)
DIMENSION XL (N+1),YL(N+1),6 XM(N),6 YM(N)
DIMENSION H(N,N)

PI=ACOS(-1.)

XL (N+1) =XL (1)

YL (N+1) =YL(1)

DO 10 I=1,N

XM(I)=(XL{I)+XL(I+1))/2.
10 YM(I)=(YL(I)+YL(I+1))/2.

Compute the elements of the H matrix

naan

DO 20 I=1,N

DO 20 J=1,N

IF (I.NE.J) THEN

CALL DALPHA (XM(I),¥YM(I),XL(J),YL(J),XL{(J+1),YL(J+1),RESULT)
H(I,J)=RESULT

ELSEIF (I.EQ.J) THEN
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c
C

H(I,J)=-0.5
ENDIF

20 CONTINUE

RETURN
END

(o L e e T e T I

C

(o]

SUBROUTINE DALPHA (X0,Y0,X1,Y1,X2,Y2,RESULT)

C This subroutine computes the off diagonal elements of
the H matrix

[
c

C
C
C=

(o]

nnaa

anonnon

nan

IMPLICIT REAL*8 (A-H,0-Z)
PI=ACOS(-1.)

DY1=Y1-Y0

DX1=X1-X0

DY2=Y2-Y0

DX2=X2-X0

DL1=SQRT (DX1**2+DY1**2)
COS1=DX1/DL1
SIN1=DY1/DL1
DX2R=DX2*COS1+DY2*SIN1
DY2R=-DX2*SIN1+DY2*COS1
DA=ATAN2 (DY2R, DX2R)
RESULT=DA/ (2.*PI)
RETURN

END

SUBROUTINE ABMATR (G,H,A,UNB,UB, INDEX,N)

This subroutine rearranges the matrices G and H and produces
the matrices A and B=UNB

IMPLICIT REAL*8 (A-H,0-Z)

DIMENSION G(N,N),H(N,N),A(N,N),UNB(N),UB(N),6 INDEX(N)

Reorder the columns of the system of equations and
store them in A

20

30

40

DO 40 J=1,N
IF (INDEX(J) .EQ.0) THEN
DO 20 X=1,N
A(I,J)=-G(I,J)

ELSEIF (INDEX (J) .NE.Q) THEN

DO 30 I=1,N
A(I,J)=H(I,J)
END IF
CONTINUE

Compute the right hand s8ide vector and store it in UNB

60

DO 50 I=1,N
UNB(I)=0.

DO 60 J=1,N

IF (INDEX(J) .EQ.0) THEN
UNB(I)=UNB(I)-H(I,J)*UB(J)
ELSEIF (INDEX (J) .NE. 0) THEN
UNB (I)=UNB(I)+G(I,J)*UB(J)
ENDIF

CONTINUE
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50 CONTINUE
RETURN
END

c
C
Ce==zrz=s=zr=rrrc=s=rr=o====c====a===z====z=-=c====s=====sz==u==s===azs=T=x=
C

SUBROUTINE SOLVEQ (A, UNB,N, LSING)

C
IMPLICIT REAL*8 (A-H,0-2)
DIMENSION A (N,N),UNB(N)
CALL LEQS (A, UNB,N,LSING)
IF(LSING.EQ.O) THEN
WRITE(2,150)

150 FORMAT(/,'',69('*')//2X'The system has been solved regularly'/)

ELSEIF (LSING.EQ. 1) THEN
WRITE(2,170)

170 FORMAT(/,'',69('*')//2X'The system is singular'/)
ENDIF
RETURN
END
o]
c
Cszzsusssxsssx=x===zss====s=cms====c===-=s=SS=srsc==SaezsszzSe=es=sa==
C
SUBROUTINE LEQS(A,B,N,LSING)
c
c This subroutine uses Gauss elimination to solve
C a system of linear equations, [A]{x}={B}, where
c A : One-dimensional array which contains the occasional row of
(o) the two-dimensional array of the coefficients of the unknowns
c B : One-dimensional array which contains the known coefficients
c N : Integer denoting the number of the unknowns
c LSING: Integer taking the values:
(o4 LSING = 0, if the system has been solved regularly
C LSING = 1, if the system is singular
(o]
IMPLICIT REAL*8 (A-H,0-2)
DIMENSION A{l),B{(1)
C
LSING=0
JJ=-N
DO 10 J=1,N
JY=J+1
JI=JJT+N+1
AMAX=0.0

IHELP=JJ-J
DO 20 I=J,N
I1J=IHELP+I
IF (ABS (AMAX) -ABS(A(IJ))) 30,20,20
30 AMAX=A (1IJ)
IMAX=I
20 CONTINUE
IF (ABS (AMAX) .EQ.0.) THEN
LSING=1
RETURN
END IF
Il=J+N*(J-2)
IHELP=IMAX-J
DO 40 K=J,N
I1=I1+N
I2=I1+IHELP
ATEMP=A (I1)
A(I1l)=A(I2)
A(I2)=ATEMP
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40 A(I1)=A(Il)/AMAX
ATEMP=B (IMAX)
B (IMAX) =B (J)
B (J) =ATEMP/AMAX
IF(J-N) 50,70,50
50 IQS=N*(J-1)
DO 10 IX=JY,N
IXJ=IQS+IX
IHELP=J-IX
DO 60 JX=JY,N
IJREF=N* (JX-1) +1IX
JJIX=IJREF+IHELP
60 A (IJREF) =A (IJREF) - (A (IXJ) *A(JJX))
10 B(IX)=B(IX)-B(J)*A(IXJ)
70 NY=N-1
NN=N*N
DO 80 J=1,NY
I1=NN-J
I2=N-J
I3=N
DO 80 K=1,J
B(I2)=B(I2)-A(I1)*B(I3)

Il=I1-N
80 I3=1I3-1
RETURN
END
c
C
(===ax=8scX-===x==CTTI====-=F=IFTST=SSECSSSEXSTCISSCSSSCTSSSEATIIESZSSSSS
c
SUBROUTINE REORDER (UB, UNB, INDEX, N)
c

C This subroutine rearranges the arrays UB and UNB in such a way
C that all values of the function u are stored in UB while all
C the values of the normal derivative un are stored in UNB

IMPLICIT REAL*8 (A-H,0-2)
DIMENSION UB(N), UNB (N) , INDEX (N)

C

DC 20 I=1,N

IF (INDEX(I))20,20,10

10 CH=UB(I)
UB(I)=UNB(I)
UNB (I)=CH
20 CONTINUE

RETURN

END
c
C
Ca=zz=====za=z===-cs=rE=-cx=c*-=-3SCS=CEZSCSCXCSC=SSXSaASSESISZISEISETSSSTEIT===
c

SUBROUTINE UINTER (XL, YL, XIN, YIN, UB, UNB, UIN,N, IN)
c
C This subroutine computes the values of u at the internal points
c

IMPLICIT REAL*8 (A-H,0-2)

DIMENSION XL (N+1),YL(N+1l),XIN(IN),YIN(IN),UB(N),UNB(N),UIN(IN)
c
C Compute the values of u at the internal points
c

DO 10 K=1,IN

UIN(K)=0.

DO 20 J=1,N

JP1=J+1

CALL DALPHA (XIN(K),YIN(K),XL(J},YL(J),XL(JP1l),YL(JP1l), RESH)
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CALL RLINTC(XIN(K),YIN(K),XL(J),YL(J),XL(JP1l),YL(JP1l),RESG)
20 UIN(K)=UIN(K)+RESH*UB (J) ~-RESG*UNB (J)
10 CONTINUE

RETURN

END

SUBROUTINE OUTPUT (XM, YM, UB, UNB, XIN, YIN, UIN,N, IN)

C This subroutine prints the results in the output file.
c

IMPLICIT REAL*8 (A-H,0-Z)

DIMENSION XM (N),YM(N), UB(N),b UNB (N)

DIMENSION XIN(IN),YIN(IN),UIN(IN)

c
WRITE (2,100)
100 FORMAT('',69('*')///1X, 'RESULTS'///2X, 'BOUNDARY NODES'//
1 11x,'X',15%,'Y',15X,'U',15X,'Un'/)
c
DO 10 I=1,N
10 WRITE(2,200) XM(I),YM(I),UB(I),UNB(I)
200 FORMAT (4(2X,E14.5))
o]
WRITE (2,300)
300 FORMAT (//,2X, 'INTERNAL POINTS'//10X,'X',15X,'Y',b 11X,
1 'SOLUTION U'/)
c
DO 20 K=1,IN
20 WRITE(2,400) XIN(K),YIN(K),UIN(K)
400 FORMAT (3 (2X,E14.5))
WRITE(2,500)
500 FORMAT(/,'',69('*'))
RETURN
END
c
c

C===============s=====zsc=======z==========s===<s==-S=====ZSSSSSE=Z====

Example 4.1

The scope of this example is to illustrate the use of program LABECON by solving
a simple potential problem. The domain §2 is a square with mixed boundary condi-
tions (Fig. 4.10). The boundary is discretized into 16 constant elements and the

solution is sought at 9 internal points (Fig. 4.11).

The exact solutionis: u{z,y)=100(1+ z).

In this example the number of elements (N = 16) is relatively small and thus the
data file may be created manually. However, if a rectangular domain is discretized
into a large number of elements, one should form the data file by using the program

RECT-1.FOR included in the CD-ROM which is provided with the book.



Chapter 4 Numerical Implementation of the BEM

75

1.0 7 = 100 (Q2) 7 = 200

Figure 4.10 Square domain 2 and boundary conditions
of Example 4.1.
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Figure 4.11 Boundary element discretization and
internal points of Example 4.1.

EXAMPLE 4.1 (DATA)

J.T. KATSIKADELIS
Example 4.1



76 BOUNDARY ELEMENTS
.00000000 .00000000
.25000000 .00000000
.50000000 .00000000
.75000000 .00000000

1.00000000 .00000000
1.00000000 .25000000
1.00000000 .50000000
1.00000000 .75000000
1.00000000 1.00000000
.75000000 1.00000000
.50000000 1.00000000
.25000000 1.00000000
.00000000 1.00000000
.00000000 .75000000
.00000000 .50000000
.00000000 .25000000
1 .00000000
1 .00000000
1 .00000000
1 .00000000
0 200.00000000
0 200.00000000
0 200.00000000
0 200.00000000
1 .00000000
1 .00000000
1 .00000000
1 .00000000
0 100.00000000
0 100.00000000
0 100.00000000
0 100.00000000

22222 2222322222 R R R PR R R R SRR R 2RSSR RS2SR Rl R n bl s

0.25 0.25
0.50 0.25
0.75 0.25
0.25 0.50
0.50 0.50
0.75 0.50
0.25 0.75
0.50 0.75
0.75 0.75

J.T. KATSIKADELIS
Example 4.1

BASIC PARAMETERS

EXAMPLE 4.1 (RESULTS)

NUMBER OF BOUNDARY ELEMENTS= 16

NUMBER OF INTERNAL POINTS WHERE THE FUNCTION IS CALCULATED=

COORDINATES OF THE EXTREME POINTS OF THE BOUNDARY ELEMENTS

POINT

1 .00000E+00

XL

.00000E+00
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2 .25000E+00 .00000E+00
3 .50000E+00 .00000E+00
4 .75000E+00 .00000E+00
5 .10000E+01 .00000E+00
6 .10000E+01 -25000E+00
7 .10000E+01 .50000E+00
8 .10000E+01 .75000E+00
9 .10000E+01 .10000E+01
10 .75000E+00 .10000E+01
i1 .50000E+00 .10000E+01
12 .25000E+00 .10000E+01
13 .00000E+00 .10000E+01
14 .00000E+00 -75000E+00
15 .00000E+00 .50000E+00
16 .00000E+00 .25000E+00

BOUNDARY CONDITIONS

NODE INDEX PRESCRIBED VALUE
1 1 .00000E+00
2 1 .00000E+00
3 1 .00000E+00
4 1 .00000E+00
5 0 .20000E+03
6 [¢] .20000E+03
7 4] .20000E+03
8 0 .20000E+03
9 1 .00000E+00

10 1 .00000E+00
11 1 .00000E+00
12 1 .00000E+00
13 0 .10000E+03
14 0 .10000E+03
15 0 .10000E+03
16 0 .10000E+03

E 222 S22 RS2SRRSR RSttt i a2l i a2 R Rt R 2l

The system has been solved regularly

2222 2R R R AR R R Rttt Rl it 28222 R Xt R R 2

RESULTS

BOUNDARY NODES

X Y U Un
.12500E+00 .00000E+00 .11188E+03 .00000E+00
.37500E+00 .00000E+00 .13732E+03 .00000E+00
.62500E+00 .00000E+00 .16268E+03 .00000E+00
.87500E+00 .00000E+00 .18812E+03 .00000E+00
.10000E+01 .12500E+00 .20000E+03 .10552E+03
.10000E+01 .37500E+00 .20000E+03 .98417E+02
.10000E+01 .62500E+00 .20000E+03 .98417E+02
.10000E+01 .87500E+00 .20000E+03 .10552E+03
.87500E+00 .10000E+01 .18812E+03 .00000E+00
.62500E+00 .10000E+01 .16268E+03 .00000E+00
.37500E+00 .10000E+01 .13732E+03 .00000E+00
.12500E+00 .10000E+01 .11188E+03 .00000E+00
.00000E+00 .87500E+00 .10000E+03 -.10552E+03

.00000E+00 .62500E+00 .10000E+03 -.98417E+02
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.00000E+00
.00000E+00

INTERNAL POINTS

X

.25000E+00
.50000E+00
.75000E+00
.25000E+00
.S50000E+00
.75000E+00
.25000E+00
.50000E+00
.75000E+00

.37500E+00
.12500E+00

Y

.25000E+00
.25000E+00
.25000E+00
-50000E+00
-50000E+00
.50000E+00
.75000E+00
.75000E+00
.75000E+00

.10000E+03
.10000E+03

SOLUTION U

.12489E+03
.15000E+03
.17511E+03
.12495E+03
.15000E+03
.17505E+03
.12489E+03
.15000E+03
.17511E+03

-.98417E+02
-.10552E+03

22 2222 222222222222 X2 X222 22222 22 22222222t d st )

Table 4.1 Computed boundary and internal values for various boundary
discretizations of Example 4.1.

i Number of boundary elements, N
Point Exact
6 | a8 | 80 | 112 | 144
Values of « at the boundary nodes
1 111.88 112.36 112.43 112.46 112.47 112.50
2 137.32 137.47 137.48 137.49 137.49 137.50
3 162.68 162.53 162.52 162.51 162.51 162.50
4 188.12 187.64 187.57 187.54 187.53 187.50
Values of u. at the boundary nodes
S 105.520 98.215 99.486 99.665 99.774 | 100.000
6 98.417 99.800 99.909 99.946 99.964 | 100.000
Values of u at the internal points
1 124.89 124.98 124.99 124.99 125.00 125.00
5 150.00 150.00 150.00 150.00 150.00 150.00
9 175.11 175.02 175.01 175.01 175.00 175.00

As it was anticipated, the obtained solution is symmetric with respect to the axis
passing through the center of the square and being parallel to the z —axis. Table 4.1
presents the computed values on the boundary and at the interior of the domain
versus the number N of boundary elements. Comparing these results to the exact
values, it is apparent that they converge rapidly and the computed boundary values
of u and u. are very close to the exact ones. The accuracy at the internal points is
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even better, being attributed to the fact that these values are computed from
Eq. (4.11), which is a weighted residual form for all the boundary values. The re-
sults have been obtained using the Microsoft Fortran PowerStation on a PC. The
running time was a few seconds. Actually, the time required to solve the problem is
the time needed to prepare the data file. For this reason, the user of LABECON is
advised to write first a simple program that generates the coordinates XL, YL of
the extreme points and XIN, YIN of the internal points, as well as the values of the
INDEX vector and the boundary conditions. In this way, the tedious task of enter-
ing data by hand and the ensuing possible errors are avoided.

Example 4.2

The scope of this example is to demonstrate the efficiency of program LABECON
in treating domains with curvilinear boundaries. Specifically, we want to compute
u for the following Neumann problem:

V=0 in Q
@ =1U, on I
on

where the domain (2 is the ellipse shown in Fig. 4.12 and

2(b°x* — a’y?)

Un = ‘ ' (a)
Joiet + a'y?
The exact solution is known to be
w=a’—y" +C (b)

-

Figure 4.12 Elliptic domain 2 of Example 4.2.
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Practically, the discretization of the boundary into elements of equal length is not a
simple problem. Besides, such a discretization would not give the best results,
since the curvature of the boundary is more intense in the neighborhood of point
A(5.0,0.0) and decreases moving towards point B(0.0,3.0). A better discretiza-
tion would have elements whose length is small near A and increases progres-
sively towards B . This discretization can be achieved by establishing the extreme
points of the element from the parametric equations of the ellipse for constant
increment A6 of the parameter. Namely, the coordinates are given as

r; =acosl;, y; =bsinb; (i=12,...,N)

where N is the total number of boundary elements, and

o

6 =(Gi-1)A0, Af=

5 A3

-«

14 s 6 7

Figure 4.13 Boundary clement discretization and
internal points of Example 4.2.

For example, a discretization of the boundary into N = 20 elements (Fig. 4.13)
produces the following lengths for elements | through 5 of the first quadrant

£, =0.958, ¢,=1097, £;=1289, {¢,=1457, ¥{;=1.552
and in each of the other three quadrants the elements have the same lengths due to
the symmetry with respect to the z and y axes.

The coordinates of the twelve internal points are computed similarly from the ex-
pressions

a b . .
T; =—cosb;, y, =—sinb, (t=1,2,...,12)
2 2
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6 =(i-1)A0, A§=2T
12

As it has already been mentioned, the preparation of the data file by keying in the
data, besides the risk of error, is a painful and time consuming process. Since
LABECON is not a commercial computer code, it does not offer a pre-processing
interface for automatic preparation of the data. To facilitate this procedure and to
reduce possible errors a FORTRAN program has been written that generates the
required data and stores them in the INPUTFILE. The program has been named
ELLIPSE-1 and its listing is shown below.

PROGRAM ELLIPSEL

This program creates the INPUTFILE for LABECON when the
domain is an ellipse

nonn

IMPLICIT REAL*8 (A-H,0-Z)

CHARACTER*15 INPUTFILE

CHARACTER*80 NAME, TITLE

PARAMETER (N=20)

PARAMETER (IN=13)

DIMENSION XL (N+1),YL(N+1l), INDEX (N}, XIN{IN), YIN(IN)

WRITE (*,'(A)')' Name of the INPUTFILE (max.15 characters)'
READ (*,'(A)') INPUTFILE

OPEN (1, FILE=INPUTFILE)

WRITE (*,'(A)')' User NAME (max.l1l5 characters)'
READ(*, ' (A) ') NAME

WRITE(1, ' (A)')NAME

WRITE (*,'(A)')' Program TITLE (max.l5 characters)’

READ(*, ' (A) ') TITLE

WRITE (1, ' (A) ')TITLE

WRITE(1,100)
100 FORMAT (' ',79(' '))

A=5.
B=3.
PI=ACOS(-1.)
DTHETA= (2.*PI) /N
DO 1 I=1,N
THETA= (I-1) *DTHETA
XL (I)=A*COS (THETA)
YL (I) =B*SIN(THETA)
WRITE(1,200)XL(I),YL(I)
200 FORMAT (2(2X,F14.7))
1 CONTINUE

XL (N+1) =XL (1)
YL (N+1) =YL (1)
WRITE(1,100)

DO 2 I=1,N-1
INDEX(I)=1

XM= (XL (I)+XL(I+1))/2.

YM= (YL (I)+YL(I+1))/2.

UNB=2. % ((B*XM) **2- (A*YM) **2) /SQRT (B**2* (B*XM) **24A** 2% (A*YM) **2)
WRITE(1,300) INDEX(I),UNB
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2 CONTINUE

300 FORMAT (2X,I4,2X,Fl14.7)
INDEX (N) =0
XM= (XL (N) +XL(N+1)) /2.
YM= (YL(N) +YL(N+1)) /2.
UB=XM**2-YM**2
WRITE (1,300) INDEX(N),UB
WRITE (1,100)

DA=A/2.
DB=B/2.
WRITE(1,100)

DTHETA=(2.*PI)/12.

DO 3 I=1,12

THETA= (I-1) *DTHETA

XIN(I)=DA*COS (THETA)

YIN(I)=DB*SIN(THETA)

WRITE(1,200)XIN(I),YIN(I)
3 CONTINUE

XIN(IN}=0.
YIN(IN)=0.
WRITE (1,200) XIN(IN),YIN(IN)

STOP
END
o
C

C=2rc-=-x=sr==CR-ESR XC*CrERIFSSE=ESIISISSSSSCRATCCTISSISSSESEISSEISTSE=EE==

EXAMPLE 4.2 (DATA)

J.T. KATSIKADELIS
Example 4.2

5.0000000 .0000000
4.7552826 .9270510
4.0450850 1.7633558
2.9389263 2.4270510
1.5450850 2.8531695
.0000000 3.0000000
-1.5450850 2.8531695
-2.9389263 2.4270510
-4.0450850 1.7633558
-4.7552826 .9270510
-5.0000000 .0000000
-4.7552826 -.9270510
-4.0450850 -1.7633558
-2.9389263 -2.4270510
-1.5450850 -2.8531695
.0000000 -3.0000000
1.5450850 -2.8531695
2.9389263 -2.4270510
4.0450850 -1.7633558
4.7552826 -.9270510
1 9.1955756
1 4.9664676
1 .0000000
1 -3.7385842
1 -5.6807458
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1 -5.6807458
1 -3.7385842
1 .0000000
1 4.9664676
1 9.1955756
1 9.1955756
1 4.9664676
1 .0000000
1 -3.7385842
1 -5.6807458
1 -5.6807458
1 -3.7385842
1 .0000000
1 4.9664676
0 23.5765287
2.5000000 .0000000
2.1650635 .7500000
1.2500000 1.2990381
.0000000 1.5000000
-1.2500000 1.2990381
-2.1650635 .7500000
-2.5000000 .0000000
-2.1650635 -.7500000
-1.2500000 -1.2990381
.0000000 -1.5000000
1.2500000 -1.2990381
2.1650635 -.7500000
.0000000 .0000000

Referring to the Neumann problem of Example 4.2, the following should be taken
into account, which are known from the theory of partial differential equations of
the elliptic type [12].

(a) In order for the problem to have a solution, it must be

f Ou b g
' On

which can be readily proved by applying Eq. (2.16) for v =1 and V?u =0.
(b) The solution u is not determined uniquely, but to the approximation of an ar-

bitrary constant.

The first remark demands the following check

N
frﬂnds ~ ;&(H")l =~ 0

which can be shown that is satisfied for the give data. The second remark produces
difficulties in solving Eq. (4.9). The matrix [A] = [H] is singular in this case and
therefore, it can not be inverted. This difficulty can be overcome by prescribing
arbitrarily the value of u at a node, say at the last node N, and then solving the
problem with mixed boundary conditions. Without restriction of generality, we
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assign to u” the exact value of u as it is computed from equation (b) with C =0,
so that the obtained numerical results can be directly compared with the exact ones.

In Table 4.2, the computed values of w« at internal points are presented for various
values of N . Moreover, Fig. 4.14 shows the variation of error in « at the internal
point 2 versus the number of boundary elements N . In this problem, the conver-
gence is slower than in Example 4.1. This was anticipated, because the curved
boundary of the ellipse is approximated by an inscribed polygon. A faster conver-
gence can be achieved by employing another type of constant element which ap-
proximates the geometry with a parabolic arc [13].

Table 4.2 Computed values of u« at the internal points for various boundary
discretizations of Example 4.2.

. Number of boundary elements, N
Point Exact
20 40 100 300 700 1000
1 7.1022 | 6.5060 | 6.2960 | 6.2556 | 6.2511 6.2506 | 6.2500
2 5.0959 | 4.4114 ] 4.1759 | 4.1312 ] 4.1262 | 4.1256 ] 4.1250
3 1.0736 | 0.2201 | -0.0646 | -0.1177 | -0.1236 | —0.1243 | -0.1250
4 -0.9207 | -1.8715 | -2.1842 | -2.2422 | —2.2485 | -2.2492 | -2.2500
13 1.2216 | 0.3514 | 0.0613 | 0.0073 | 0.0014| 0.0007 | 0.0000
40 ! L | J : i 1 l s _
§ | | 1
| | | | -
O\° | | |
5 20 N T B | i -
fa ‘
5] | H !
! t t
I | I
0 L W
ottt T
0 200 400 600 800 1000
N

Figure 4.14 Variation of error in » at internal point 2 versus
the number of boundary elements of Example 4.2.
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4.7 Domains with multiple boundaries

In many applications the domain {2 may contain holes. In that case the contours
are more than one (Fig. 4.15). Namely, there is an outer boundary enclosing a finite
number of nonintersecting inner contours. In mathematical terms, this type of do-
main is referred to as multiply connected domain. We come across these domains
in many problems such as torsion of bars with hollow cross-sections, fluid flow
past obstacles or heat conduction in pipes with thermal insulation.

Ly
4 I, /\‘,

/ [ hole |
{ / /
| A\

| |
[ { P ] )
ll' '-._\hk—)]h/’l \_/

|
/
f.f
/
)
(£2)

Figure 4.15 Multiply connected domain 2.

It can be easily shown that Green’s identity (2.16) is valid also for multiply con-
nected domains, where the boundary I" is the sum (union) of all the contours.
Indeed, if we introduce the cuts AB and CD, which are arbitrary and not neces-
sarily along straight lines (see Fig. 4.16), the domain {2 is converted to simply
connected, that is one without holes. Green’s identity (2.16) may then be written as

f; (U@—u@)ds+ (v—a—g—u@)ds

3

ﬂ)(vvzu—uv%)dﬂ = Z

et on on BA\ On on
+ (v%—u@)ds+ (va—u—u—@}—)ds
AB\ gn on bc\ gn on

+ (v—~u—)ds
D\ On on

Noting that

f (U@—u@)ds:——f (U@—u@)ds
BA\ On on AB\ On on
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n /__,‘.’ ﬁ““w\\\ D

(€2) pad \
v ( \

Figure 4.16 Positive direction and normal vector on the boundaries
of a multiply connected domain.

the foregoing equation becomes

2 2 _ ou ov
‘/;)(’UV u—uV U>dQ_fF(v—8—r:_u—8-7;)ds (4.48)

where ' =T, uUl,UTl;.

Thus, Green’s identity (2.16) applies also to multiply connected domains where the
boundary integral is taken on all the contours. Consequently, relations resulting
from Green’s identity are valid for multiple boundaries as well. It should be noted
that the positive sense on the inner contours is clockwise, which is opposite to that
on the outer contours (Fig. 4.16).

4.8 Program LABECONMU for domains
with multiple boundaries

The program LABECON can be readily modified to solve potential problems in
domains with holes (multiply connected domains). The changes affect only the
main program and the subroutines INPUT, GMATR, HMATR and UINTER. The
new program has been given the name LABECONMU to distinguish it from
LABECON.

The structure of LABECONMU is the same as that of LABECON shown in the
macro flow chart of Fig. 4.7. In its main program two new parameters have been
introduced, NB that defines the number of boundaries, and the vector NL(I), which
identifies the number of the last element on the I-th boundary (I=1,2,...,NB). It
should also be noted that the elements of all the boundaries are numbered
consecutively and therefore, N denotes the total number of elements. The listings
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of the main program as well as of the subroutines INPUT, GMATR, HMATR and
UINTER are presented below:

C=scszzzsxszmsssss==-=s-rsErcCC-SZTX=SSISTTSSSISSICESTTSSASSTTTISSS=IAER

C
PROGRAM LABECONMU

This program solves the two dimensional (LA)place equation
using the (B)oundary (E)lement method with (CON)stant
boundary elements for domains with (MU)ltiple boundaries

annaa

IMPLICIT REAL*8 (A-H,0-Z)
CHARACTER*1S INPUTFILE, QUTPUTFILE

Set the maximum dimensions

aan

PARAMETER (N=24)
PARAMETER (IN=8)
PARAMETER (NB=2)

N= Number of boundary elements which is equal to the number
of boundary nodes
IN= Number of internal points where the function u is calculated
NB= Number of boundaries of the multiple boundary domain
NL= Array with entries the number of the last element on each
boundary

nnaoaoaanan

DIMENSION INDEX (N),NL(NB)
DIMENSION XL(N+1),YL(N+1),6XM(N),6YM(N),G(N,N),6 H(N,6N)
DIMENSION UB(N),A(N,N),6UNB(N),XIN(IN),YIN(IN), UIN(IN)

(o]

Read the names and open the input and output files

an

WRITE (*,'(A)')' Name of the INPUTFILE (max.l5 characters)'
READ (*,'(aA)') INPUTFILE

WRITE (*,'(A)')' Name of the OUTPUTFILE (max.l1l5 characters)'
READ (*,' (A)') OUTPUTFILE

OPEN (UNIT=1, FILE=INPUTFILE)

OPEN (UNIT=2, FILE=OUTPUTFILE)

Read data from INPUTFILE

nnn

CALL INPUT (XL,YL,XIN,YIN, INDEX,UB,N, IN,NL,NB)

Compute the G matrix

ana

CALL GMATR (XL, YL,XM,YM,G,N,NL, NB)

Compute the H matrix

[t XeKe]

CALL HMATR (XL,YL,XM,YM, H,N,NL, NB)

Form the system of equations AX=B

ann

CALL ABMATR (G,H,A,UNB,UB, INDEX,N)

Solve the system of equations

naQan

CALL SOLVEQ (A,UNB, N, LSING)

Form the vectors U and UN of all the boundary values

aan

CALL REORDER (UB,UNB, INDEX,N)
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c
C Compute the values of U at the internal points
C
CALL UINTER (XL,YL,XIN,YIN,UB,UNB,UIN,N, IN, NL, NB)
C
C Print the results in the OUTPUTFILE
C
CALL OUTPUT (XM, YM,UB,UNB, XIN, YIN, UIN,N, IN)
(o]
C Close input and output files
(o]
CLOSE (1)
CLOSE(2)
C
STOP
END
C
c
o L R A N L LT T T T LT T
(4
SUBROUTINE INPUT (XL,YL,XIN,YIN,INDEX,UB,N,IN,NL,NB)
o]
C This subroutine reads the input data from the input file
C and writes them in the output file
C
IMPLICIT REAL*8 (A-H,0-Z)
CHARACTER*80 NAME, TITLE
DIMENSION XL(N+1),YL(N+1),XIN(IN),YIN(IN), INDEX(N),6 UB(N),6 NL(NB)
C
WRITE(2,100)
100 FORMAT ('',69('*'))
C
C Read user's name
Cc
READ (1, ' (A) ') NAME
C
WRITE(2, ' (A)')NAME
Cc
C Read the title of the program
C
READ (1, '(A) ') TITLE
c
WRITE(2,'(A)')TITLE
Cc
C Read the number of the last element on each boundary
C
READ (1, *) (NL(I),I=1,NB)
C

WRITE(2,200)N,IN,NB

200 FORMAT (//'BASIC PARAMETERS'//2X, 'NUMBER OF BOUNDARY ELEMENTS='
1,I3/2X, '"NUMBER OF INTERNAL POINTS WHERE THE FUNCTION IS CALCULATED
1=',13//2X, 'NUMBER OF BOUNDARIES =',I3)
DO 250 I=1,NB

250 WRITE(2,260)I,NL(I)

260 FORMAT (2X, 'BOUNDARY', I3, 2X, 'LAST BOUNDARY ELEMENT=',I3)

Read the coordinates XL,YL of the extreme points of the boundary elements

nano

READ(1,*) (XL(I),YL(I),I=1,N)

Write the coordinates in the output file

nan

WRITE (2,300)
300 FORMAT (//2X, 'COORDINATES OF THE EXTREME POINTS OF THE BOUNDARY '
1'ELEMENTS', //2X, 'POINT',9X, 'XL', 15X, 'YL')
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DO 20 I=1,N
20 WRITE(2,400) I,XL(I),YL(I)
400 FORMAT (2X,13,2(3X,E14.5))

Read the boundary conditions and store them in UB(I).
If INDEX(I)=0, the value UB(I) is the prescribed value of u.
If INDEX(I)=1, the normal derivative un is prescribed.

anonNnnn

READ(1l,*) (INDEX(I),UB(I),I=1,N)

Write the boundary conditions in the output file

naoao

WRITE(2,500)
500 FORMAT(//2X, 'BOUNDARY CONDITIONS'//2X, 'NODE',6X, 'INDEX',
1 7X, 'PRESCRIBED VALUE')
DO 30 I=1,N
30 WRITE(2,600) I,INDEX(I),UB(I)
600 FORMAT (2X,I3,9X,I1,8X,E14.5)
c
C Read the coordinates of the internal points
c
READ (1, *) (XIN(I),YIN(I),I=1,IN)
RETURN
END

c
C
C=zr==S@r=Scsr s ICSX-EETSSSESECSC=SS==SISESSEIEIEEACCXSSSASIITTETS
o)
SUBROUTINE GMATR (XL, YL, XM, YM,G,N,NL,NB)
c
C This subroutine computes the elements of the G matrix
c
IMPLICIT REAL*8 (A-H,0-Z)
DIMENSION XL (N+1),YL(N+1l),6 XM{(N), YM(N),6 NL (NB)
DIMENSION G(N,N)

Compute the nodal coordinates and store them in the arrays XM
and YM

naann

IF (NB.GT.l) GOTO 5
XL(NL{1)+1)=XL(1)
YL(NL (1) +1) =YL{1)

5 PO 10 I=1,N
XM(I)=(XL(I)+XL{I+1))/2.
10 YM{(I)=(YL(I)+YL(I+1))/2.
IF(NB.LE.1l) GO TO 40
XM(NL(1))=(XL(NL(1))+XL(1))/2.
YM(NL(1))=(YL(NL(1))+YL(1))/2.
DO 15 K=2,NB
XM (NL (K) ) = (XL (NL (K) ) +XL (NL (K-1) +1) ) /2.
15 YM(NL(K))=(YL{(NL(K))+YL(NL(K-1)+1))/2.

Compute the elements of matrix G

nnao

40 DO 20 I=1,N
XO=XM(I)
Y0=YM(I)
DO 20 J=1,N
X1=XL(J)
Y1sYL(J)
X2=XL (J+1)
Y2=YL(J+1)
IF (NB.LE.1)GOTO 60
IF(J.NE.NL{1))GOTO 50
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X2=XL(1)
Y2=YL(1)
GOTO 60
50 DO 30 K=2,NB
IF(J.NE.NL(K))GOTO 30
X2=XL(NL(K-1)+1)
Y2=YL(NL(K-1)+1)
GOTO 60
30 CONTINUE
60 IF(I.NE.J)THEN
CALL RLINTC(XO0,YO0,X1,Y1,X2,Y2,RESULT)
G(I,J)=RESULT
ELSEIF(I.EQ.J)THEN
CALL SLINTC(X1l,Y1l,X2,Y2,RESULT)
G(I,J)=RESULT

ENDIF
20 CONTINUE
RETURN
END
c
(o
C==za=zrze==scTa===r===F=3= === =S=ISTTIIS=ISTTSISSSS=ITZS==T==IST=
C

SUBROUTINE HMATR (XL, YL, XM, YM,H,N,NL, NB)
c
C This subroutine computes the elements of the H matrix
(o]

IMPLICIT REAL*8 (A-H,0-Z)

DIMENSION XL (N+1),YL(N+1),XM(N),6 YM(N),6 NL(NB)
DIMENSION H(N,N)

(9]

PI=ACOS(-1.)

Compute the nodal coordinates and store them in the arrays XM
and YM

aanaQ

IF (NB.GT.1l) GOTO 5
XL (NL (1) +1) =XL(1)
YL(NL(1)+1)=YL(1)

5 DO 10 1I=1,N
XM(I)=(XL(I)+XL(I+1))/2.
10 YM(I)=(YL(I)+YL(I+1))/2.
IF(NB.LE.1) GO TO 40
XM(NL(1))=(XL{NL(1))+XL(1))/2.
YM(NL(1))=(YL(NL(1))+YL{(1))/2.
DO 15 K=2,NB
XM (NL (K) ) = (XL (NL (K) ) +XL(NL(K~1) +1) ) /2.
15 YM(NL (K) )= (YL(NL(K))+YL(NL(K-1)+1))/2.
c
C Compute the elements of H matrix
c .
40 DO 20 I=i,N
X0=XM(X)
YO=YM(I)
DO 20 J=1,N
X1=XL(J)
Y1=YL(J)
X2=XL(J+1)
Y2=YL(J+1)
IF(NB.LE.1)GOTO 60
IF (J.NE.NL(1))GOTO 50
X2=XL(1)
Y2=YL(1)
GOTO 60
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50 DO 30 K=2,NB
IF (J.NE.NL(K))GOTO 30
X2=XL(NL(K-1)+1)
Y2=YL (NL (K-1) +1)
GOTO 60
30 CONTINUE
60 IF (I.NE.J) THEN
CALL DALPHA (X0,Y0,X1,Y1,X2,Y2,RESULT)
H(I,J)=RESULT
ELSEIF (I.EQ.J) THEN
H(I,J)=-0.5

ENDIF
20 CONTINUE

RETURN

END
C
C
Ce=z=z==r=ca==zcz=z=z=c=S====C-==I===Ic====CTXS=S=SITI=SSST=CSTITSIAST=E=a=S
c

SUBROUTINE UINTER (XL, YL,XIN, YIN, UB, UNB, UIN, N, IN, NL, NB)
C

C This subroutine computes the values of u at the internal points
C
IMPLICIT REAL*8 (A-H,0-2)
DIMENSION XL (N+1),YL(N+1),XIN(IN),YIN(IN),UB(N),UNB(N), UIN(IN)
DIMENSION NL (NB)

C
C Compute the values of u at the internal points
C
IF (NB.GT.1l) GOTO 5
XL (NL(1)+1)=XL(1)
YL (NL (1) +1) =YL (1)
Cc
5 DO 10 KK=1,IN
UIN(KK)=0.
DO 20 J=1,N
X0=XIN (KK}
YO0=YIN (KK)
X1=XL(J)
Y1=YL(J)
X2=XL (J+1)
Y2=YL(J+1)
IF(NB.LE.1)GOTO 60
IF(J.NE.NL(1))GOTO 50
X2=XL (1)
¥2=YL (1)
GOTO 60
50 DO 30 K=2,NB
IF(J.NE.NL(K))GOTO 30
X2=XL (NL(K-1}+1)
¥2=YL(NL{K-1)+1)
GOTO 60
30 CONTINUE
60 CALL DALPHA (X0,YO0,X1,Y1l,X2,Y2,RESH)
CALL RLINTC(X0,Y0,X1,Y1l,X2,Y2,RESG)
20 UIN(KK)=UIN(KK)+RESH*UB (J) -RESG*UNB (J)
10 CONTINUE
RETURN
END
C
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Example 4.3

This example demonstrates program LABECONMU for the solution of a simple
potential problem with mixed boundary conditions. The square domain €2 is dou-
bly connected, namely it contains a hole. Its outer boundary has been discretized
into 16 constant elements, while the inner one into 8 elements. The solution is
sought at 8 internal points. The data and the boundary discretization are shown in
Figs. 4.17 and 4.18. The data file has been created using program RECT-2.FOR.

The exact solution is: u(xz,y) = 100(1+z).

Figure 4.17 Doubly connected domain €2 and boundary conditions.

EXAMPLE 4.3 (DATA)

J.T. KATSIKADELIS
Example 4.3

16

24
.00000000 .00000000
.25000000 .00000000
.50000000 .00000000
.75000000 .00000000
1.00000000 .00000000
1.00000000 .25000000
1.00000000 .50000000
1.00000000 .75000000
1.00000000 1.00000000

.75000000 1.00000000
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.50000000
.25000000
.00000000
.00000000
.00000000
.00000000
.30000000
.30000000
.30000000
.50000000
.70000000
.70000000
.70000000
.50000000
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Figure 4.18 Boundary element discretization for the
doubly connected domain of Example 4.3.

.00000000
.00000000
.00000000
.00000000
200.00000000
200.00000000
200.00000000
200.00000000
.00000000
.00000000
.00000000
.00000000
100.00000000
100.00000000
100.00000000
100.00000000
130.00000000
130.00000000
.00000000
.00000000
-100.00000000
-100.00000000
.00000000
.00000000

1.00000000
1.00000000
1.00000000
-75000000
.50000000
.25000000
.30000000
.50000000
.70000000
.70000000
.70000000
-50000000
.30000000
.30000000
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.15000000 .15000000
.50000000 .15000000
.85000000 .15000000
.15000000 .50000000
.85000000 .50000000
.15000000 .85000000
.50000000 .85000000
.85000000 .85000000

EXAMPLE 4.3 (RESULTS)

O 2 2 2 22 2 2 2222 222222 X2 2 22X RS2 2SR R R R A2l sl

J.T. KATSIKADELIS

Example 4.3

BASIC PARAMETERS

NUMBER OF BOUNDARY ELEMENTS= 24

NUMBER OF INTERNAL POINTS WHERE THE FUNCTION IS CALCULATED=

NUMBER OF BOUNDARIES = 2
1 LAST BOUNDARY ELEMENT= 16
2 LAST BOUNDARY ELEMENT= 24

BOUNDARY
BOUNDARY

COORDINATES OF THE EXTREME

POINT XL YL
1 .00000E+00 .00000E+00
2 .25000E+00 .00000E+00
3 .50000E+00 .00000E+00
4 .75000E+00 .00000E+00
5 .10000E+01 .00000E+00
6 .10000E+01 .25000E+00
7 .10000E+01 .50000E+00
8 .10000E+01 .75000E+00
9 .10000E+01 .10000E+01
10 .75000E+00 .10000E+01
11 .50000E+00 .10000E+01
12 .25000E+00 .10000E+01
13 .00000E+00 .10000E+01
14 .00000E+00 .75000E+00
15 .00000E+00 .50000E+00
16 .00000E+00 .25000E+00
17 .30000E+00 .30000E+00
18 .30000E+00 .50000E+00
19 .30000E+00 .70000E+00
20 .50000E+00 .70000E+00
21 .70000E+00 .70000E+00
22 .70000E+00 .50000E+00
23 .70000E+00 .30000E+00
24 .50000E+00 .30000E+00

BOUNDARY CONDITIONS

NODE INDEX PRESCRIBED VALUE
1 1 .00000E+00
2 1 .00000E+00

POINTS OF THE BOUNDARY ELEMENTS

8
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3 1 .00000E+00
4 1 .00000E+00
S 0 .20000E+03
6 0 .20000E+03
7 0 .20000E+03
8 0 .20000E+03
9 1 .00000E+00
10 1 .00000E+00
11 1 .00000E+00
12 1 .00000E+00
13 0 .10000E+03
14 0 .10000E+03
15 0 .10000E+03
16 ] .10000E+03
17 0 -13000E+03
18 0 .13000E+03
19 1 .00000E+00
20 1 .00000E+00
21 1 -.10000E+03
22 1 -.10000E+03
23 1 .00000E+00
24 1 .00000E+00

LA AR ARt Rt iR 22222 22 2]

The system has been solved regularly

LA AR A R R AR AR sl d il 2222222 R 222222 22

RESULTS

BOUNDARY NODES

X Y u Un
.12500E+00 .00000E+00C .11212E+03 .00000E+00
.37500E+00 .00000E+00 .13776E+03 .00000E+00
.62500E+00 .00000E+00 .16273E+03 .00000E+0Q0
.87500E+400 .00000E+00C .18811E+03 .00000E+00
.10000E+01 .12500E+00 .20000E+03 .10536E+03
.10000E+01 .37500E+00 .20000E+03 .95220E+02
.10000E+01 .62500E+00 .20000E+03 .95220E+02
.10000E+01 .87500E+00 .20000E+03 .10536E+03
.87500E+00 .10000E+01 .18811E+03 .00000E+00
.62500E+00 .10000E+01 .16273E+03 .00000E+00
.37500E+00 .10000E+01 .13776E+03 .C0000E+00
.12500E+00 .10000E+01 .11212E+03 .00000E+00
.00000E+00 .87500E+00 .10000E+03 -.10777E+03
.00000E+00 .62500E+00 .10000E+03 -.99560E+02
.00000E+00 .37500E+00 .10000E+03 -.99560E+02
.00000E+00 .12500E+00 .10000E+03 -.10777E+03
.30000E+00 .40000E+00 .13000E+03 .10833E+03
.30000E+00 .60000E+00 .13000E+03 .10833E+03
.40000E+00 .70000E+00 .14054E+03 .00000E+00
.60000E+00 .70000E+00 .16002E+03 .00000E+00
.70000E+00 .60000E+00 .17168E+03 -.10000E+03
.70000E+00 .40000E+00 .17168E+03 -.10000E+03
.60000E+00 .30000E+00 .16002E+03 .00000E+00
.40000E+00 .30000E+00 .14054E+03 .00000E+00

INTERNAL POINTS
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X Y SOLUTION U
.15000E+00 .15000E+00 .11508E+03
.50000E+00 .15000E+00 .15026E+03
.85000E+00 .15000E+00 .18525E+03
.15000E+00 .S0000E+00 .11507E+03
.85000E+00 .50000E+00 .18569E+03
.15000E+00 .85000E+00 .11508E+03
.50000E+00 .85000E+00 .15026E+03
.85000E+00 .85000E+00 .18525E+03

(2222222222222 222 22222222 X2 2222 222 2R 22t i Rt iRl sl ]

4.9 The method of subdomains

In certain problems the material properties of the body are piecewise continuous.
Such, for example, is the torsion of a composite bar consisting of two or more
materials of different shear moduli. Another example is the problem of heat con-
duction in a body having different coefficients of thermal conductivity in two or
more subregions. In the literature such a body is referred to as multi-zone body and
the domain it occupies a composite domain.

Potential problems in composite domains can be solved by applying the BEM sepa-
rately to each of its subdomains. The reason is that the fundamental solution is
valid only for homogeneous domains. Next, without restricting the generality, we
will apply the BEM to the composite domain of Fig. 4.19, which consists of the
three subdomains €2,, €, and Q3. In discretizing the boundaries of these subdo-
mains, special care is taken to have the same discretization on either side of each
interface, namely, on common parts of the boundaries between subdomains (see
Fig. 4.20).

Figure 4.19 Composite domain 2 =Q, UQ, U ;.
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Figure 4.20 Boundary element discretization of composite domain
(I' =T, 0Ty uly). Subdomains and interfaces.

In each subdomain the following vectors are defined:

Subdomain 2,
{u}i, {us}i Nodal values on part I"; of the external boundary

{u}ia, {un iz Nodal values on the interface I'},

{u}1s, {un}ly  Nodal values on the interface I'j;

In the foregoing notation, the superscript denotes the subdomain, while the
subscript denotes the neighboring subdomains or the corresponding interface.
The number of the nodal points on I';, I'jy and '}y are Ny, Ny, and Ny,

respectively.

Subdomain €,

{u}s, {un} Nodal values on part ', of the external boundary
{u}}y, {un}},  Nodal values on the interface I';,
{u}3s, {u}3;  Nodal values on the interface I'yy

The number of the nodal points on I'y, I';; and I'y; are denoted by N,, Ny,
and N,y , respectively.

Subdomain €1,

(v}, {ua}i Nodal values on part I'y of the external boundary
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{u}ﬁ, {un}?g Nodal values on the interface I';;
{u}ds, {un}3s  Nodal values on the interface I'y;

The number of the nodal points on I';, ')y and T'y; are Ny, N3 and Ny,
respectively.

The boundary conditions are specified only on the external boundary I' of 2, that
is only on the parts ', I'y, 'y (I’ =T, Uy, UT;). Both quantities u and un are
unknown on either side of the interfaces ['},, 'y, ['y3. Therefore, the total num-
ber of boundary unknowns in each subdomain is:

Subdomain Q0;: Ny onTy, 2Nj; on I';y, 2Nj3 on [y,
total N, + 2Ny, + 2Ny

Subdomain Qg: N2 on Fz, 2N12 on Fw s 2N23 on F23,
total N2 + 2N12 + 2N2;;

Subdomain Q. Ny on Ty, 2N;; on Iy, 2Ny on 'y,
total N3 + 2N + 2Ny,

The available, however, equations for the evaluation of the unknown boundary
quantities are:

from subdomain €2;: N, + N, + N3
from subdomain §2,: N, + Ny + Ny
from subdomain Q4: Ny + Ny + Ny

Therefore, the number of unknowns exceeds the number of available equations by
2(Nyy + Ni3 + Nyy) . The additional equations result from physical considerations,
which are the so-called continuity conditions at the interfaces. These conditions ex-
press:

(a) Continuity of the potential. The values of the potential on each side of the in-
terface separating two subdomains are equal,

{uhla = {u}%,
{uhly = {u}iy (4.49)
{U}gzx = {U}g;s

(b) Continuity of the flux. The flux ¢. is a quantity related to the physical problem
described by the potential equation. For example, in heat conduction problems
the flux is given by Fourier’s law ¢. = ku., where k is the coefficient of
thermal conductivity of the material. For the torsion problem the expression for
the flux is more complicated. The outcoming flux from one subdomain is equal
to the incoming flux in the adjacent subdomain. Thus, if ¢. denotes the flux
along the normal to the interface, its continuity across the interface requires
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{gn}h = —{an}is

{on¥s = ~{an Hy (4.50)

{(]n}g:s = —{Qn}%z
The minus sign in the right hand side of Egs. (4.50) is explained by the fact that the
positive direction for the flux coincides with the outward normal vector n . This
means that the two flux vectors at the common interface of adjacent subdomains
are of opposite directions, because their corresponding normal vectors are opposite
too (Fig. 4.20). Generally, the formulation of the continuity condition for the flux

requires familiarity with the physical problem under consideration. For this reason,
the above concepts will become more clear after studying Chapter 6.

Let us apply the flux continuity conditions to the heat flow problem. If the coeffi-
cients of thermal conductivity in the subdomains €2;, 2, and (23 are denoted by
ky, ky and ky, respectively, then Egs. (4.50) may be written as

{un}t2 = —[kio] {un }1o
{“n}f:; = —{kl:s]{un}}:s (4.51)
{un }z‘s = [k [ {n }3:(
where [k,], [Aiy], [kys] are square diagonal matrices with elements Ak, = k/k,,
/\513 = }\:1/}\:;; and l\fvz;; = Aﬂz/l\f;;, respeclively.

Equations (4.49) and (4.51) provide now the required 2(N,y, + N3 + Ny;) addi-
tional equations for establishing all the unknowns of the problem.

On the basis of the foregoing, the matrix equations for the boundary of each subdo-
main become:

(i) For the boundary of subdomain
(H] {u}' =[] {un}!
{u}i {whi
[(H] (Al [Hls]{{ute = [IG1 (Gl (Gl ] fun}ie
{U}{:i {U" }{:s

The boundary conditions on part I'; of the external boundary influence only the
first term in each side of the above equation. Incorporating these conditions, we get
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o fun)}
(A4l [Hh (H)s]{{udl | = {BY +[(Gl (Gls] “ }1‘] (4.52)
{u}%:} 13

The vector {z}; contains all the unknown boundary quantities of I";. The matrix
[A]l and the vector {B}] are derived using the same procedure as for the case of
Eq. (4.9).

(ii) For the boundary of subdomain €1,
[HP {u}® = [G]" {un}”

or
{u}3 {un}3
(B [H [H ] {{udh = [ICE (Gl (G ] { {we}s
{U}g:x {un }%:;
Using the continuity conditions (4.49) and (4.51), the above equation yields
{u}3 {un}s
[(HE [HE (B G | =[GE (Gl k) (G| { {w)he
{u} {tn }5s

Subsequently, applying the boundary conditions from part I'; of the external
boundary, we arrive at

{a}s
(AR [HT (] { {ut | = (BYS +[-(Cla k] (G
{“}53

{Uu}}g

{un}3

] (4.53)

(iii) For the boundary of subdomain §;
[H {u}" = (G {uwn}?
{u}s {un}
[ (HR ] b | =[1GE (Gl (G ] { {un}s
(), fun
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and using again the continuity conditions (4.49) and (4.51), the above equation
takes the form

{u}y {un}
[(H (H [H3 | {{uds | =[[C1 —[Cslhi] —Gls [kas]] | {un Hs
{u}gd {Un}g:s

Finally, incorporating the boundary conditions for part I'; of the external bound-
ary, the last equation gives

{z}3
(48 [(H] (BB {{uhs :wﬁ+}mmm4—mm@u[

{Un}i:; ]
{U}12)3

{’Mn }%3

(4.54)

Equations (4.52), (4.53) and (4.54) of the three subdomains may then be combined
in a single matrix equation as

[Al{X} = {B} (4.55)

where

{X}: Vector consisting of all the unknown values on the external boundary and
on the interfaces. [ts dimension is:
N = N;+ Ny + Ny + 2N + 2Ny + 2Ny

[A]: Known square coefficient matrix of dimensions N x N
{B}: Known vector of dimension N

The vectors {X}, {B} and the matrix [A] are defined by the equations

{w}l
{z}3
{z}3
{u}z {B}i

{(X}={{as }, {B}={{B) (4.56)
{U}g:i {B}Z

{un 12
{un}iy
{un}3s
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AL [0 [0] [Hh [Hls [0 -Gl -Gl 0]
[Al=|[0] [AE (0] [HEH [0] M [Glalke) [0 -Gl
0] [0] [A4} [0] [HJ [H]Z;; [0] [Glislkis)  [G3s[kas)
(4.57)

We notice that matrix {A] is not fully populated. Its structure, therefore, allows the
use of special techniques for the solution of Eq. (4.55), which reduce running time
and disk space requirements. The method of subdomains may also be employed for
long and slender homogeneous domains to overcome numerical problems associ-
ated with the integration of the fundamental solution over long distances. By split-
ting the domain into two or more subdomains (see Fig. 4.21), the aspect ratio of
each subdomain is reduced, and the influence matrices [H] and [G] are computed
more accurately.

Figure 4.21 Long and slender homogeneous domain
divided in three subdomains.

4.10 References

In the present chapter the BEM was presented as a numerical method suitable for
solving problems described by the potential equation. The employed boundary dis-
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of the Microsoft Fortran PowerStation (Professional). The FORTRAN 90, though
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Problems

4.1. Write in FORTRAN a subroutine that computes the derivatives «. and uy
at internal points P € (2.

4.2. Modify appropriately the program LABECON so that it can be used to solve
the anisotropic problem.

4.3. For the composite domain of the following figure and the indicated discre-
tization, compute the matrix [A] and the vector {B} of Eq. (4.55).

Q, Q,
1 u 0® l u = 200
ke =k =1 =D Ky =1
ky =0 key =0
Y / P Py J
Us 0 e =0
- — — -—— — N——

Figure P4.3



Chapter 5

Boundary Element
Technology

5.1 Introduction

In the previous chapter, the boundary value problem described by the Poisson’s
differential equation (3.6a) and the boundary condition (3.6b) was modeled nu-
merically by the BEM. This formulation originated from the discretization of the
boundary integral equation (Eq. 3.37) and resulted in the system of linear algebraic
equations (4.9), which approximates the solution of the integral equation. The ac-
curacy of the approximation and the efficiency of the BEM depends on the bound-
ary discretization technique (i.e., the type of employed element), and on the method
used for the integration of the kernel functions over the elements.

The constant element was presented in Chapter 4. This element approximates the
actual geometry by a straight line, while the unknown boundary quantity is as-
sumed to be constant on the element, resulting in a discontinuous distribution on
the boundary. A better approximation of the boundary quantity can be achieved by
adopting lincar variation over the element. Even the lincar clement is not an ideal
one as it can not approximate accurately a curved boundary. For this reason, higher
order elements have been developed, namely, elements that approximate both the
boundary geometry and the boundary quantities by higher order interpolation poly-
nomials—usually of second or third degree. Evidently, these elements model more
accurately the curved boundaries and the distribution of the boundary quantities on
the element. However, they have the weak point that the functions being integrated
over each element become more complicated and the computer time is considera-
bly increased.

Generally, the boundary elements may be classified in the following three catego-
ries [1]:

(a) Subparametric elements. The polynomial approximating the geometry of the
boundary is of a lower degree than that approximating the variation of the
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boundary quantity, e.g. the element is a straight line, whereas the boundary
quantity varies parabolically.

(b) Isoparametric elements. The geometry and the boundary quantity are ap-
proximated by the same degree polynomials, e.g. the linear and the parabolic
elements defined in Chapter 4 are isoparametric.

(c) Superparametric elements. The geometry is approximated by a higher degree
polynomial than that approximating the boundary quantity, e.g. the element
modeled by a parabolic arc, whereas the boundary quantity is constant or
varies linearly on it.

(a) Continuous element

(b) Discontinuous element
Figure 5.1 Continuous and discontinuous linear elements.

The use of the subparametric and superparametric elements is quite limited. Sub-
parametric elements, however, result inevitably as a degenerate case of parabolic
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elements for rectilinear boundaries. Superparametric elements, in which the bound-
ary geometry is modeled by a parabolic arc and the boundary quantity is constant,
have been introduced and widely used by Katsikadelis and his co-workers [2-6].
This element has the advantages of the constant element regarding the simplicity of
the assembly procedure for the influence matrices, whereas it approximates the
curvilinear boundary with great accuracy. In general, the isoparametric elements
are the most widely used elements, especially in commercial BEM codes.

The boundary elements are also distinguished in continuous and discontinuous.
Continuous elements have nodes at their extreme points, and therefore they share
nodes with the adjacent elements, while discontinuous elements have nodes located
away from the extreme points. In the sections that follow, we will discuss the linear
and the parabolic elements for continuous and discontinuous modeling.

5.2 Linear elements

As it was mentioned before, linear elements approximate the geometry of the
boundary by straight lines and the boundary quantity by a linear function on each
element. In order to establish the expression for the variation of the boundary
quantity over an element, its values at two nodal points are required. For this pur-
pose, it is convenient to introduce a local coordinate system Oz'y’ on each ele-
ment, where —(/2 < 2’ < (/2, ( being the length of the element. For continuous
elements the nodal points are placed at the extreme points (Fig. 5.1a), whereas for
discontinuous elements at points between the end points (Fig. 5.1b).

N

u, exact

Figure 5.2 Elliptic boundary modeled by 12 continuous elements.
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Figure 5.2 shows the discretization of an elliptic boundary into 12 continuous lin-
ear elements, whereas Fig. 5.3 shows the discretization of the same boundary into
12 discontinuous linear elements. From these two figures, it becomes evident that
the discretization of the boundary using discontinuous elements requires twice as
many nodes compared to the continuous elements. However, a better approxima-
tion is achieved by employing the discontinuous elements (see Fig. 5.4). Anyhow,
the advantage of the discontinuous element is not the improved accuracy as com-
pared to the continuous element, but rather its capability to overcome compu-
tational problems arising at points where the boundary quantity is discontinuous,
e.g. the normal derivative at corner points. Hybrid or continuous—discontinuous
elements have also been invented, that is, elements having only one of the nodes
placed at an extreme point.

Figure 5.3 Elliptic boundary modeled by 12 discontinuous elements.

Let us consider the j-th element of the discretized boundary having end points j

and j+ 1, and length ¢, (Fig. 5.5). In the local system of axes O'z'y’ its geome-

try is described by the equations
= (—0,/2<4" < (,)2)
y' =0

whereas in the global system of axes Oxy by the equations
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u(z), exact

(a) Continuous elements

u(z), exact

(b) Discontinuous elements

Figure 5.4 Approximation of the exact function u(z) by
linear continuous and discontinuous elements.

7 - element

0] T

Figure 5.5 Global (Ozy) and local (O'z'y’) systems of axes
for the j—th element.
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7 k) N A S (5.1a)
2 l;

y = Y1 + Y n Yirr =Y (5.1b)
2 ¢,

Recall that the positive direction of z’ on the element is from point j towards
point j 4+ 1, since the nodes and extreme points of the discretized boundary are
numbered in the counter-clockwise sense. The interval [—¢,/2,¢,/2] is normalized
by setting

!

&= z (5.2)
0,2

and then Egs. (5.1) become

o= Tiv1 + Z; n Tjy1 — T ¢ (5.3a)
2 2
y = yj+l2+ yj + y_/+l2— yj 5 (53b)

where —1 < £ <1.

Equations (5.3) may be rewritten as

x@>=éu—£ﬁu+éa+£nﬁl (5.42)

ma=éu—0%+§a+0%H (5.4b)

The variation of the boundary quantity « (or u» = Ju/0On) is linear on the ele-
ment. Hence, its distribution in the local system of axes is given by the expression

1+ J b
7] +u wt' -y,
U = + T
2 l,
or
w +ulout —u’
2 2
or

w(€) = %(1 —Hw +—;—(1+§)u“‘ (5.5)
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Using local numbering for the nodes where j and j + 1 are renamed to 1 and 2,
respectively, Eqgs. (5.4a), (5.4b) and (5.5) may all be expressed through the follow-
ing general equation

f(§)=¢1(f)f1+w2(§)f2 (5.6)

where f; and f, are the values of the function f(z) at the nodes 1 and 2, and f(£)
represents any of the functions z(£), y(&), u(€) or u.(£). The functions ;(§)
and v,(&) are given as

() = %(1 —¢) (5.72)

€)= %(1 +6) (5.7b)

and they express the influence of the nodal values f; and f;;, on the expression of
f(&) for the linear element. They are the functions of the linear interpolation and
they are referred to as linear shape functions. From the above, one readily con-
cludes that the linear element is isoparametric.

5.3 The BEM with linear boundary elements

In this section, we will present the BEM for the potential equation using continuous
linear elements. The number of the elements 1s equal to the number of nodes. The
actual boundary is, thus, modeled by an inscribed polygon with the nodes placed at
corner points.

In the case of constant elements, the substitute boundary which models the actual
one, is always smooth at the nodes and, therefore, the integral equation (3.29) is
employed. In the case of linear elements, however, the nodes lie at the corners of
the polygon and, consequently, the integral equation (3.28) should be applied in-
stead with v = o', where «' is the angle between the elements (i —1) and ¢
(Fig. 5.6). Thus, after discretizing the boundary into N linear elements, Eq. (3.28)
becomes

N N
cul = _;fr!vun ds + ;fl won ds (5.8)

where &' = o'/27 and v, = Ov/On denotes the derivative of the fundamental
solution in the normal to the boundary direction.

We examine now the integrals over the j —th element. Using the linear approxima-
tion of Eq. (5.6) for the boundary quantities « and u», the line integral appearing
in the first sum of Eq. (5.8) may be written as
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Jj+2

w*? or uit?

(7+1) - element
HERANERE

1 — element

i — node (i41) - node

(i + 1) — element

Figure 5.6 Modeling of the boundary with continuous linear elements.

J

vun ds = f~11 v [1/)1(5) wn + P (&) un ] % d¢

7

= uh f_ll v d}l(f)% A€ + up fl

(O de

= g/ un + g7 u (5.9)

where

g 4o

A IRIAGLS (5.10a)

g _ &

92 =3f_lvwz(£)d£ (5.10b)
and

1
vzgfnr (5.11)

7‘=\/[:t(é)—vﬂz]"’+[y(€)—yz]2 (5.12)
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It should be made clear that the superscript 7 in the symbols g7 and ¢ , indicates
the ¢—th node (p,) where the source is applied, while the superscript j indicates
the element over which the integration is carried out. Finally, the subscripts | and 2

denote in local numbering the points j and (j + 1), respectively.

In a similar fashion, the line integral appearing in the second sum of Eq. (5.8) may

be written as

L,

where

1
and
- dv _ 1 cosé
on 271 r

Substituting Eqgs. (5.9) and (5.13) back into Eq. (5.8), the latter yields

2
f vwuds = hfu' + hju

N N
—c'u' + g H,uw = E G, ui
s=1 =1

where
mt 4+ nY
Y hY + by
o gt + g
Y = 1 -1
9’ + 95’

for =1
for j =2,3,.... N
for j =1

for j =2,3,.... N

Equation (5.16) may be written in matrix form as

(H){u} = [G[{un}

in which it has been set

[H] = —e] + [H]

[€] is a diagonal matrix with elements the coefficients €' .

(5.13)

(5.14a)

(5.14b)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)
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Corner points and points of change in boundary conditions

In formulating Eq. (5.19), it was assumed that the quantities v and u» = Ou/0n
had a unique value. However, this is not always the case. For example, un is not
continuous at the corner points, since its value is generally different before and
after the corner. Likewise, in mixed boundary conditions different values are pre-
scribed at nodal points, where the boundary conditions change type. At corner
points, we may distinguish the following cases for the boundary conditions [7]:

(a) Known: u, before and gfter the corner
Unknown: u at the corner

(b) Known: u at the corner and u. before the corner
Unknown: u. after the corner

(¢) Known: wu at the corner and u. affer the corner
Unknown: wu» before the corner

(d) Known: wu at the corner
Unknown: u» before and after the corner

In all the above cases, u is assumed to be continuous at the corner points, having
therefore a unique value at these points. The terms before and affer refer to the
value of the quantity just before or right after the corner point according to the
positive sense on the boundary (see Section 4.7).

The unknown boundary quantities are determined under the assumption that ua
may be discontinuous at all nodal points, which means that we are dealing with
2N values of u, . With this in mind, we can write Eq. (5.19) as

[H]{u} =[G H{ur} (5.21)

where {u~} is a vector containing the 2N values of the normal derivative (two at
each node) and [G | isa N x 2N matrix whose elements are defined as

— 4l
Gl,zj*l = i

(j=12..,N) (5.22)

*

— Y
GL“)] =4y

For the first three cases of the corner boundary conditions—cases (a), (b) and (c)—
only one boundary quantity is unknown. Therefore, rearranging the unknowns on
the basis of the boundary conditions, Eq. (5.21) produces a system of N linear
equations, which can be solved for the N unknown boundary quantities. The un-
knowns are rearranged by examining all the nodes. If the value of u is unknown at
a node, then the respective column remains at the left-hand side of Eq. (5.21), oth-
erwise this column is multiplied by the known value of u, its sign is switched and
is shifted to the right-hand side of the equation. Similarly, if the value of u, is un-
known, then the respective column of [G’] is shifted with opposite sign to the left-
hand side of the equation. The two consecutive columns corresponding to un are
added together, if the node is not a corner point of the actual boundary. After com-
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pleting this process, the right-hand side of the equation contains only known quan-
tities and, thus, the matrix multiplication results in a single vector. Corner points
may also be treated using one-sided discontinuous elements before and after the
comer (Fig. 5.7). Thus, two separate nodes appear in the equations at which two
different values of u. are computed.

It should be noted that an abrupt change in the boundary’s slope (especially reen-
trant corners) or a change in the type of boundary conditions causes a local singu-
larity in the behavior of the solution, which may even “pollute” the numerical
results over the whole domain. A remedy to this problem is the refinement of the
elements near the point of singularity. Nevertheless, this technique is not always
successful in giving a reliable solution, especially for its derivative, and recourse to
special techniques is unavoidable [8].

(7+1)-element

Figure 5.7 Discontinuous elements adjacent to a corner (u» = du/9n).

5.4 Evaluation of line integrals on linear elements

The matrices [G] and [/] appearing in Eq. (5.19) require the computation of the
line integrals (5.10) and (5.14) whose integrands are products of the fundamental
solution v or its normal derivative v. = 8v/dn and the linear shape functions
(&) and ¥,(€). The integrations are carried out over the interval [-1,+1]. Two
cases are considered for the linear elements as it was done for the constant ele-
ments. These cases are dictated by the behavior of the functions (5.11) and (5.15).
Specifically, when the j—th element, over which the integration is performed, does
not contain the source point i, i.e. ¢ = j, then it is always r = 0 and the integral
is regular. On the other hand, when the source point lies on the j—th element, i.e.
i = j, then the distance r takes also the value r =0 and the behavior of the
integral is singular. The integration for the first case (¢ = j) will be referred to as
outside integration, whereas for the second case (i = j) as inside integration.
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5.4.1 Outside integration

The integrals (5.10) and (5.14) may be evaluated analytically using symbolic lan-
guages (e.g. MAPLE). This process, however, yields very lengthy expressions,
which in some cases may cover several pages, making them computationally im-
practical. A very practical and accurate approach is the numerical integration. Any
integration rule may be utilized for this purpose, e.g. trapezoidal rule, Simpson’s
rule or Newton-Cotes integration formulae. But, the most suitable method for the
numerical evaluation of BEM integrals is the Gaussian quadrature (see Appen-
dix B). This method approximates the integral with great accuracy using the least
number of values of the integrand. The numerical integration should not be per-
formed “blindly”. The accuracy depends not only on the number of integration
points, but also on how the integrand varies within the integration interval. A
smooth variation of the integrand gives more accurate results. Therefore, the inte-
gration process requires a thoughtful consideration and special care is required
when the integrand exhibits intense changes. In integrals (5.10) and (5.14), the
shape functions vary smoothly and consequently, the behavior of the integrand is
dominated by the functions ¢nr and 1/7.

4 v
i-- ) -
|
|
L &
i
‘ |
Y |
.7_ ———

Figure 5.8 Points A, B and C' where the source is applied.

In order to have a better insight into the variation of the integrand, we consider the
domain of Fig. 5.8 and examine the function g(£) = #,(£) énr on the element with
extreme points (4,4) and (3,4) . Three locations for the source are considered:

(i) location A relatively far from the element,

(i1) location B at a relatively moderate distance from the element, and
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(ii1) location C relatively close to the element.

For the particular element, the transform equations (5.4a) and (5.4b) become

2(§) =[3(1-4+[3(1+£)]3=35-05¢

v =[0-9l4+[31+ 84 =4

and according to Eq. (5.12), the relative distance from the source point is

r(€) = J[2(€) — @ P + [9(&) — u: |

where z; and y; are the global coordinates of the source point.

2‘0 | 1 l {
16—

12

0.8 — e L

0.4

0.0 %@
I 04 e -
_(1).: | / o ()
e el —— 059 | |

el - g | |

-24 _'/ -

’ T I T T

Figure 5.9 Behavior of the integrand g(&) = (&) énr for
different locations of the source.

The behavior of the integrand associated with points A, B and C is illustrated
graphically through the plots of g(£) depicted in Figure 5.9. It should be noticed
that the variation of the function g(£) is quite different when the source is located
close to the element over which the integration is performed. Therefore, an effi-
cient programming of BEM should take into account such a behavior by using
Gaussian quadratures with variable number of integration points (i.e., increasing
number of points as the source is getting closer to the element). The number of in-
tegration points should be chosen in a way to ensure sufficient accuracy. An un-
necessarily, however, large number of integration points should be avoided, in
order to keep the computation cost low.
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5.4.2 Inside integration

In this case the source lies on the element over which the integration is performed.
As the integration point runs along the whole element, it will coincide inevitably
with the source point. There, the distance r vanishes and the integrands of
Egs. (5.10) and (5.14) exhibit a singular behavior, because the factors ¢nr and
cos¢/r become infinite for r = 0 (see Eqgs. (5.11) and (5.15)). These integrals
are known as singular integrals. Their value exists and is determined through spe-
cial integration techniques, either analytical or numerical. Even an indirect method
has been invented to circumvent the evaluation of the singular integrals by
computing directly the singular coefficients H; and G,; (see Section 5.4.3). In the
sequel, we will first study the integrals with logarithmic singularity, and then those
with Cauchy type singularity (1/r).

5.4.2.1 Integrals with logarithmic singularity

(a) Analytical integration

We consider the general case of the discontinuous linear element shown in
Fig. 5.10. The continuous element results as a special case, when the nodes are
shifted to the extreme points. The two nodes of the linear element are assigned lo-
cally the numbers 1 and 2, and their global coordinates are denoted by (z,y,) and
(z4,y2) . Using this notation, it can be easily proved that the coordinate transforma-
tion from the local to the global system is expressed by the equations

I(ﬁ) - Rt + Koy + Ty — Ty ¢ (5.23a)
K K
y(€) = K1Y tfizyl + ¥ ;yl ¢ (5.23b)

where —1 < £ <1 and

!

K=K + 5y, g:ﬁé (5.24)

Furthermore, Eqs. (5.23) may be rewritten as
(&) = Yi(&) a1 + ¥u(§) z
y(&) = vy + o) v

in which the shape functions () and y»(§) are given by the expressions

(€)= —E(m —¢) (5.252)
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¥a(§) = -};(m + &) (5.25b)

with 0 S:‘ﬂ,l’\)g <l1.

Figure 5.10 Discontinuous linear element
in local coordinate systems.

It is apparent that for x; = k, =1 the shape functions of Eqgs. (5.25) reduce to
Eqgs. (5.7), which represent the shape functions of the continuous linear element.

If the source lies on the J —th (J = 1,2) local node of the element, its coordinates
are going to be

K] Iy —+ Ko I Ty — Ty
+

Ty, = £,
K K
KiYs +Ralh oy —
Y, = 8=,
K K
where
& = —K1, & = Ky

and the relative distance of Eq. (5.12) becomes
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r(€) = %I&&! (5.26)

where £ is the length of the j—th element.

Having described the discontinuous linear element, we will study now the integrals
of Egs. (5.10) for the case where the source node ¢ lies on the integration element
7. The integral (5.10a) may then be written for a discontinuous element as

an g7 = wl(g)enrdg
g]'

& 1
= [ @ tnrdg+ [ wn(e)tnrd
=1 +1, (5.27)

where, the 7-th node coincides with the J —th local node (J = 1,2) of element j
(7=1,2,...,N). Note, that for discontinuous elements the number of nodes can-
not be equal to the number of elements V. For example, if all the elements are dis-
continuous, the total number of nodes will be 2N, which is the maximum possible
number of nodes for a linear element discretization.

The transformation

E=—(1+&)z+¢ (5.28)

maps the integration interval [—1,£;] of I, onto the interval [0,+1]. Substituting
into the expression of I, which is given in Eq. (5.27), we have

I, = ff‘l P (€) bnr dE

14
"f [(hz )+ (1+&))z ] [‘2—1(1+§1)2 (1+¢&,)dz

Introducing the quantities

14 14

0=—>(1+¢&)z, 6= _j(1+§J)

2 2

the above integral becomes
bl 2
1 = _—— (hz g,) —9 8710(10 (529)
0 K €,

which is of the form

6
I = fo (a + b0) £nf dY (5.30)
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where the two constants are
12 1] 2 ?
a==—(ky— &) and b:—[——]
Kkl
The integral of Eq. (5.30) can be readily integrated by parts to yield

6
I = a9(€n9—1)+b92(%3n9—i)] (5.31)

0

or using the definitions of the constants a and b, it results in

I = %(“2 —&)1+¢&)) {5”{%(1 +§1)]*1}

A ; 1
+'1‘(1+§1)2{ én‘ (1+£,)’ } (5.32)
K 2 4
Referring now to the second integral of Eq. (5.27), the transformation
E=010-&)z+¢& (5.33)

maps the integration interval [£;,+1] of [, onto the interval [0,+1]. Thus, the new
expression of the integral is

I, = ﬁl Y (&) Enrd€

—f " -(1=¢,) ](’nt —&)z1(1=&,)dz
Furthermore, by setting
9:%(1~§,)z, 6, :%(1*51)

the above integral may also be written as

012

(H.z &) 639 nfdo (5.34)

j

The integral of Eq. (5.34) has exactly the same form as that of Eq. (5.30), but with
different values of the two constants, which are now defined as
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Substituting this set of constants into Eq. (5.31), we obtain the final expression for
the second integral of Eq. (5.27)

h=L0 - €)= ¢ {en) 20 -6~ 1]
oo ftelgo-o}

The results of Egs. (5.32) and (5.35) are combined into Eq. (5.27) to produce the
analytical expression for the influence coefficient g when the node ¢ lies on the
element j (i.e., singular case).

The other influence coefficient defined by Eq. (5.10b), is written for a discontinu-
ous element as

4 5 !

‘) 9 = _17/)2(5)67”“ U3

= fj’ (&) fnr d€ + ffl, Vo(€) nr dE

- (5.36)

where the indices i, j, and J are defined as for the case of Eq. (5.27). The inte-
grals Iy and [, are evaluated following the procedure applied for I, and [,. The
resulting expressions for these two integrals are

_ 1}

A:Hm+@m+aﬂm
N

[]
?(1+5./)

and

I, = i(’»’l +&)(1=¢)) {ml%(l —5.1)]— 1}

1 2 {1 [EJ ] 1 }
+—(1-¢& —fn|L(1-¢&)|—-~ 5.38
K( £s) 5 (1-¢&) 2 (5.38)
which may be combined into Eq. (5.36) to give the analytical expression for the
singular case of the influence coefficient g3 .

The influence coefficients for continuous elements may be deduced from the fore-
going equations by setting £ = —1 and & =1. In this case, Eqs. (5.27) and
(5.36) give:
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(i) for &, =—1,itisk, =Ky =1, k=2 and

gt =%(enej—1.5)

(5.39a)
g) = —gi(fnfj -0.5)
i
(i) for &, =+1,itis kK, =Kk, =1, k=2 and
iy ZJ
g =—+({nl, -0.5)
4T
(5.39b)

gy = ijr(fn&- —1.5)

(b) Numerical integration

According to the previous discussion, integrals with logarithmic singularity, like
those of Eqgs. (5.27) and (5.36), can be set in the form

I= ful Sf(@) bnx dx (5.40)

Special Gauss integration schemes have been developed for its numerical evalua-
tion. Stroud and Secrest [10] approximated this type of integral as follows

ff({ [71[5](15 Zf& Wy (5.41)

and produced tables with the integration points & and the corresponding weights
w; (see Appendix B and Refs. [10,11]). It should be emphasized here that the inte-
gration interval must always be reduced to [0, +1]. Therefore, when the source lies
inside the element, the integration interval must be split into two intervals, [—1,&,]
and [£;,+1]. Consequently, the influence coefficients of Egs. (5.10) become

dr ;i _
e_'(]n = f l/’n [’71,7 d§

:fj’ Yo (&) Inr d€ + j: Yo (€) Enr dE (@ =1,2) (5.42)

where £, (J = 1,2) denotes the node of the j-th element where the source node
i is located and 7 is the relative distance between the source and the integration
point given in Eq. (5.26).

The transformations (5.28) and (5.33) map the two integration intervals [—1,&;]
and [£,,+1] of Eq. (5.42) onto the interval [0,+1], respectively. Equation (5.42) is
then written as



124  BOUNDARY ELEMENTS

dz

gt = [} ) 1+ &)t

é; 1+6)z

+f vP(2) (1- &) tn

Qf(l—fnz dz

or by expanding the logarithms

‘;—”gn —(1+&)ln

J

j: PV(2)dz

%(H@)

+(1+ fj)f m(z) Inzdz

s

+(1 - fJ)fO w&z)(z)«?nzdz
=L+L+1;+ 1 (5.43)

(1—51)()71

where ¥{(z) and ¥{?(2) (o =1,2) are transformed shape functions obtained
from (&) by expressing the variable £ in terms of z according to Eq. (5.28) and
Eq. (5.33), respectively. The integrals [, and I; are regular and can be evaluated
either analytically or by applying the conventional Gauss integration, while the [,
and [, are singular and can be evaluated numerically by virtue of Eq. (5.41).

(c) Integration by extracting the singularity
The integrals of Eqs. (5.10) may also be written as

ff—f Yo (€) fnr d&

j

= [ [4a©) = 9u(&)] turdg + (&) [ enrde (5.44)

The integrand of the first integral vanishes for £ = ;. Indeed, this integrand can
be written as

Inr(€)
1

Pa(€) — wu(s.,)}

It can be easily noticed that this expression takes for £ = £; the indeterminate
form 2. Thus, applymg consecutively L’ Hospltal s rule and taking into account
that the derivatives ¥ (€) = dyu(€)/d€ and (&) = dr(¢)/d¢ are finite and do
not vanish, the integrand in question yields
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Cim{[40(8) — ¥n(&) 1 Enr(€)} = 0

This result shows that the first integral of Eq. (5.44) is regular and can be evaluated
using conventional Gaussian quadrature. It is worth mentioning that the accuracy
of this numerical integration is increased if it is carried out on two separate subin-
tervals, [—1,£;] and [£;,+1]. Apparently, this is dictated by the shape of the inte-
grand as it is depicted in Fig. 5.11. The second integral of Eq. (5.44) exhibits a
logarithmic singularity, but it can be readily evaluated analytically. In closing we
could say that the method of extracting the singularity simplifies the evaluation of
the integral (5.44), though it does not avoid the evaluation of singular integrals.

1.0
0.5
&) o0 \/J
05 b L
-1.0 - L
-1.0 -0.5 0.0 0.5 1.0
£
Figure 5.11 Variation of the function f(£) = [¢¥\ (&) — ¥1(&;)]€nr(€)
for &, = —-0.5.

Table 5.1  Values of the integrals ¢d , when the source 7 lies on the

element.
Influence Analytical Gauss integration, E;:Zitli;%t;he
Coefficient integration Eq. (5.43) Eq. (5'44)’
g1’ -0.2970889377 -0.2970889376 —-0.2970889377
gy’ 0.0274675251 0.0274675250 0.0274675251
gt 0.0274675251 0.0274675250 0.0274675251

g5’ —0.2970889377 —0.2970889376 —0.2970889377
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Table 5.1 presents the values of the integrals g4 . They have been computed: (a)
analytically from Eqgs. (5.27) and (5.36), (b) using the special Gauss integration of
Eq. (5.41) with 8 integration points, and (c) by extracting the singularity according
to Eq. (5.44). In the last case, the regular integral was computed employing eight
Gauss points on each of the subintervals [~1,&;] and [§,,+1], while the singular
one was evaluated analytically. For all cases the element data are z; = 3.0,
=20, 2, =10, yo =3.0,and x; = ky, = 0.5.

5.4.2.2 Integrals with Cauchy-type singularity

It has already been mentioned, that the computation of the diagonal elements H;
and G, of matrices [H] and [G] requires an inside integration. In the preceding
subsection we presented techniques for the evaiuation of the coefﬁﬂcients G which
are line integrals with logarithmic singularity. The coefficients H,;, however, are
determined by evaluating integrals of the form (see Egs. (5.14) and (5.15))

Jlo©=lag, r=Ze-gl (545)

where . (£) (o« = 1,2) are given in Egs. (5.25) and 7 in Eq. (5.26).

Linear elements approximate the geometry by a straight line, so apparently it is

cos¢ = cos(t —721) =0

along the whole element, since ¢ = angle(r,n) (see Appendix A). Therefore, the
integrand of Eq. (5.45) becomes

086 0, £€=¢&,
ba(€) =2 =1 ¢
T 6, §:§J

Applying L Héspital’s rule, the above expression yields

éimmw = ﬁimﬁ(—gm =0 (5.46)
£=8 7€) &6 r'(g)

because the derivative 14 (£) = (—1)"/x is constant (see Eq. 5.25) and finite in the
interval [—1,41], and the same is true for the derivative r'(£), which according to
Eq. (5.26) is given as
/ [T
r(§) = Py sign(§) (5.47)

where sign(£) (signum of &) is the function defined as
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+1, £€>0

sign(§) = 1 e<o (5.48)

Consequently, the value of integral (5.45) is
1
[IR2G @ dé =0 (5.49)

It should be noted that this result is not valid for higher order elements, since for
these elements cos¢(£) = 0.

The integrand in (5.45) behaves as 1/r and becomes infinite when 7 = 0. This
singularity is known as Cauchy type singularity. Analytical, numerical as well as
hybrid techniques have been developed for the evaluation of integrals with this
type of singularity. Their use and programming require special care. In addition to
the diagonal elements H;, the coefficients ¢' must also be computed (see Eq. 5.16
or 5.20), which, of course, increases the computational task. However, it is possible
to evaluate directly the elements H,, = H, — ¢; by an indirect method that avoids
the evaluation of any singular integral.

5.4.3 Indirect evaluation of the diagonal influence coefficients

The matrices [(7] and [H] in Eq. (4.7) for constant elements, or in Eq. (5.19) for
linear elements, are affected only by the boundary geometry, its discretization and
the employed type of element. Hence, these matrices do not depend on the
boundary conditions, that is, they remain unchanged for given boundary geometry,
boundary discretization and type of boundary elements.

The indirect integration is based on the fact that the function u = az + by + ¢ isa
solution to the Laplace equation, namely

V=0 in Q
with boundary conditions

u=«cz+by+c on T (5.50a)

and

un =Vu-n=an +bny, on I (5.50b)

(a) Evaluation of the elements H;

Let us assume that a =b =0 and ¢ =1. In this case , it will be v =1 and
un = 0 on the boundary. Obviously, these values must satisfy Eq. (5.19), which
gives after substitution
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[H){1} =0

where {1} is the vector whose elements are all equal to 1. The above equation may
also be written as

N
2 Hy =0
=1

or

N

Hy=-> H, (i=1,2...,N) (5.51)
j=1

1=

Equation (5.51) states that the diagonal element in the i~th row of matrix [H] is
equal to the negative sum of the remaining elements in this row. It should be noted
that Eq. (5.51) is valid only for a closed domain 2. For infinite domains, it is not
valid, because a constant value for u violates the regularity condition at the infin-
ity. Nevertheless, it is possible even in this case to evaluate H,; using an indirect
approach (see Ref. [12]).

(b) Evaluation of the elements G,

Once the matrix [H] has been computed, the diagonal elements G;; of matrix [G]
can also be computed using an indirect method, which avoids the evaluation of any
integrals, either regular or singular. To this end, Eq. (5.19) is applied for the func-
tion

u=axr+by
giving,
[GHun} = [H]{u}

or
N N )
D Gyui =) Hyu'  (i=12,..,N)
j=1 Jj=1

The above equation is solved for G, yielding

Un

N N
Gu=—2|-S2G,uh+ 3 Hyw (5.52)
j=1 J=1

1=

The boundary values u’ and ui appearing in Eq. (5.52) are computed from the
following expressions
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W =az; +by, (5.53a)

uh =ani +bnj (5.53b)

where (z;,y,) are the coordinates of the j—th node, and (nf,nj) are the compo-
nents of the unit vector normal to the j—th element. The constants ¢ and & are
chosen arbitrarily, but under the condition that u» = 0. This means according to
Eq. (5.53b), that the vector with components the coefficients @ and b must not be
normal to the vector n’ (7 =1,2,...,N), or, in other words, must not be parallel to
the j—th boundary element. This may be achieved by setting a =1, b=A>0
and choosing A so that

Yi+1 — Y,

Tj+1 —Z;

A\ = (5.54)

5.5 Higher order elements

Constant and linear elements can not approximate with sufficient accuracy the ge-
ometry of curvilinear boundaries. For this reason it is recommended to use curvi-
linear elements, for which the interpolating polynomials are of degree higher than
one. In general, their form in the normalized interval [—1,+1] is going to be

f@) =a +af+af +a+. +af (-1<€<1) (5.55)

For n =2, Eq. (5.55) yields the interpolation function for the quadratic or para-
bolic element, for n = 3 that of the cubic element and so forth. In what it follows
we will limit our presentation to the parabolic element. For higher order elements
or for a general theory on isoparametric elements the reader is advised to look in
Ref. [13].

The boundary quantities © and w. in the line integrals of Eq. (5.8) are functions of
the arc length measured from some origin. When a parabolic variation is assumed
the quantities ¢ or u. will be expressed by a polynomial of the form

f(8) = @ + 8 + ays’ (5.56)

The coordinates of point (z,y) € I', which varies during the integration, are also
functions of s, i.e., © = z(s), v = y(s). Hence

r=ya(s)— @ P +[y(s) — w: ] = r(s)

and
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Consequently, the integral to be evaluated is of the form

I= fr w(s)ds (5.57)

J

Of course, the integration can be performed by first establishing the transformation
s = s(€) and then substituting it in the integral (5.57). Although this method is
conceptually simple, its implementation requires the establishment of complicated
expressions of s and for this reasons it is not the most suitable. Instead, another
method is presented below, which simplifies considerably the integration proce-
dure.

The integration is performed over the normalized interval [—1,+1] with respect to
the intrinsic coordinate £, and thus, the integral (5.57) becomes

1= [ w©le)d (5.58)

where |J(€)] is the Jacobian of the transformation which maps the parabolic arc
I'; of the zy —plane onto the straight line segment with —1 < ¢ <1 and n =0 of
the £n—plane (see Fig. 5.12).

Y

Figure 5.12 Parabolic element in global and local coordinate systems.

The boundary quantity f (u or wu.) is approximated directly in the interval
[~1,+1] by a second order polynomial in £, namely,

&) = ap + € + €’ (5.59)

The coefficients «,, «; and «, are determined from the requirement that the
function f(£) takes the nodal values f;, f,, f; at points £ = —1,0,1, respectively
(see Fig 5.12). Hence,

fE) =4
f0) = £ (5.60)
f(l) =f;
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Applying conditions (5.60) to Eq. (5.59), we get the following system of equations
for the unknown coefficients

o — o oy = fy
g = fo
oyt oty =fi

whose solution is

oy = fo
a =¥ (5.61)
Cup = h=2H+f;

2

Introducing Egs. (5.61) into Eq. (5.59), we obtain the expression of the boundary
quantity in terms of the three element nodal values

f@) = frih e hthth (5.62)
Equation (5.62) may further be written in the form

1(6) = () fi + () o + vl©) (5.63)
or

(€)= féw(aﬁ. (5.64)
where

() = -%E(l —g)

(&) = (1 - )1 +6) (5.65)
Di(€) = %E(l +6)

The functions defined in Eqgs. (5.65) are the shape functions of the parabolic or
quadratic element.

The mapping of the parabolic element from the 2y —plane onto the interval
—1 < €< 1 ofthe £&n—plane is accomplished through the transformation
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(&) = by + &+ by&?
(5.66)

y(€) =co +c+ ey &°

We can readily conclude from Egs. (5.59) and (5.66) that the parabolic element at
hand is isoparametric, since both the geometry and the boundary quantity are
approximated by polynomials of the same degree. The coefficients b, and c¢;
(k = 0,1,2) in Egs. (5.66) are evaluated from the requirement that the element arc
should pass through the points (z,,%;), (#2,y2) and (z;,9;) for £ = —1,0,1, re-
spectively. These conditions are expressed mathematically as

(=) ==z, 200)=z, z(1)=1uy
y—D=vi, y0)=w. yl)=ys
It is apparent that the above conditions yield expressions for z(£) and y(§), which
are similar to those of Eq. (5.64). More specifically,
3

2(€) =Y vu(£)

a=1

(5.67)

3
9(&) = ul(€)ya
n=l

where the shape functions ¢ () are given in Eq. (5.65).

Equations (5.67) may be employed to express the distance 7, as well as the kernels
v(r) and v.(r) of the integrals representing the influence coefficients, as functions
of the variable £ . Finally, the Jacobian of Eq. (5.58) is evaluated from the expres-
sion

ds = Jda* + dy* = \/[:zt'(f)]2 + [;I//(E)]Q d&

Hence

1/2

I ={[=(©] +[v'©]'}

511/2
= [(b.‘ +20,6)% + (¢ + 20,6)° ] (5.68)
where on the basis of Eq. (5.61), itis
bl — Ty — I b-z - Ty — 2},2 + Ty
2 2
(5.69)
e =W Y2ty
L = T Cp =~

2 2
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After discretizing the boundary into N parabolic elements, the boundary integral
equation (3.31) may be written as

N N
u' = —]Z:; fr] VUn ds + ;fr] UUn dS (3.70)

Taking into account the parabolic variation of the boundary quantities on the ele-
ments, the second line integral in the right-hand side of Eq. (5.70) yields

fr u(q) va(p,, q)dsg = fr (P + pu® + Pyu’) v ds

= hfu' + hju® + hiu’ (5.71)

where it has been set

hY —f Y Un ds

hY = fr Yo ds (5.72)

hY = f Yy vn ds
rl

In order to evaluate the above integrals, their integrands are expressed in terms of
the variable &

hy :f e U (ls_f Pa(€) C"W(f)ug)mg (@ =1,23) (5.73)

Similarly, we obtain

f unvds = f (¢ wh + P us + 1,/’;(1&5)'17‘(13
v

7 4

=g ui + ¢ uh + g5 ui (5.749)

where

g4 :fr WYavds

= [ @28 e @=123) (5.75)

The computation of integrals (5.73) and (5.75) is performed numerically following
a procedure similar to that employed for the linear element. Thus, for the outside
integration (¢ = j) the conventional Gauss integration is utilized. For the inside
integration (i = j), the analytical method for the computation of g¢ becomes too
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complicated and it is not recommended. Instead, the most suitable turns out to be
the method of extracting the singularity. The elements H,; are computed using the
indirect method presented in Section 5.4.3, avoiding, thus, the evaluation of singu-
lar integrals.

-
-

T

Figure 5.13 Discontinuous parabolic element in global and
local coordinate systems.

The corner points or the points where there is a change in the boundary conditions
are treated using one-sided discontinuous parabolic elements (see Fig. 5.13 for
ry = 1). For discontinuous parabolic elements, the coefficients of the polynomial
(5.59) are determined from the conditions

f(=r) = h
O) = f (5.76)
flra) = [y
which yield

Gy — Ry + R =
yy = fz (5.77)

2
Qy + y Ky + RS = fy

Equations (5.77) are solved for the unknown coefficients «y, « and «y, giving

\
ay = f

2
Ky

5 — K} Ky
—f 7
K fot % fi > (5.78)

2
K
o =——=fi+
1 K

Ko Ky -+ Ry Ry
w=—f——=f)h+—}
2 Kﬁ X b Kfs
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where

K = Ry Ky (K/l + f‘\?g)
Introducing the above values of the coefficients «; in Eq. (5.59), the latter takes
the familiar form
3
FE&) = val®) fa (a =1,2,3) (5.79)

a=1

where 1.(£) are shape functions given as

(€)= i;—j—(—nz +6)¢

'

Va(€) = B2 [+ (2 — )€~ €7 (5.80)

1/13(5):‘[?(“1 +&)¢ )

Evidently, Egs. (5.80) reduce to the shape functions of Eq. (5.65) for x; =, =1.
Higher order elements can be derived by choosing interpolating polynomials of

higher degree and following exactly the same procedure as for the quadratic ele-
ment.

All continuous elements derived on the basis of the polynomial (5.55) for n > 1,
produce a continuous variation of the boundary quantity on the whole boundary,
that is, they do not exhibit jumps at the interelement nodes. This type of continuity
is called C" continuity. These elements, however do not ensure continuity of the
derivative at the interelement nodes. This continuity, referred to as C' continuity,
can be achieved using shape functions described by special third order polynomials
known as Hermite polynomials or Hermite interpolation functions. In this case, the
element has two nodes which are placed at its extreme points. Unknowns are the
values f; and f, of the boundary quantity, along with the corresponding deriva-
tives 8, = (df/d€), and 8, = (df/d&),. The boundary quantity is expressed as

J&) = i) fi + ¥2(8) fo + ¥3(§) 00 + ¥u(£) 6 (5.81)

in which the shape functions ¢ (£) are given by the Hermite polynomials [1]

n(€) = i(l —EP24E),  E) = i(l +ER(2-¢)
(5.82)

() = i“ —OM1+E),  w(e) = ‘i“ +ER(1-8)
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5.6 Near-singular integrals

Once the unknown boundary quantities have been established from the solution of
the boundary integral equations, the values of the potential u and its derivatives
us = Ou/Oz and uy = Bu/Oy at internal points can be computed using the ex-
pressions (4.11), (4.15) and (4.16), or the corresponding ones for the linear and the
parabolic element approximation. The influence coefficients involved in the afore-
mentioned equations are expressed in terms of line integrals on the elements I';
whose integrands involve factors of the form

enr, L, L (5.83)
r r

where 7 = | P — q| is the distance between the points P € Q2 and ¢q € T';. Clearly,
because point P lies inside the domain €2, while point ¢ lies on the boundary, it
is always 7 = 0. Therefore, these integrals, at least theoretically, are regular since
the value of their integrands is always finite. When point P lies far from the
boundary, the functions (5.83) have a smooth variation and consequently the con-
ventional Gauss integration gives accurate results. However, when point P lies
near the boundary, the functions (5.83) may take a very large, though finite, value
and, thus, their variation is not smooth anymore.

§3 2(1.0,3.0)

element j

Figure 5.14 Linear element and internal point P near the boundary,
d=min(r)=002«1.

In order to illustrate this behavior, we consider the element of Fig. 5.14. The inter-
nal point P lies near the boundary. Applying Eqs. (5.3), one obtains the global
coordinates in terms of the local coordinate £,

(&) =2-¢
yé)=2+¢

and Eq. (5.12) gives the relative distance between points P and ¢ as
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1/2

(&) = {[2(6) — 2.48)" + [y(¢) — 1.48]"}
[048+§) +(0.52+ €)' (5.84)
The variation of the functions 1/7(¢) and 1/r(€)* is shown in Figs. (5.15) and

(5.16), respectively. We notice the large values of these functions at £ = —0.5,
that is at point A, which is the normal projection of point P on the element.

35A i L ! it i { | 1 L

30 =t

25 —

B
() 15

10 —-

5 -

0 - T -t T T

-10 -08 06 -04 -02 0 02 04 06 08 1.0

£

Figure 5.15 Variation of the function 1/7(£) along the element.

Consequently, the integrals of the functions (5.83) for points P near the boundary
behave like singular integrals, although they are not. In the literature, these inte-
grals are known as near-singular integrals. Their cvaluation faces considerable
difficulties, because neither the conventional Gauss integration nor those methods
suitable for singular integrals can be employed. Nevertheless, other special tech-
niques have been developed for their evaluation. Among them, the most popular
are: the method of the element subdivision, and the method of the coordinate trans-
Jormation. The first one has been discussed in detail by Lachat and Watson [14]
and Kane et al. [15], while the second one has been presented by Telles [16]. Only
the first method is presented below, while the other one can be found in the rele-
vant literature.

The method of element subdivision

This method has been successfully employed to achieve a uniform accuracy for the
values of the line integrals. The success of this technique is based on the user’s ex-
perience. This technique is illustrated by evaluating the following integral
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Figure 5.16 Variation of the function 1/7(¢£)* along the element.

fl e (5.85)
-1 r(§)

The plot of its integrand, which is depicted in Fig. 5.15, suggests subdivision of the
interval [—1,+1] in four subintervals:

Subinterval 1@ [—1,-0.6]

Subinterval 2:  [-0.6,-0.5]

Subinterval 3:  [—0.5,-0.4]

Subinterval 4:  [-0.4,+1]

In each subinterval, the integral can be evaluated using any integration rule such as
the trapezoidal rule, Simpson’s rule, Newton-Cotes integration formulae, etc. The
Gauss integration is also recommended for this case. Its application requires first
transformation of each subinterval onto the interval [—1,+1]. If &, and &,,, repre-
sent the end points of the & —th subinterval, then the linear transformation

€= §k+12+ &k + fk+12— &k " (-1<n<1) (5.86)

serves the purpose. The value of the integral over the &k —th subinterval is given as

fent — & 1
I, = w; 5.87
k 2 ; T(§k+12+ &k + §k+12“ &k m ( )
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where 7, and w; (i =1,2,...,n) are the abscissas and weights of the n —th order
Gauss integration.

The integral (5.85) has been computed numerically using various subdivisions of
the element shown in Fig. 5.14 and the results are given in Table 5.2 along with the
exact value. These results reveal that the choice of element subdivision greatly
affects the accuracy, even though the total number of integration points remains the
same (20 points). Therefore, special care should be taken for the computation of
near-singular integrals to avoid an uncontrolled error. A general rule for acceptable
results is to choose two equal subintervals at both sides of point A, whose length is
sufficiently smaller than the distance d (see Fig. 5.14).

Table 5.2  Values of the near-singular integral (5.85) for various
subdivisions of the element.

Number of : Number of bl
—d
subintervals Subintervals Gauss points ffl 7 ¢
1 [-1.0,+1.0] 20 7.55905
2 [-1.0, -0.5] 10 6.34858
[-0.5, +1.0] 10
2 [-1.0, -0.5] 12 6.29535
[-0.5, +1.0] 8
2 [-1.0, -0.5] 8 6.35520
[-0.5, +1.0] 12
4 [-1.0,-0.6] 5 6.30650
[-0.6, —0.5] 4
[-0.5, ~0.4] 5
(0.4, +1.0] 6
4 [-1.0, -0.6) 6 6.30934
{-0.6, -0.5] 4
[-0.5, —0.4] 4
[-0.4, +1.0] 6

Exact value 6.309586
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5.7 References

From the up to this point presentation of BEM, it becomes evident that its evolu-
tion as a computational method for solving realistic engineering problems is based
on its success in solving singular boundary integral equations. Therefore, the tech-
nology of the boundary element, namely, the construction of various types of ele-
ments, the effective integration over them, especially of the singular kernels, as
well as their manipulation in order to treat discontinuities of the boundary quanti-
ties, is among the most important ingredients of BEM and has been a field of
intense research ever since BEM appeared as a computational method. For more
information about this subject, the reader is advised to look in books by Brebbia
and Dominguez [7], Kane [9], and Banerjee and Butterfield [13]. Regarding the
evaluation of singular integrals, a rich technical literature is available. Sugges-
tively, we mention the work of Hall [17], Doblare [18] as well as the recently pub-
lished book by Sladek and Sladek [19], who presented methods for the evaluation
of singular integrals. Hayami and Brebbia [20], apart from the singular integrals,
treated the near-singular ones. A method for the computation of line integrals with
logarithmic singularity has also been presented by Katsikadelis and Armenakas
[21]. Theocaris and his co-workers [22, 23] have published extended work on the
integration of singular integrals. Considerable work, especially on the evaluation of
hypersingular integrals has been published by Guiggiani and his co-workers
[24, 25]. The reader can also find extended literature related to this subject in the
chapters Computational Aspects of the proceedings of the International Boundary
Element Conferences (Computational Mechanics Publications, Southampton),
which have taken place uninterruptedly for the last 22 years.
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Problems

5.1. Derive the shape functions for the cubic element when the interior nodal
points are placed at

(i) & =-1/3 and & =1/3,
(i) & =—1/2 and & =1/2.
5.2. Given the circular sector of radius R = 3 and angle 6, = 7/12, compute its

area by approximating the circular arc with (i) linear, (ii) quadratic and (iii)
cubic elements. For each case determine also the error.

5.3. Compute the near-singular integral using Gauss integration

+1 dr
I =
f—l [(z~0.25)* +0.05]'

5.4. Compute the integral
f (&) fnr ds
r]

when I'; is a quadratic element passing through the points 1(4.30, 2.50),
2(4.10, 2.90), 3(3.80, 3.20) and the source lies at point P (4.15, 2.65).

5.5. Compute the integrals ¢.% (o =1,2) for the linear element with nodal
points 1(1,2) and 2(1.5,2.3), when k; =k, = 0.5 and the source lies
consecutively at point 1 and point 2.



Chapter 6

Applications

6.1 Introduction

As it was mentioned in Chapter 3, the Laplace and Poisson equations describe the
behavior of many physical systems. In this chapter the BEM will be employed to
solve several problems, such as torsion of non-circular prismatic bars, deflection of
membranes, bending of simply supported plates, heat conduction and fluid flow.
All these problems are governed either by the Laplace or the Poisson equation.

6.2 Torsion of non-circular bars

6.2.1 The warping function

Let us consider a bar of arbitrary cross-section twisted by moments M, applied at
its ends (Fig. 6.1). The cross-section is constant along the length of the bar. Ac-
cording to Saint-Venant’s torsion theory [1, 2], the deformation of the bar consists
of (a) rotations of the cross-sections about an axis passing through the twist center
of the bar, and (b) warping of the cross-sections, which is the same for all sections.
Choosing the origin of the coordinate system at the twist center of an end section
(Fig. 6.1), the rotation at a distance z is 8z, where ¢ is a constant expressing the
rotation of a cross-section per unit length. Referring to Fig. 6.2 and assuming that
this rotation is small, the displacements u and v of point A(xz,y,2) due to the
rotation are determined as

u:—(AA')sina:—r()zQ:—Gzy (6.1a)
,
v:(AA’)cosa:r()zzzeza: (6.1b)
T

The warping of the cross-section is defined as
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Figure 6.2 Displacement components in a cross-section of a twisted bar.
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w = 0¢(z,y) (6.2)

where ¢(z,y) is the warping function.

The displacements given by Eqs. (6.1) and (6.2) yield the following strain compo-
nents

512@:0, sy=@:0 )
oz dy
5z:6_w:0, ’YIy:@di'@:O
0z Jdy Oz
5 5 9 > (6.3)
w 2
u:_“f‘_:e(—_— )
7 dr Oz Oz 1

Oy 02 Jy J

Hence, for homogeneous linear elastic material the corresponding stress compo-
nents resulting from the above strain components are

Or=0y, =0: =Ty =0

Tr: = ("0(% — I/)

&r

(6.4)

~

‘

Ty: = G()[O—d) +
dy

J

The equilibrium equations for the three-dimensional state of stress in the absence
of body forces, are

0(71 071'!/ (A)TJ:

ox Jy dz
OTey | oy | 0Ty -0 (6.5b)
Oz Jy 0z
07'1: (97'_11: @_:_ =0 (65C)

Oz dy 0z
Introducing the constitutive relations (6.4) into Egs. (6.5) we obtain

6Trz
0z

=0 (6.62)
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%’— =0 (6.6b)
62 2
a_j; + %yﬁ‘;— =0 (6.6¢)

The first two of Egs. (6.6) always hold, since the stress components 7z and 7y.
are independent of z. The last one, Eq. (6.6¢), expresses the condition which must
be satisfied by the warping function ¢(z,y).

In addition, the stress components should satisfy the traction boundary conditions
on the surface of the bar, namely

Oz Nr +T1yny + Ten: =t
Toy N + Oy Ny + Tya Mz = ty (6.7)
TezMe + Ty Ny +0:7: = L

where n., ny, n. are the direction cosines of the outward normal vector and ¢:,
t-, t. are the traction components on the surface of the bar.

(a) We examine first the boundary conditions on the cylindrical surface of the bar.
This surface is traction free, that is, { = ¢, = t. = 0. Moreover, it is n. =0.
Taking into account Egs. (6.4), we can readily show that the first two of the
boundary conditions (6.7) are identically satisfied, while the third one yields

(0—¢— y)n; +[—0£+ :I:]"L_z/ =1
Ox Jy

which may also be written as

d¢ nr + —q(—f)-ny = YN — TNy
Ox Jdy
or
9¢ =Yyn: — TNy (6.8)

7

The warping function ¢ may be determined from Egs. (6.6¢) and (6.8) by solving
a Neumann problem for the Laplace equation, provided that the function

Pn(s) = yn: —zny 6.9)

satisfies the existence condition for the solution of the Neumann problem, that is
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frgbnds:o (6.10)

This condition results from Green’s identity, Eq. (2.16) for v=1 and u=¢.
Indeed, using Eqgs. (2.3), Eq. (6.9) is written as

dy dz

n — Y —— + T—

¢ yds ds
1d, o 2

= — -z +
2ds< y)

Consequently, noting that the function 1(z® + y°) is continuous on the whole
boundary, we obtain

_lprd, o o
fr(b"db_gfrds(x +y )ds

= %[fcz +y?']z =0

where B is any point on the boundary taken as the origin for the variable s.

(b) On the end cross-sections 2 =0 and 2= L, itis n, =n, =0 and n. =1.
Thus, the boundary conditions (6.7) become

Tre = br, Ty: = {'!/’ o: =t =0 (61 l)

which state that the end cross-sections are subjected only to tangential tractions.

We can readily prove that the stress resultants of these tractions vanish. Namely,

f TedQ2 =0 and f Ty dY = 0 (6.12)
9] Q

Indeed, the third of Egs. (6.5) becomes

aTrz + ()Tyz —_ (613)
Oz oy

Moreover, the first of Egs. (6.12) may be written as

mezL

ds

T + II?[ a’T.r: + (){T.x/z ]
Oz Oy

a(fETm) + (9(1:7';,:)
oz Oy

d?

Q

Next applying Gauss divergence theorem (2.9) and using the last of Egs. (6.7), the
above equation yields
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fQTudQ:frz(nz Nz + Ty ny)ds = 0 (6.14)

since n: =0 and t. = 0.
In a similar way, we can prove the second of Eqs. (6.12).

The moment resultant on the cross-section 2z = 0 is going to be

- - 20, 00 00
Mt—ﬁ2(zryz-y712)dQ~G9ﬁ2[$ +y¥ + a2 422140 (6.15)

Jy Oz
Setting
- 2,2y 00 _ 08
1, —fn[x e 1(%](19 (6.16)
we arrive at
M, =GI 8 (6.17)

The constant quantity [, , which depends only on the shape of the cross-section, is
usually referred to as torsional constant. The quantity G, is called the torsional
rigidity of the cross-section. Denoting by 6 = 0L the relative rotation of the end
cross-sections, Eq. (6.17) may also be written as

_¢hyg
L

M, (6.18)

The quantity G[;/L expresses the torsional stiffness coefficient of a bar having
length L. This coefficient appears in the stiffness matrix of grid elements or three
dimensional beam elements.

From the foregoing analysis, we conclude that the determination of the torsional
constant of bars as well as of the shear stresses due to torsion, require the estab-
lishment of the warping function ¢ of the cross-section. For simple cross-sectional
geometries, (e.g. elliptical, rectangular, triangular) the warping function ¢ can be
determined using exact or approximate analytical solutions. However, for cross-
sections of complex shape, as it happens with realistic engineering problems, it is
necessary to solve a Neumann problem for the Laplace equation in an arbitrary
domain 2. Hence, the warping function ¢ is established as the solution of the fol-
lowing boundary value problem

V=0 in Q (6.19a)

%:ym—mzy on [ (6.19b)
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The function ¢ is determined exactly apart from an arbitrary constant term. That
is, a function ¢ is obtained in the form

¢ (z,y) = $z,y) + C (6.20)

where ¢(z,y) is the exact solution and C is a constant.

Apparently, the stress components and the torsional constant are not influenced by
this arbitrary constant, because, according to Egs. (6.4) and (6.16), only the deriva-
tives of ¢ are required for the evaluation of these quantities. With respect to the
displacement w, the arbitrary constant introduces a rigid body motion in the
direction of the bar axis (see Eq. (6.2)), which, however, does not influence the
deformation of the cross-section. The constant C' can be determined by specifying
the displacement w at a point of the cross-section, e.g. w = (0, which yields
¢" =0 at this point and then o(z,y) = qb*(x, y)— C . It is advisable to choose the
twist center of the cross-section as the point of zero axial displacement. Therefore,
the establishment of this point should precede, if it not a priori known.

Determination of the twist center

The solution of the boundary value problem (6.19) gives the warping surface, if the
origin of the coordinate axes is taken at the twist center of the cross-section, that is
the point which does not undergo any displacement during the rotation of the cross-
section. In axisymmetric cross-sections (e.g. rectangle, equilateral triangle, ellipse,
etc) the twist center can be readily established by inspection since it coincides with
the geometric center of the cross-section. However, for cross-sections of arbitrary
shape, the twist center is not known and it should be determined in order to estab-
lish the warping function. This can be achieved by working as follows.

When the origin O does not coincide with the twist center (ry,y,), Egs. (6.1a,b),
(6.2), (6.3), (6.4), (6.6¢) and (6.8) are written respectively as

u=—02(y—yo) (6.21a)
v=~0z(z—xy) (6.21b)
w = 0¢(z,y) (6.21¢c)
Er = 0, Ey = O, E: = 0, Yry = O 3
o
oo = 9’_¢ —(y— y())] > (6.22)
Oz
Yyz :9[@+(Z—$0)
Oy J
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Or=0y =0, =Tey =0 )
T = 09[8—¢ —(y- yo)] > (6.23)
Oz
Tyz = GQ[%"}’ (l' - .'E())
Oy Y,
9% 8%
et 2=0 6.24
oz’ 6y2 ( )
9 _ (y = yo)ne — (z — o) Ny (6.25)
on

Equation (6.25) may further be written as

31(45 + YT — Tpy) = yne — TNy (6.26)
n
or
9% _ Yne — Ty (6.27)
an
where
¢ =¢+yor—xy+C (6.28a)

and consequently
6=¢ —yzr+zy—C (6.28b)

Since V%¢ = V7@, it is apparent that the Neumann problem being solved, is
actually

Vi =0

. (6.29)
% = YNz — TNy
on

which yields the function #" . As a result, the stress components and the torsional
constant should be expressed in terms of the function qb* and not ¢. This can be
accomplished by introducing ¢ from Eq.(6.28b) into the expressions (6.23),
which gives
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Trz = Ga[a;ﬁ* - y] (6308)
oz

- G0[8¢ + m] (6.30b)
dy

Using the above relations in Eq. (6.15) to express the moment M, with respect to
the origin of the coordinate axes, we obtain

- 2 0, 08 0¢
I,_fﬂ[z +o' e yax]dQ (6.31)

On the basis of Eqs. (6.28a), (6.29), (6.30) and (6.31), it can be concluded that.

(a) If the origin of the coordinates does not coincide with the twist center of the
cross-section, then the warping function ¢", obtained as the solution of the
Neumann problem, has undergone a rigid body rotation in the plane of the
cross-section and a displacement parallel to the axis of the bar (see Ref. [1]).

(b) The stress components 7., Ty, and the torsion constant [, do not depend on
the position of the origin of the coordinate axes.

The actual warping function ¢ is determined by establishing first the quantities
Ty, yo and C . These quantities can be obtained from the minimization of the
strain energy produced by axial normal warping stresses, which are ignored by the
Saint-Venant’s theory. This energy is given as [5]

1, .
(e, 4, C) = 5 56" R

_ 1 . e 2
= b f“(¢ —yoz + mey — C ) dQ (6.32)

The minimization conditions require

o _y )
8I()

on _

— (6.33)
0o

0

hd

a_H:()
ocC J

Equation (6.32) is differentiated with respect to each of the three quantities to yield
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]11‘0 —[xyy() -5.C= ‘]1
Iz‘yIO ‘—[yyo "_SyC - _]2 (6.34)
Szxo _Syy()—AC = "13

where it was set

4= [ o, 5= [ yag, 8 = [ zd0 )
I. :nyQ aQ,  Ia :fnxydﬂ, I, =fQ$2 PN (6.35)
I :fnw‘dﬂ, I :fnxdfdQ, I;;zj;lqs*dﬂ )

Since the torsion problem is solved by the BEM, the domain integrals in
Egs. (6.35) should be converted to boundary line integrals in order to maintain the
pure boundary character of the method. This can be achieved using Egs. (2.5), (2.6)
and (2.9). Thus we can write

Jy .

A= f dQ = = f”[dj dJ]dQ ——fr(.L7L;+y7Ly)ds (6.36)

_ —— 2 .
S, = f ydQ2 f sy = ery ny ds (6.37)

_ _lp 0 _lpoa
Sy = j;l.l,dQ =2Ja al'(.l, )dSZ = 2‘/;‘1. neds (6.38)
I, :fy‘2 dsz:lf —‘?—(y‘*)szlf vy ds (6.39)

Q° 3J90y 3Jr ’
‘ 1

— /-2 — - — —_ — r «
Iy_ful, a6 = an fJ nr ds (6.40)
Iry=fxydﬂ——f —( y)+ y( zy*)|dQ2

= ifrxy(wnz + yny)ds (6.41)

To treat the integrals involving the function ¢", Green’s second identity (2.16) is
applied consecutively for the functions
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2 2 2
yr xr T 2 2 2
U =, Uy =, Uy = — r =z 6.42
1 3 2 3 3 4 ( +y) ( )

and for v = ¢ . Noting that VZu, =y, V2, = z and V%u; = 1, we obtain

1= [y 0= o [ 0w _ ‘Z‘i ]ds (6.43)
_ [ agrda= [ 00_, 09

I = ﬂ 70 dQ = fr [ 2w ]ds (6.44)
I PN * Ouy 99" .

Iy _f“qﬁ g) —fr[qﬁ P Ch ]d.s (6.45)

The foregoing integrals are computed using BEM with constant elements.

The steps required in order to solve the torsion problem for bars with arbitrary
cross-section can be summarized as:

(a) The function ¢ is determined as the solution of the Neumann problem de-
scribed by Egs. (6.29) with respect to the arbitrarily chosen zy -system of
axes. Special care should be taken to ensure the existence of a solution for the
Neumann problem (see Example 4.2).

(b) The coordinates z;,, y, of the twist center and the constant C are computed
from the solution of Eqs. (6.34).

(c) The warping function ¢ is evaluated using Eq. (6.28b).

(d) The boundary stress 7, is computed using the procedure described in the fol-
lowing Section 6.2.2 and the torsion constant [, is given by Eq. (6.31) or even
better by its boundary integral form (6.47), which is derived right below.

The domain integral (6.31) is converted into a boundary line integral to avoid not
only the domain integration but also the evaluation of the derivatives of ¢", which
are involved in the integrand. This is achieved following the procedure below.

Equation (6.31) may be written as

)

Using the Gauss divergence theorem (2.9) the above integral is transformed to the
following boundary line integral

%(myz —yo ) + (%/(y:l:2 + 2¢ )ldQ (6.46)

I :f{(Ly — Yo >nf (1/1 + x¢ )n_,,]ds (6.47)
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Remarks

The solution of the Saint-Venant torsion problem can also be obtained by determin-
ing the following functions:

(a) The function ¥(z,y), which is the conjugate of ¢(z,y) and the solution of the
Dirichlet problem

V% =0 in Q
¢:%($2+y2)+6’ on I

where C is an arbitrary constant. In this case, the shear stresses and the torsional
constant are expressed as

Tz = Gﬁ[a—w—y]
dy

Ty: = G()(ﬂ + 2:)

Jdx
(e ,p_ 00  O¢
1,—£2[.I, +y J,(I)I y(’)y]dﬂl

(b) The Prandtl’s stress function F(x,y) which is the solution of the Dirichlet
problem

ViF=-2 in Q
F=C onT

where €' is an arbitrary constant. The shear stresses and the torsional constant are
given as

e =G0 2L
Jdy
Ty = "(:9 0F
Oz
I, =—- [a:QE+ yQE]dQ
ol Oz Oy

The formulation in terms of the warping function ¢ is preferred over the formula-
tions in terms of the foregoing two functions, because:
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(i) Once the function ¥ or F is established, the determination of the warping
function, hence of the axial displacements, from these functions requires the
solution of an additional potential problem which is equally difficult as the
original one.

(i) When the cross-section does not have holes, that is the domain €2 is simply
connected, the arbitrary constant C appearing in the boundary condition can
be given an arbitrary value, e.g. C = 0. However, when the cross-section has
holes (hollow cross-section), that is the domain 2 is multiply connected, then
the constant C' does not, generally, take the same value on all the contours
and its exact values should be determined. This can be done by imposing addi-
tional conditions which ensure the uniqueness of the displacements. There-
fore, the solution of the problem becomes even more complicated.

6.2.2 Evaluation of stresses

The stress components 7.. and 7,. are evaluated using Eqgs. (6.4). Apparently,
these are determined by evaluating first the derivatives of the function ¢. For
points inside the domain of the cross-section, the derivatives can be computed by
applying Eqgs. (4.15) and (4.16).

The maximum values of the stresses appear on the boundary. The stress 7. 1s
zero, whereas the stress 7,. is given by the relation

Tz = —Trz Ny + Ty Nr
which by virtue of Egs. (6.4) becomes

7. = G % + e +yny (6.48)

The derivative d¢/0t = 0¢/0s can be computed through numerical differentia-
tion of ¢ along the boundary as it is described next.

Let us consider three consecutive nodal points 7 —1, i, ¢+ 1 on the boundary.
The values ¢,_, and ¢;,.; can be expressed in terms of the value of ¢ and its
derivatives at point ¢ using Taylor series expansions

bt = b — () s+ %wm, 52— éw,h.\s), R

¢z+l = ¢t + (¢*)1 83 + %(¢*‘)r S; + 'é(‘bw‘“-*)z 5; +

where

8171 + €1

§ ==Lt and 52:ﬁi€1_+_‘

2 2
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with £, being the length of the i —th element.

In the above expressions, we neglect terms of order higher than the second and
subsequently we eliminate the second derivatives. This yields the central difference
approximation for the first derivative

0
(ps)i = (a—f) = @) Ty i + oy Py (6.49)
where
PO R Sk BN . B (6.50)
s1(8) + 82) 8182 s2(81 + 82)

If 5, = sy = As, we obtain the known expression

(%;2) B % (6.51)

At points near the corners the derivative d¢/dt is discontinuous. For this reason
SJorward (backward) differences should be employed when the corner precedes
(follows) the point i. The finite difference expressions for the evaluation of
0¢ /01 for forward and backward differences will be derived next.

For forward differences we consider the values ¢,, ¢,,, and ¢,,,. The Taylor se-
ries approximations of ¢,,; and ¢,,. in terms of the value of ¢ and its derivatives
at point i give

‘ 1, Ny 3
D1 = & A+ (D) s + 5((/{,-,), ST = (Duss ) 81+

6
Do = h 4 (Ps)i (81 + 89) + ]5((/)_,,»), (51 + %,)° + %5(¢,.ss.s), (s 4 )" 4+ ...

Neglecting the terms of order higher than the second, the above equations yield

o
() = E = o T aud Fagd, (6.52)
where
= _Znte , = Hts e — S I (6.53)
si(sy + 8y) 5,89 s2(8) + $y)
81:£l+£l+1 and 52:[1+1+[102
2 2

For backward differences we consider the values ¢,_,, ¢,_;, ¢ and following an
analogous procedure, we obtain
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0
(@) = (a—f) =0 ¢+ apdig + a3 Py (6.54)
12_2_5.1_is_2_, PR e . SR | (6.55)
s1(s; + s2) 5189 $9(s1 + 83)
SI:£z+€i-l and 52:&-1*'5;‘-2
2 2

6.2.3 Program TORSCON for solving the torsion problem with
constant elements

The program LABECON can be readily modified to solve the torsion problem.
Besides the main program, the subroutines that are modified are: INPUT, UINTER
and OUTPUT. Moreover, three new subroutines have been added, namely,
TORCENTER, TORSTIF and TORSTRESS, which compute the center of twist of
the cross-section, the torsion constant /,, and the boundary stress 7., , respectively.
The listings of the main program and the modified subroutines as well as the new
subroutines are given below.

Cezxmzcsscc-cc=Craa=s==Ss===FECoSSS=RE=Cs333-s=SrS=SRT==IssTIoOSmETTToaSI

C
PROGRAM TORSCON
C
(o4
C This program solves the Saint-Venant TORSION problem
C as a Neumann problem for the Laplace equation using
C the boundary element method with (CON)stant
C Dboundary elements
o]
IMPLICIT REAL*8 (A-H,0-2)
CHARACTER*1S5 INPUTFILE, OUTPUTFILE
c
C Set the maximum dimensions
C
PARAMETER (N=20)
PARAMETER (IN=13)
Cc
C N= Number of boundary elelments equal to number of boundary
C nodes
C IN= Number of internal points where the function u is calculated
o4

DIMENSION INDEX (N)
DIMENSION XL (N+1),YL(N+1),XM(N),6 YM(N),G(N,N), H(N,N),6 UB(N)
DIMENSION A(N,N),UNB(N),XIN(IN+1),YIN(IN+1) ,UIN(IN+1), SL(N), TTZ (N)
DIMENSION AA(3,3),BB(3)

C

C Read the names and open the input and output files

c
WRITE (*,'(A)')' Name of the INPUTFILE (max.1l5 characters)'
READ (*,*'(A)') INPUTFILE
WRITE (*,'(A)')' Name of the OUTPUTFILE (max.l5 characters)'

READ (*,'(A)') OUTPUTFILE
OPEN (1, FILE=INPUTFILE)
OPEN (2, FILE=OUTPUTFILE)
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C Read data from INPUTFILE

[o]
CALL INPUT (XL, YL, XIN, YIN, INDEX, UB,N, IN)
[o]
C Compute the G matrix
[o]
CALL GMATR (XL, YL, XM, YM,G,N)
o]
C Compute the H matrix
c
CALL HMATR (XL, YL, XM, YM, H, N)
c
¢ Form the system of equations AX=B
c
CALL ABMATR (G, H,A,UNB, UB, INDEX,N)
c
C Solve the system of equations
o]
CALL SOLVEQ (A, UNB, N, LSING)
c
C Form the vectors U and UN of all the bounday values
c
CALL REORDER (UB, UNB, INDEX, N)
C
C Compute the coordinates of the twist center of the
C cross-section and the Neumann's problem constant
c
CALL TORCENTER (XL,YL,N,UB,UNB,AR,BB,XTC,YTC,CT}
c
C Compute the values of U at the internal points
c
CALL UINTER (XL, YL, XM, YM, XIN, YIN, UB, UNB, UIN, N, IN, XTC, YTC, CT)
[of
C Compute the the torsion constant D
c
CALL TORSTIF (XL, YL,N,UB,XTC,YTC,D)
C
C Compute the boundary stress Ttz
o]
CALL TORSTRESS (XL, YL, XM, YM, UB, XTC, YTC, TTZ, SL,N)
c
C Print the results in the OUTPUTFILE
c
CALL OUTPUT (XM,YM,UB,UNB,XIN,YIN,UIN,D,TTZ,N,IN,XTC,YTC,CT)
c
C Close input and output files
(o]
CLOSE(1)
CLOSE(2)
STOP
END
o]
o]
ComosaszmzazsreosScrSSCCSXSSSES SSESCESISASSSSSRSEIAsSIIILXATCSaSEEZT
c
SUBROUTINE INPUT (XL,YL,XIN,YIN,INDEX,UB,N, IN)
c
C
C This subroutine reads the data from the input file
C and writes them in the output file
(o]

IMPLICIT REAL*8 (A-H,0-Z)
CHARACTER*80 NAME, TITLE
DIMENSION XL (N+1),YL(N+1),XIN(IN), YIN(IN), INDEX(N), UB(N)



Chapter 6 Applications 159

WRITE(2,100)
100 FORMAT('',69('*'})

(o]
C Read user's name
[o]
READ (1, ' (A) ') NAME
c

WRITE(2, ' (A) ') NAME
g Read the title of the program
¢ READ(1, ' (A)')TITLE
WRITE(2,'(A)"')TITLE
WRITE(2,200)N,IN

200 FORMAT (//'BASIC PARAMETERS'//2X, 'NUMBER OF BOUNDARY ELEMENTS='
1,I3/2X, 'NUMBER OF INTERNAL POINTS WHERE THE FUNCTION IS CALCULATED

1a',I3)
c
C Read the coordinates XL,YL of the extreme points of the boundary elements
(o4
READ(1,*) (XL(I),YL(I),I=1,N)
c
C Write the coordinates in the output file
c
WRITE(2,300)
300 FORMAT(//2X, 'COORDINATES OF THE EXTREME POINTS OF THE BOUNDARY ELE
1MENTS', //2X, 'POINT', 9X, 'XL', 15X, 'YL"')
DO 20 I=1,N
20 WRITE(2,400) I,XL(I),YL(I)
400 FORMAT (2X,I3,2(3X,E14.5))
C
C Compute the boundary values of Un and store in UB(I) (I=1,N-1),UB(N}=0.
C
DO 10 I=1,N-1
DX=XL(I+1) -XL(I)
DY=YL(I+1)-YL(I)
SL=DSQRT (DX*%2+DY#**2)
ENX=DY/SL
ENY=-DX/SL
XM= (XL (I)+XL(I+1)) /2.
YM= (YL (I)+¥YL(I+1))/2.
UB (1) =YM*ENX-XM*ENY
10 INDEX(I)=1
UB(N) =0.
INDEX (N) =0
(o}
C Write the boundary conditions in the output file
c
WRITE(2,500)
500 FORMAT(//2X, 'BOUNDARY CONDITIONS'//2X, 'NODE', 6X,'INDEX',
1 7X, 'PRESCRIBED VALUE')
DO 30 I=1,N
30 WRITE(2,600) I,INDEX(I),UB(I)
600 FORMAT (2X,I3,9X,I1,8X,E14.5)
c
C Read the coordinates of the internal points
C
READ(1,*) (XIN(I),YIN(I),I=1,IN)
RETURN
END
c

(o]

Cxzssssszssrssrzsssss s sEC=CCCETSSCICSTECCSSCoSSSSSESSsSSCTSISSESST=oS==S
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(o]

annonoan

nnoonooaoaoaan

XTC,YTC

SUBROUTINE TORCENTER (XL, YL,N,UB,UNB,AA, BB, XTC, YTC, CT)

This subroutine computes the coordinates of the twist
center of the cross-section and the arbitrary constant

IMPLICIT REAL*8(A-H,0-2)

DIMENSION XL (N+1),YL(N+1),UB(N), UNB(N)
DIMENSION XC(4),YC(4),XI(4),WG(4)
DIMENSION AA(3,3),BB(3)

N = Number of boundary elements
XL,YL = Coordinates of the extreme points of the
boundary elements
Coordinates of the twist center

cT Arbitrary constant of the Neumann problem

WG = Weights of the Gauss integration

XI = Coordinates of the Gauss integration points

in the interval ([-1,1]

XC,¥YC = Global coordinates of the Gauss integration points

DATA XI/-0.86113631,-0.33998104,0.33998104,0.86113631/
DATA WG/0.34785485,0.65214515,0.65214515,0.34785485/
PI=ACOS(-1.)

XL (N+1) =XL (1)

YL(N+1)=YL(1)

AREA=0.
SX=0.
SY=0.
AIX=0.
AlY=0,
AIXY=0.
AIl=0.
AI2=0.
AI3=0.

DO 10 I=1,N

AX= (XL(I+1)-XL{(I))/2.

AY= (YL (I+1)-YL(I))/2.

BX= (XL (I+1)+XL(I))/2.

BY= (YL(I+1)+YL(I))/2.

SLaDSQRT (AX**2+AY**2)

ENX=AY/SL

ENY=-AX/SL

TERMA=0.

TERMSX=0.

TERMSY=0.

TERMIX=0.

TERMIY=O0.

TERMIXY=0.

TERMI1=0.

TERMI2=0.

TERMI3=0.
DO 40 K=1,4
XC(K) =AX*XI (K) +BX
YC(K) =AY*XI (K) +BY
TERMA=TERMA+0.5* (XC (K) *ENX+YC (K) *ENY) *WG(K) *SL
TERMSX=TERMSX+0.5*YC (K) **2*ENY*WG (K) *SL
TERMSY=TERMSY+0.5*XC (K) **2*ENX*WG (K) *SL
TERMIX=TERMIX+1./3.*YC(K) **3*ENY*WG (K) *SL
TERMIY=TERMIY+1./3.*XC(K) **3+*ENX*WG (K) *SL
TERMIXY=TERMIXY+0.25*XC (K) *YC (K) * (XC (K) *ENX+YC (K) *ENY)

1 *WG (K) *SL
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Ul= (XC(K) **2*YC(K) +YC(K) **3) /8.
UlN=(2.*XC(K)*YC(K) *ENX+ (XC(K) **24+3.*YC(K) **2) *ENY) /8.
TERMI1=TERMI1l+ (UB(I)*UIN-UNB(I)*Ul)*WG(K) *SL
U2=(XC(K) **3+XC(K) *YC(K) **2) /8.
U2N=( (3. *XC(K) **24+YC(K) **2) *ENX+2.*XC(K) *YC (K) *ENY) /8.
TERMI2=TERMI2+ (UB(I) *U2N-UNB (I)*U2) *WG (K) *SL
U3=(XC(K) **2+YC(K) **2) /4.
U3N= (XC (K) *ENX+YC (K) *ENY) /2.
TERMI3=TERMI3+(UB(I)*U3N-UNB(I)*U3)*WG(K)*SL
40 CONTINUE
AREA=AREA+TERMA
SX=SX+TERMSX
SY=SY+TERMSY
AIX=AIX+TERMIX
AIY=AIY+TERMIY
AIXY=AIXY+TERMIXY
ATI1=ATI1+TERMI1l
AI2=AT2+TERMI2
AX3=AI3+TERMI3
10 CONTINUE
C
C Coordinates of the twist center and Neumann's constant
C
AA(1l,1)=AIX
AA(1,2)=-AIXY
AA(1,3)=-8X
AA(2,1) =-AIXY
AA(2,2)=A1Y
AR(2,3)=8Y
AA(3,1)=58X
AA(3,2)=-8Y
AA(3,3)=-AREA
BB(1l)=-AIl
BB (2) =AI2
BB(3)=-AI3
CALL LEQS(AA, BB, 3,KS)
XTC=BB (1)
YTC=BB(2)
CT=BB(3)
WRITE (*, *)XTC,YTC,CT

RETURN
END
C

CEmxZTTrCEoEESC IS ICaCCSICSTECRSSSCSSIXSSFSISSCCAENSEEaAsEESTIERFISEED

C

SUBROUTINE UINTER (XL, YL,XM, YM, XIN, YIN,UB, UNB,UIN,N, IN,XTC, YTC,CT)

This subroutine computes the values of u at the intermnal points

nnona

IMPLICIT REAL*8 (A-H,0-2)
DIMENSION XL (N+1),YL(N+1),XIN(IN+1l),YIN(IN+1)
DIMENSION UB (N),UNB(N),UIN(IN+1),6 XM(N},h YM(N)

XIN{IN+1) =XTC
YIN(IN+1)=YTC

Compute the values of u at the internal points

nnan

DO 10 K=1,IN+1

UIN(K)=0.

DO 20 J=1,N

JPl=J+1

CALL DALPHA (XIN(K),YIN(K),XL(J),YL(J),XL(JP1),YL(JP1l), RESH)
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CALL RLINTC(XIN(K),YIN(K),XL(J),YL(J),XL(JP1l),YL(JP1l), RESG)
UIN(K)=UIN(K)+RESH*UB (J) -RESG*UNB (J)
CONTINUE

DO 30 K=1,N
DX=XL (K+1) -XL(K)

DY=YL (K+1) -YL (K)

SL=DSQRT (DX**2+DY**2)

ENX=DY/SL

ENY=-DX/SL

UB (K) =UB (K) -YTC*XM (K) +XTC*YM (K) -CT
UNB (K) =UNB (K) - YTC*ENX+XTC*ENY
CONTINUE

DO 40 K=1,IN+1
UIN(K)=UIN(K) -YTC*XIN (K) +XTC*YIN(K) -CT
CONTINUE

RETURN

END

Cs==sass=ss===sszs==s=c=acscsssscoscss=czssscszc==zzzsszasszszssssss

20
10
c
30
(o]
40
c
C
C
c
C
C
c
(o]
c
¢ XL
c
c
C
c
c XC
[
c
c

40

10

SUBROUTINE TORSTIF (XL,YL,N,UB,XTC,YTC,D)

This subroutine computes the torsion constant

IMPLICIT REAL*8 (A-H, 0-Z)
DIMENSION XL (N+1),YL(N+1),UB(N)
DIMENSION XC(4),YC{(4),XI(4),WG(4)

N = Number of boundary elements

,YL = Coordinates of the extreme points of the boundary elements

D = Torsion constant
WG = Weights of the Gauss integration
XI = Coordinates of the Gauss integration points in the
interval {-1, 1]

,YC = Global coordinates of the Gauss integration points

DATA XI/-0.86113631,-0.33998104,0.33998104,0.86113631/
DATA WG/0.34785485,0.65214515,0.65214515,0.34785485/
XL (N+1) =XL(1)

YL (N+1) =YL (1)

D=0.

DO 10 I=1,N

AX= (XL (I+1) -XL(I))/2.
AY= (YL(I+1)-YL(I))/2.
BX= (XL (I+1)+XL(I))/2.
BY= (YL (I+1)+YL(I))/2.
SL=DSQRT (AX**2+AY**2)
ENX=AY/SL

ENY=-AX/SL

TERM=0.
DO 40 K=1,4
XC (K) =AX*XI (K) +BX-XTC
YC (K) =AY*XI (K) +BY-YTC
TERM=TERM+WG (K) * ( (XC(K) *YC (K) **2-YC(K) *UB(I)) *ENX
1 +(YC(K) *XC(K) **24+XC (K) *UB (I) ) *ENY) *SL
CONTINUE
D=D+TERM
CONTINUE
RETURN
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END
C
C
Czzxc=-cocorasssRES=EssSSS®S=SC-CSSSSrSRESIINS S ST SSCSSSTISSSISSXSTSSTITSS
C

SUBROUTINE TORSTRESS (XL, YL, XM, YM, UB, XTC, YTC, TTZ, 5L, N)

This subroutine computers the boundary shear stress 1tz
in the tangential direction

TTZ = Shear stresses at the boundary nodal points
SL = Distances between the boundary nodal points

annaoaanoaan

IMPLICIT REAL*8 (A-H, 0-2)
DIMENSION XL (N+1),YL(N+1),6XM(N),6 YM(N)
DIMENSION TTZ (N),SL(N), UB(N)

XL (N+1) =XL(1)

YL (N+1) =YL(1)

DO 10 I=1,N

AX= (XL{I+1)-XL(I))/2.

AY= (YL (I+1)-YL(I))/2.

SL{I)=DSQRT (AX**2+AY**2)
10 CONTINUE

DO 20 I=1,N
AX= (XL (I+1)-XL(I)}/2.
AY=(YL(I+1)-YL(I))/2
SSL=DSQRT (AX**2+AY**2)
ENX=AY/SSL
ENY=-AX/SSL

IF (I.EQ.1) THEN

S1=SL(N) +SL (1)

S2=SL(I)+SL(I+1)

Bl=UB (N)

B2=UB (1)

B3=UB(2)

ELSE IF (I.EQ.N) THEN

S1=SL(N-1) +SL (N)

S2=SL(N) +SL(1)

Bl=UB(N-1)

B2=UB (N)

B3=UB(1)

ELSE

S1=SL(I-1)+SL(I)

S2=SL(I)+SL(I+1)

B1l=UB(I-1)

B2=UB(I)

B3=UB (I+1)

ENDIF

UBTa (S1**2*B3-S2**2*B1l+ (S2**2-81**2) *B2)

1 /(S1*S2+* (S1+S52))

TTZ (1) =UBT+ (XM (I)-XTC) *ENX+ (YM(I)-YTC) *ENY
20 CONTINUE

RETURN

END

SUBROUTINE OUTPUT (XM, YM, UB, UNB, XIN, YIN,UIN,D,TTZ,N, IN, XTC, YTC, CT)
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C This subroutine prints the results in the outputfile.

c

IMPLICIT REAL*8 (A-H,0-2)

DIMENSION XM(N), YM(N), UB(N) , UNB(N)

DIMENSION XIN(IN+1),YIN(IN+1l),UIN(IN+1l),TTZ(N)
c

WRITE(2,100)
100 FORMAT('',69('*')//1X, 'RESULTS'//2X, 'BOUNDARY NODES'//
1 11X, 'X',15X,'Y',15X,'U',14X,'Un"'/)

DO 10 I=1,N
10 WRITE(2,200) XM(I),YM(I),UB(I),UNB(I)
200 FORMAT (4 (2X,E14.5))

WRITE (2,900)

900 FORMAT(/'',69('*')}//3X, '"COORDINATES OF THE TWIST CENTER',
1 ' AND  ARBITRARY CONSTANT'/)
WRITE(2,950)XTC, YTC,CT

950 FORMAT (3X, 'XTC=',E1l1.5,2X,'YTC=',E11.5,11X,'C=',E11.5)
WRITE(2,500)

WRITE (2,300)
300 FORMAT(/,2X, 'INTERNAL POINTS'//10X,'X',15X,'Y', 11X,
1 'SOLUTION U'/)
DO 20 K=1,IN
20 WRITE(2,400) XIN(K),YIN(K),UIN(K)
400 FORMAT (3 (2X,E14.5))
WRITE(2,600) D
600 FORMAT(/,'',69('*')//2X, 'TORSION CONSTANT D=',E11.5/)
WRITE (2,700)
700 FORMAT('',69('*')//2X, 'BOUNDARY STRESS Ttz'//
1 11X, 'X',15X,'Y',13X,'Ttz'/)
DO 30 I=1,N
30 WRITE(2,800) XM(I),YM(I),TTZ(I)
800 FORMAT (3 (2X,E14.5)
WRITE(2,500)
500 FORMAT(/,'',69('*'))
RETURN
END

Example 6.1

In this example the program TORSCON is employed to solve the torsion problem
for a bar of elliptic cross-section with semi-axes ¢« = 5.0 and b = 3.0. The bound-
ary is discretized into N unequal constant elements as in Example 4.2. The coordi-
nates of the extreme points are computed from the relations

T, = acosd, and y, = bsin g,

where

0, = —A8/2+(i-1)A8, AO=2x/N  (i=12..,N)

The coordinates of the internal points, which are located on concentric ellipses, are
computed from the relations
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Z, = a; cosb, and Yp = b;sinf;
k=0G—-1)N2+j

a; =1Aa, Aa=af/(Nl+1) (i =1,2,...,N1)
by =1Ab, Ab=05b/(N1+1) (t=12,...,N1)

0, =(7-1)A0, Af=2r/N2 (j=12,...,N2)
in which N1 denotes the number of internal concentric ellipses and N2 the number
of points on each of the ellipses.
The analytical solution yields [1]

b’) . a? 7ra.'3b3 l B 9 ,()4.'1)2 + a/ly?

¢ =—— 1y, I =——, = ;
a? + b* Y : a® + b* Go a? + b?

The data file, which has been produced using program ELLIPSE-3.FOR, and the
results of program TORSCON for N =20, Nl =1 and N2 =12 (IN =12) are
presented below.

EXAMPLE 6.1 (DATA)

J.T. Katsikadelis
Example 6.1

4.9384417 -.4693034
4.9384417 .4693034
4.4550326 1.3619715
3.5355339 2.1213203
2.2699525 2.6730196

.7821723 2.9630650
-.7821723 2.9630650
-2.2699525 2.6730196
-3.5355339 2.1213203
-4.4550326 1.3619715
-4.9384417 .4693034
-4.9384417 -.4693034
-4.4550326 ~-1.3619715
-3.5355339 -2.1213203
-2.2699525 -2.67301%6
-.7821723 -2.9630650

.7821723 -2.9630650
2.2699525 -2.6730196
3.5355339 -2.1213203
4.4550326 -1.3619715
2.5000000 .0000000
2.1650635 .7500000

1.2500000 1.2990381
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.0000000 1.5000000
-1.2500000 1.2990381
-2.1650635 .7500000
-2.5000000 .0000000
-2.1650635 -.7500000
-1.2500000 -1.2990381

.0000000 -1.5000000
1.2500000 -1.2990381
2.1650635 -.7500000

.0000000 .0000000

EXAMPLE 6.1 (RESULTS)

22 R s R R R S R R R R R R AR R RS2 2222222222222 R Rt AR R RS ]

J.T. Katsikadelis
Example 6.1

BASIC PARAMETERS
NUMBER OF BOUNDARY ELEMENTS= 20

NUMBER OF INTERNAL POINTS WHERE THE FUNCTION IS CALCULATED= 13

COORDINATES OF THE EXTREME POINTS OF THE BOUNDARY ELEMENTS

POINT XL YL
1 .49384E+01 -.46930E+00
2 .49384E+01 .46930E+00
3 .44550E+01 .13620E+01
4 .35355E+01 .21213E+01
5 .22700E+01 .26730E+01
6 .78217E+00 .29631E+01
7 -.78217E+00 .29631E+01
8 -.22700E+01 .26730E+01
9 -.35355E+01 .21213E+01
10 -.44550E+01 .13620E+01
11 -.49384E+01 .46930E+00
12 -.49384E+01 -.46930E+00
13 -.44550E+01 -.13620E+01
14 -.35355E+01 -.21213E+01
15 -.22700E+01 -.26730E+01
16 -.78217E+00 -.29631E+01
17 .78217E+00 -.29631E+01
18 .22700E+01 -.26730E+01
19 .35355E+01 -.21213E+01
20 .44550E+01 -.13620E+01
BOUNDARY CONDITIONS
NODE INDEX PRESCRIBED VALUE
1 1 .00000E+00
2 1 -.14314E+01
3 1 -.19716E+01
4 1 -.17030E+01
5 1 -.95863E+00
6 1 .00000E+00
7 1 .95863E+00
8 1 .17030E+01
9 1 .19716E+01
10 1 .14314E+01
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11 1 .00000E+00
12 1 -.14314E+01
13 1 -.19716E+01
14 1 -.17030E+01
15 1 -.95863E+00
16 1 .00000E+00
17 1 .95863E+00
18 1 .17030E+01
19 1 .19716E+01
20 \] .00000E+00

I XX EE X R R R R R R R R R R R R R R R R R R R IR R RS2 RS2 RS2 S 2R 222X a2 X 2R 2 X222 22
The system has been solved regularly

I E X E R 2R SRR3R 22 22 2222222222222 22222222222t R Rt X2l
RESULTS

BOUNDARY NODES

X Y U Un
.49384E+01 .00000E+00 .44409E-15 -.24373E-16
.46367E+01 .91564E+00 -.19551E+01 -.14314E+01
.39953E+01 .17416E+01 -.31820E+01 -.19716E401
.29027E+01 -23972E+01 -.31957E+01 -.17030E+01
.15261E+01 .28180E+01 -.19795E+01 -.95863E+00
.00000E+00 .29631E+01 -.11102E-14 .12682E-15

-.15261E+01 .28180E+01 .19795E+01 .95863E+00
-.29027E+01 .23972E+01 .31957E+01 .17030E+01
-.39953E+01 .17416E+01 .31820E+01 .19716E+01
-.46967E+01 .91564E+00 .19551E+01 .14314E+01
-.49384E+01 .00000E+00 -.11102E-14 .24373E-16
-.46967E4+01 -.91564E+00 -.19551E+01 -.14314E+01
-.39953E+01 -.17416E+01 -.31820E+01 -.19716E+01
-.29027E+01 -.23972E+01 -.31957E+01 -.17030E+01
-.15261E+01 -.28180E+01 -.19795E+01 -.95863E+00
.00000E+00 -.29631E+01 -.24425E-14 -.12682E-15
.15261E+01 -.28180E+01 .19795E+01 .95863E+00
.29027E+01 -.23972E+01 .31957E+01 .17030E+01
.39953E+01 -.17416E+01 .31820E+01 .19716E+01
.46967E+01 -.91564E+00 .19551E+01 .14314E+01

AR N R AR RN R RN AR AN AN N RN R R NANRN A NN R AR NNR R AR N NI NN ARk A A hdhhhw

COORDINATES OF THE TWIST CENTER AND ARBITRARY CONSTANT

XTC= .12682E-15 YTC= .24373E-16 C=-.19551E+01

(222222222222 222222822 R 222 2R iR a2 R R R i R R S

INTERNAL POINTS

X Y SOLUTION U
.25000E+01 .00000E+00 ~.44409E-15
.21651E+01 .75000E+00 -.73446E+00
.12500E+01 .12990E+01 ~.73517E+00
.00000E+00 .15000E+01 ~.22204E-15

-.12500E+01 .12990E+01 .73517E+00
-.21651E+01 .75000E+00 .73446E+00
-.25000E+01 .00000E+00 ~.88818E-15
-.21651E+01 -.75000E+00 -.73446E+00

-.12500E+01 -.12990E+01 ~.73517E+00
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.00000E+00 -.15000E+01 -.88818E-15
.12500E+01 -.12930E+01 .73517E+00
.21651E+01 -.75000E+00 .73446E+00
.00000E+00 .00000E+00 -.88818E-15

LA AR RS R R R Rl Rttt st 2 2222222222

TORSION CONSTANT D= .30472E+03

LA AR RS RS RRsRERRSRs a2 2 R R 2 X

BOUNDARY STRESS Ttz

X Y Ttz
.49384E+01 .00000E+00 .29371E+01
.46967E+01 .91564E+00 .29825E+01
.39953E+01 .17416E+01 .32838E+01
.29027E+01 .23972E+01 .37469E+01
.15261E+01 .28180E+01 .41137E+01
.00000E+00 .29631E+01 .42484E+01

~.15261E+01 .28180E+01 .41137E+01
-.29027E+01 .23972E+01 .37469E+01
-.39953E+01 .17416E+01 .32838E+01
~-.46967E+01 .91564E+00 .29825E+01
-.49384E+01 .00000E+00 .29371E+01
-.46967E+01 -.91564E+00 .29825E+01
-.39953E+01 -.17416E+01 .32838E+01
-.29027E+01 -.23972E+01 .37469E+01
-.15261E+01 -.28180E+01 .41137E+01
.00000E+00 -.29631E+01 .42484E+01
.15261E+01 -.28180E+01 .41137E+01
.29027E+01 -.23972E+01 .37469E+01
.39953E+01 -.17416E+01 .32838E+01
.46967E+01 -.91564E+00 .29825E+01

WK RN AR AN R RN R RN RN R AN N RN R AN AN AN RN R R RN AR R A A AR AN RN AR N AR RN AR R AN Nk

Figure 6.3 Contours of the warping function in a bar of elliptic cross-section.
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Table 6.1 presents the computed values for several quantities of the elliptic cross-
section for various values of N and also helps to draw conclusions about the
accuracy of BEM. Moreover, Fig. 6.3 shows the contours of the warping surface

o =w/f.

Table 6.1 Computed values of ¢, 7,,/G6 and I, in a bar of elliptic cross-
section for various values of N .

Point Number of boundary elements, N
Exact
¥ | 20 | 60 | 100 | 160 [ 220 | 300
Values of ¢ at internal points
2.1651,
0.7500 -0.7345 | -0.7607 | —0.7629 | ~0.7636 | —0.7639 | —-0.7640 | -0.7641
1.2500,
{ 2090 -0.7352 | -0.7607 | -0.7629 | ~0.7637 | -0.7639 [ -0.7640 | —0.7641
Values of 7,./(A at boundary nodes
5.0000,
29371 2.6846| 2.6608 | 2.6525| 2.6499 | 2.6486| 2.6471
0.0000
0.0000
30300’ 42484 1 43930 | 4.4050F 44091 44104 4.4110| 44118

Values of [,
[ 30472 ] 311.08 ] 311,57 311.74 | 311.79 | 311.82 | 311.84

Example 6.2

The program TORSCON is used to solve the torsion problem for a bar with square
cross-section of side @ = 4.0 . The values of I, and max 7,./ G are computed for
various values of N and are listed in Table 6.2. The data file is constructed for
each case of discretization with program RECT-3.FOR. The warping function
¢ = w/6 is shown in Fig. 6.4 and Fig. 6.5. The exact values have been computed
from the analytical expressions derived for the rectangular cross-section a x b [1]

1, :la:’b 1~£2 l, t;mh(lm—b)
3 7T') b n=1,35... 'll'J 2(L
maxT;, __8_ - 1
G a |l 2 Z nmb

n=l3s. p? cosh(——)
2a
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Figure 6.5 Contours of the warping function in a bar of square cross-section.
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Table 6.2 Computed values of I, and max 7,,/G8 in a bar of
square cross-section for various values of V.

o a —
20 35.718 2.6186
60 35.979 2.6938
100 35.988 2.6988
140 35.989 2.7010
220 35.989 2.7010
Exact value 35.990 2.7010

6.2.4 Torsion of anisotropic bars

Let us consider a bar of non-circular cross-section. It consists of an anisotropic
material having one plane of material property symmetry, which is perpendicular to
the z—axis of the bar (see Fig. 6.1). This means that through any point of the bar
passes a plane normal to the z-axis with the property that any two directions sym-
metric with respect to this plane are directions of material property symmetry. Such
a material is termed monoclinic and there are 13 independent elastic constants for
this material instead of 21. In this case, the generalized Hooke’s law valid for the
general anisotropic body may be simplified and be expressed by the following six
relations [6]

Er = Tr + 0y + Q30 + Qg Toy A
Ey = (Y Or + (vyy Oy + (Vo3 Tz + (g Try
E: =y Or + vy Oy + gy 0 + Qg Ty

(6.56)
Yyz = Qugq Tyz + Cyn Tz %

Yz = Qyyn Ty: + (55 Tr:

Vry = Qg Or + Qg Oy + Qg T2 + g Ty )

Introducing the strain-displacement equations, Egs. (6.3), into the above constitu-
tive relations, we find

Or = 0Oy = 0z = Try = 0 (6.57)



172 BOUNDARY ELEMENTS

and

Qs Trz + Qg Tyz = 9(_a_¢_ y)

Oz
(6.58)
Qs Trz + Qg Tyz = 6[‘82 + I]
dy
Equations (6.58) are solved for 7.. and 7. yielding
Taz :i gy (%—y)—ar,[@—i—x] (6593)
ol Oz Jy
Ty: — i —(¥y5 (@' e y) + (g5 [IQQ -+ .'L']] (659b)
Teq Oz Jy
where
tal = detio) = I gy (v — (V3 (6.60)
(Y4 [ 3%

Introducing Egs. (6.57) and (6.59) into the equilibrium equations (6.5) and the
boundary conditions (6.7), we arrive at following boundary value problem for the
warping function ¢

&y il“f — 2@ d‘):(;f’u + @ % =0 in Q (6.61)

Vé-m=yms—xmy; on I (6.62)
where

m = ((_y“ N — Qoys Ty ) i+ (—(_M_-—, N+ Qs 70y ) J (6.63)

T = y 7. = s — s

3 15 3 (55 =
Jial NI RN

m being a vector in the direction of the connormal to the boundary. Eq. (6.61)
along with the boundary condition (6.62) allow the determination of the warping
function ¢(x,y). Equation (6.61) is of the form of Eq. (3.56) and can be solved
using BEM as it was presented in Section 3.6.

The twisting moment at the end cross-sections is

M, = fn(ww ~y7a )dQ = G1,0 (6.64)
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where

G=— (6.65)

is a constant having the same dimensions as the shear modulus, and

I, = fn[ass 2? + 28y Ty + Gy Y’
_((745x+644y)g%+(555x+645y>%§ dQ (6.66)

The latter may be converted to a line integral on the boundary taking the form
= [ {80 (20 = y) + & (b2 = 6)
+[(_y,—,5 (2%y + ;1:(/5) + @y (%:L‘y2 + yqﬁ)}ny }ds (6.67)

For orthotropic materials, it is a); = ay; = a3 = 5 = 0 and the foregoing equa-
tions become

Te: = 0Gr: (‘Q'(é - K/)
J

&r

(6.68)
Ty: = 0G: (% + .’I?]
dy
2
G.2e Gy —"5 =0 (6.69)
ot oy*

m=Geun i+ Gpnyj (6.70)

_ (g {l.2_,00\ ., & |2, 0%
1[ = j;l{(;f: (:l/ -y 6I)+ G_z/: [.L + x (')y ]]d()

_f LJ —U¢)7L1+Cy (J12+11¢)ny]d8 (6.71)

where
Gn - ! 5 Gyz = L (672)
(Y55 ¥y

G = Gz;Gy: (673)
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Gl‘Z

Gz =Gy = , o Gy =05 =
G

Gy: (6.74)

are the non-dimensionalized shear moduli in the zz and yz planes, respectively.

6.3 Deflection of elastic membranes

We consider a flat elastic membrane of uniform thickness & occupying the two-
dimensional multiply connected domain  of the zy —plane bounded by K +1
curves (see Fig. 6.6). The membrane is fixed or elastically supported along its
boundary T' = UZ§T'; and subjected to a uniform tension S, which is large
enough so that it is not appreciably altered when the membrane is deflected by a
distributed load f(z,y).

Y
g 4N
-
/ roN r
i et \ >
\\ Q) \.__/l .f"r al O
\‘\,E h// “

Figure 6.6 Elastic membrane occupying the multiply
connected domain 2.

The equilibrium equation of the deflected membrane can be derived by considering
the equilibrium of a deflected element dQ? = dzxdy . Here, however, it will be
derived using an energy approach, because it allows a better understanding of the
linearization of the problem.

The initial flat membrane is deflected to a surface w(x,y) when subjected to a
transverse load of density f(z,y). Due to the lateral defection the prestressed
membrane 1s further stretched and additional strains are produced in its middle
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surface. The linear deflection theory of membranes is based on the following
assumptions:

(a) The prestress of the membrane is large enough so that the tension S remains
unchanged during the deflection.

(b) The additional strains of the middle surface of the membrane due to its elastic
in-plane deformation (u(z,y) and v(z,y)) are negligible compared to those
due to the deflection w(z,y) of the middle surface.

The second assumption implies that the strain components are given as

2 2
e :@+l(3_w) zl(@ﬁ) (6.752)
8r 2\ 0z 2\ 0z
o 1(ow)  1(ow)
Ey:_u_[_ﬂ] z_[_u_}] (6.75b)
dy 2{ 30y 2\ dy

_Ov, du, duwduw, Ouwlw (6.75¢)

W=t
T or 0Oy Oz dy Oz Oy
The strain energy of the deflected membrane is written as
v=" (a,g, + 2Ty + OyEy )dQ (6.76)
2Jq o '
or taking into account that ko, = hoy = 5 and 7 = 0 and using Egs. (6.75), we
arrive at
s rljowy | (ow)
=2 (i) + [—3 49 (6.77)
2J01\ dz dy

Thus, the total potential energy of the deflected membrane becomes
a2 Y
Viu)= f 5 (ﬂ) +[?ﬂ]

012\ oz dy

-kfr[%k(s)w"Z - R(S)w]ds (6.78)

— fw ‘ ds?

where k(s) is the stiffness modulus of the elastic support and R(s) is the density
of the externally applied transverse load along the boundary. The equilibrium equa-
tion and the accompanying boundary condition are produced by applying the total
potential energy principle, i.e. 6§V (w)= 0. Using operations of the calculus of
variations and integration by parts, we can easily derive from Eq. (6.78) the fol-
lowing boundary value problem
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SVw=—f inQ
(6.79)

Biw+ Bq=08; onl

where 3, = k(s), By =S, B3 = R(s); ¢ = Ow/On is the derivative of w along
the direction normal to the boundary.

Consequently, the problem of determining the deflection surface of an elastic
membrane is reduced to the problem of solving Poisson’s equation under Robin’s
boundary condition. Note that for k(s) — oo, the boundary condition of Eq. (6.79)
becomes w = 0, namely, the Dirichlet boundary condition.

Example 6.3

Determine the deflection surface of an elastic membrane having the shape of an
equilateral triangle with side length a = 5.0 m. The membrane is fixed along its
boundary and is subjected to a uniformly distributed load f =10 kN/m? and a ten-
sion S = 1 kN/m. The coordinate axes are taken as shown in Fig. 6.7.

Figure 6.7 Triangular membrane.

The deflection w(z,y) of the membrane is set as
w = Wy + W

where w, is the solution of the homogeneous equation and w;, is a particular
solution.
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(i) Particular solution w,

The particular solution is established by transforming Eq. (6.79) into the complex
domain as it was described in Section 3.4.2 and applying Eq. (3.42). Thus, we find

10
w, = __( 2y y?)
4
(ii) Homogeneous solution w

The homogeneous solution will be obtained from the following boundary value
problem

V2w0 :0 in Q
wp=2(a*+'), (my)el

using the program LABECON.
The analytical solution is [1]
w = —L [

28

5(:172 + ;1/2 ) — (L\1/§<;l/:‘ — 3.’1:2;1/) - éaz

Figure 6.8 Deflection surface of the triangular membrane.
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The computed deflections at five internal points along with the corresponding val-
ues of the exact solution are given in Table 6.3. Moreover, the computed deflection
surface is presented in Fig. 6.8 using contours.

Table 6.3 Deflections w(0,y) of the triangular membrane on the section
z = 0 for various values of N.

Number of boundary elements, N

y Exact
30 60 90 150 210 300
-0.7217 } 5.4550 | 5.4323| 5.4284| 5.4264| 54259 | 5.4256| 5.4253
0.0000 | 6.9743| 6.9514] 6.9475| 6.9455| 6.9450| 6.9447 | 6.9444
0.7217 | 5.8895| 5.8663| 5.8624| 5.8604| 5.8599| 5.8596| 5.8524
1.4434 | 3.5043 | 3.4793| 4.4753| 3.4733| 3.4728 | 3.4725| 3.4722
2.1651 1.1159| 1.0933] 1.0883| 1.0862] 1.0856| 1.0853} 1.0851

6.4 Bending of simply supported plates

The deflection w(x,y) of a thin elastic plate occupying the two-dimensional do-
main §2 of the xy -plane satisfies the equation [9]

Viw = S
D
where
3
D= Eh ‘
12(1 ~ /%)

is the flexural rigidity of the plate,

v is the Poisson’s ratio,

h is the constant thickness of the plate,

f = f(x,y) 1s the distributed transverse load, and

Vi=ViVvi=

operator

0’ 0*
a2t o
or® Oy

2 4
e
oz

64

Lot
dy

(6.80)

is the biharmonic

The bending and twisting moments are given by the expressions

(6.81a)
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o'

O%w
M, =-p|2¥, 0 6.81b
Yy [6y2 14 81‘2] ( )
2
My = —Mys = D(1— /)22 (6.81¢)

Jz Jy

For a simply supported plate the deflection must satisfy the following boundary
conditions on the plate boundary T’

w = (6.82a)

2 2
M. :—D[a—f+l/gif—]=o (6.82b)
on ot
where M. is the bending moment in the direction n normal to the boundary and
¢t denotes the tangential to the boundary direction.

Note that for a curvilinear boundary it is [10]

w  J*w ow
o o2 “on (6:83)

where x = r(s) is the curvature of the boundary. When the boundary of the simply
supported plate consists of rectilinear segments, apparently it is

0w .

ow _ ~ 0

k=0, w=0, —=0, 5
Js Js

In this case, Eq. (6.83) results in
o _
ot

while Eq. (6.82b) reduces to

O*w

on? 0

Consequently, on the basis of the above two equations, the deflection should satisfy
the following equation on the boundary of the plate

2 2 2 2
0w o _dw dw_ o ) (684)

Viw . — = —
In®  ot* 9z 9y

For points inside the domain 2, Egs. (6.81) give

M:+ M, =-D(1+v)Vw
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So, by setting

MMt My
i+v

DV (6.85)
we can write Eq. (6.80) as
v? (—DV2w> =—f

which by virtue of Eq. (6.85) may be split into the following two potential equa-
tions

VM = —f (6.86)
Viw = —% (6.87)

Equation (6.84) yields M = 0 on the boundary of the plate. Therefore, the solution
of Eq. (6.80) for a simply supported plate with a polygonal boundary can be ob-
tained from the following two Dirichlet problems:

VM =—f in§Q
(6.88)
M=0 on I’

and

Vi = -M in €2
D (6.89)

w = () on I’

The solution of the plate equation by separating it into two potential equations is
attributed to Marcus [11]. Its use is limited, because it can treat only simply sup-
ported plates with a polygonal boundary. For the extension of the method to plates
with a curvilinear boundary under any type of boundary conditions, the reader is
referred to the work of Paris and De Leon [12] or Katsikadelis [13]. Nevertheless,
the solution of the general plate problem can be obtained by the BEM according to
the procedure developed for the biharmonic operator [13].

The solution of Egs. (6.88) and (6.89) using the BEM requires the evaluation of the
domain integrals

fQ vfdQ  and j;)'uMdQ

where v is the fundamental solution of the Laplace equation. The function f is
known and as a result the first of the above integrals can be evaluated using any of
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the methods presented in Section (3.5). The function M , however, is not given by
an analytical expression, but by its numerical values at any desired points, which
can be used to convert it into a boundary line integral employing the Dual Recip-
rocity Method (DRM) [14] (see also Section 4.5).

6.5 Heat transfer problems

The heat transfer equation is derived from the energy conservation principle, and
its general form is given as [15]

—v.qxn+f@¢y:%59 (6.90)

where x(z,y,2) € Q2 and
t: time
q: heat flux
f: rate of internal heat generation due to heat sources
p : material density
u : specific internal energy
£2: domain occupied by the body

For two-dimensional problems, the heat may flow in any direction of the zy -
plane. This flow is described by the flux vector q, whose direction is that of the
heat flow and its magnitude expresses the heat passing per unit time through the
unit surface normal to the direction of the heat flow.

According to the generalized Fourier’s law, the thermal flux density depends line-
arly on the gradient of the temperature field. Namely, denoting by T = T(x,y,t)
the temperature, the flux is expressed as

or ko 9L 41, 9T
qr Ker k.ry oz 0-/1" ():(/
q:lqy’:_ kyz; kyy - (691)
or| |, T, or
Jy Oz Oy
or
q=-D-VT (6.92)

The matrix
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kzz kzy

D=
kye  kyy

(6.93)

provides information about the heat transfer in any direction and it is referred to as
the conductivity matrix. It is the constitutive matrix for the heat transfer problem.
For non-homogeneous materials, the constitutive matrix depends on the position of
point x(z,y), that is D = D(z,y). The determinant of the matrix D does not van-
ish, i.e.

|D|=0 (6.94)
In general D is not a symmetric matrix. However, for the simplicity of the expres-
sions it is assumed here to be symmetric, thus &z, = Ky .

If the material is orthotropic, it will be Az = kyr = 0 and the matrix D can be
simplified taking the form

I
D= 0 ku (6.95)
Moreover, for an isotropic material it is k= = Ay, = & and consequently we may
write
10
D=k 01 (6.96)

The negative sign in Eq. (6.92) is due to the fact the heat flows from higher to
lower temperature regions, while the gradient VT is directed towards regions of
higher temperature.

It is known from thermodynamics that the internal energy depends linearly on the
temperature

w = cT(x,t) (6.97)

where ¢ 1s the specific heat.

Taking into account Egs. (6.92) and (6.97), Eq. (6.90) becomes

v.0.-v1)+ s = 2Lp) (6.98)
ot
If the material properties, i.e. heat conductivity, specific heat and density, do not
depend on the temperature, the differential equation (6.98) becomes linear.

In steady-state heat transfer, that is when the thermal equilibrium has been reached,
the temperature distribution within the body does not depend anymore on time and
Eq. (6.98) simplifies to
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V-D-VT)+ f=0 (6.99)

Further, when the conductivity matrix is constant, that is it does not depend on
point x , the material is thermally homogeneous and Eq. (6.99) takes the form
T o’T T

koo = + 2k y
dz? Yooy | 0y

L 4f=0 (6.100)

To solve the heat transfer problem, Eq. (6.100) needs to be solved subject to ap-
propriate prescribed boundary conditions. These boundary conditions can be of the
following three types [16, 17]

T=T onT, h
(In'——q_n on FQ

? (6.101)
qn = -h()(T e 7’(:) on Fl}

(ur,uly =r) )

where ¢» = q-n denotes the projection of the heat flux vector on the normatl to
the boundary, h. represents the heat transfer coefficient and 7. the ambient
temperature outside the body. The first boundary condition is a Dirichlet condition
or otherwise known as an essential condition. The second is a Neumann condition
or otherwise known as a natural condition. The third condition, otherwise known
as a Robin condition, is a linear relationship between the flux and the temperature
on the boundary. It is particularly important in heat transfer applications, as it
represents the convection condition.

If the material is orthotropic, £~ = 0, Eq. (6.100) becomes

d T 0 T
Finally, if the material is isotropic, i.e. kw = ky, = k, Eq. (6.100) and the bound-
ary conditions become

kVT 4+ f=0 (6.103)

T=T on I, (6.104a)

19T _ G on I (6.104b)
an

_£9T —~ho(T —Ta) on Ty (6.104c)

on
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As it was previously mentioned, the first two boundary conditions are typical
Dirichlet and Neumann boundary conditions, respectively, while the third one has
the form of Eq. (3.6b), namely

aT+82L (6.105)
on

where o« = ho, § = —k and v = hT.

For a numerical solution of the problem with BEM, the third boundary condition,
Eq. (6.104c), is treated as follows. Equation (6.105) is applied to all nodal points
on part I'; of the boundary, which yields

(@{T} + BT} = {~} (6.106)
where
1
1
[ =ho[l], [B]=—k{I], {Y}=heTu{: (6.107)
1
1

in which [/] is the unit matrix of dimensions N x N, where N; is the number of
nodal pointson I';.

It is apparent that all the types of boundary conditions can be written in the form of
Eq. (6.106) by specifying appropriately the coefficients «, 3 and v, e.g. for the

Dirichlet condition it is a =1, 3 =0, v=T. Thus, Eq. (6.106) along with
Eq. (4.7), which for © = T becomes

[H{T} = [GUT"} (6.108)

can be combined into a single equation forming a system of 2N linear algebraic
equations, which allow the determination of the unknown boundary quantities.

Example 6.4

We consider the circular insulated metal heating duct of Fig. 6.9, in which a liquid
of temperature 300°C flows. We have to determine the temperature distribution
inside the insulation, when the outside temperature is —15°C. The thermal con-
ductivity & is constant.

The problem can be solved using the BEM for domains with multiple boundaries
(see Section 4.7). For the problem at hand, however, we can take advantage of the
symmetry of the domain with respect to both the z and y axes and restrict the
solution to the ABCDE quadrant (Fig. 6.10). The symmetry implies zero flux in
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the directions normal to the cuts AB and ED . All the boundary conditions related
to the reduced domain are shown in Fig. 6.10.

Insulation

Figure 6.9 Insulated circular heating duct. Temperature inside
T = 300°C, outside 7" = —15°C.

>-
-

Figure 6.10 Quadrant ABCDE and boundary
conditions (T, = 0T /0n).
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Table 6.4 Computed values of the temperature 7' and its derivatives
0T/0z and OT/On for various values of N .

. Number of boundary elements, N
Point
2 | 4 | o | o | o2 | 42
T

1| 33973 | 34299 | 34.278 | 34.269 | 34.266 | 34.263
oT/dx

I | -656.78 | -660.77 | —661.20 | -661.10 | —661.07 | -661.03
oT/on

2 | 3063.9 | 3102.6 | 3116.1 | 31237 | 31254 | 31268

0‘25 - —1 1 1 A
e T
0.204—— ~ T T e e -
0154 T T I . -
[
0.104 = TR -
i
0.05- -
0.00
0.00 0.25

Figure 6.11 Temperature contours in the quadrant ABCDE .
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The computed values of the temperature T and its derivative 9 T/9z at the inter-
nal point 1 (0.175,0.175), and of the normal derivative 3T /0n at the boundary
point 2 (0.1v/2/2,0.1v/2/2) are given in Table 6.4 for various values of the number
of constant boundary elements (nodal points) N . Finally, the contour plots of the
temperature distribution in the insulation are depicted in Fig. 6.11.

6.6 Fluid flow problems

An ideal or perfect fluid is one that has zero viscosity and is incempressible. A
good approximation to the solution of the inviscid (nonviscous) fluid flow problem
is achieved by satisfying only the continuity equation, which for a two dimensional
flow is written as [18]

v-(pv)+%§+f=0 +(6.109)

where p is the density of the fluid, v(v.,v,) the velocity of the fluid at point (z,y)
and f = f(=,y) the distribution of a possible internal source. When the density is
constant (incompressible fluid) Eq. (6.109) becomes

Vvt f/p=0 (6.110)

Figure 6.12 Two-dimensional fluid flow.

Consider the two-dimensional fluid flow of Fig. 6.12. If the flow is irrotational, the
vorticity is zero and the velocity satisfies the equation”

va:[%—%]kzo (6.111)
dzx Oy

or, consequently
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9vy, _ Ov:
oz Oy

=0

Therefore, a potential function ¢ exists, which produces the velocity field as

6 . 8¢ .
_ve-90;,9¢ 6.112
v ¢ 50 | 8yJ ( )

and the velocity components are

_9 g, =92 (6.113)

Vs =
Oz Jy

Obviously, Eq. (6.111) is satisfied identically and Eq. (6.110) is written as
V-Vé+f/p=0 (6.114)
or
Vi + flp=0 (6.115)

The solution of the differential equation (6.115) under boundary conditions which
will be presented next, allows the determination of the potential ¢ . Thereafter, the
velocity components are obtained from Eqs. (6.113).

The boundary conditions on the velocity potential may be derived from physical
considerations. For this purpose, we consider the irrotational and inviscid flow
inside a part of a pipe, as shown in Fig. 6.12.

As there is no penetration through the rigid walls ADB and DC of the pipe, the
normal component v, of the velocity 1s zero,

vy = d—(b = (6.116)

on

Along cross-section AD (inlet) the distribution of v» may be given, namely

'Un:i(é:r)n (61]7)
on

while at the cross-section BC (outlet) the conditions are:

(i) The velocity component v» may be prescribed, but its distribution should sat-
isfy along with Eqs. (6.116) and (6.117) the mass conservation principle in the
given domain, namely

frvnds:—fADvndswaBCvnds=—fﬂfdQ (6.118)
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(ii) The condition of tranquility of flow (fully developed laminar flow) may be
imposed, provided that the cross-section BC' is placed sufficiently far from
regions of intense variation in the velocity field. This condition is expressed
mathematically as

%ﬂﬂzo

= — 6.119
on  On’ ( )

The latter condition was not included in those of Chapter 3 and thus, it requires
special treatment.

If section BC' is placed away from regions of intense variation of the velocity, as
for the laminar flow of case (ii), and its shape is such that the velocity is every-
where normal to it (e.g. straight line), the tangential component of the velocity
vanishes. Therefore, it is

:@z()
Js

Uy

which implies
¢ =0C (6.120)

where C is an arbitrary constant. This condition permits the establishment of the
velocity potential ¢ to the approximation of an arbitrary constant. This, however,
does not influence the velocity field, which is determined from Eqgs. (6.113).

Apart from the boundary condition (6.119), program LABECON can be utilized to
solve fluid flow problems, if it is supplemented by a subroutine that evaluates the
derivatives of the potential at internal points according to Egs. (4.15) and (4.16).
The modified LABECON is given the name FLUIDCON. The listing of the main
program as well as the subroutines DERIV, which computes the derivatives at the
internal points, and OUTPUT, which prints the results, are given below.

Czozzzszzcssssco*s=s-2cc-=-=ZCa=I-SIITTSCS=SSSC=ECETCTCRCEACESRSITETBIATIIERII
C
PROGRAM FLUIDCON

(o4
C
C This program solves the two dimensional Laplace equation
C for two-dimensional irrotational inviscid flow of (FLUID)s
C using the boundary - element method with (CON)stant
C boundary elements
(o4
c
IMPLICIT REAL*8 (A-H,0-2)
CHARACTER*15 INPUTFILE,OUTPUTFILE
c
C Set the maximum dimensions
C

PARAMETER (N=240)
PARAMETER (IN=50)
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o]
C
C

naa

nna naa naan aQanna nan nnn nan ana naao

nona

o]

N= Number of boundary elements equal to number of boundary
nodes
IN= Number of internal points where the function u is calculated

DIMENSION INDEX (N)

DIMENSION XL (N+1),YL(N+1),XM(N),YM(N),G(N,N) H(N,N)
DIMENSION UB(N),A(N,N),UNB(N), XIN(IN), YIN(IN), UIN(IN)
DIMENSION UXIN (IN),UYIN(IN)

Read the names and open the input and output files

WRITE (*,'(A)')*' Name of the INPUTFILE (max.l5 characters)'
READ (*,'(A)') INPUTFILE
WRITE (*,'(A)')' Name of the OUTPUTFILE (max.l5 characters)'

READ (*,'(A)') OUTPUTFILE
OPEN (UNIT=1, FILE=INPUTFILE)
OPEN (UNIT=2, FILE=OUTPUTFILE)
Read date from INPUTFILE
CALL INPUT (XL, YL,XIN,YIN, INDEX,UB,N, IN)
Compute the G matrix
CALL GMATR (XL,YL,XM,YM,G,N)
Compute the H matrix
CALL HMATR (XL,YL,XM,YM,H,N)
Form the system of equations AXaB
CALL ABMATR (G,H,A,UNB,UB, INDEX,N)
Solve the system of equations
CALL SOLVEQ(A,UNB, N, LSING)
Form the vectors U and UN of all the boundary values
CALL REORDER (UB,UNB, INDEX,N)
Compute the values of U at the internal points
CALL UINTER (XL, YL,XIN,YIN,UB,UNB,UIN,N, IN)
Compute the values of Ux and Uy at the internal points
CALL DERIV(XL,YL,XIN,YIN,UB, UNB, UXIN,UYIN,N, IN)
Print the results in the OUTPUTFILE
CALL OUTPUT (XM, YM,UB, UNB, XIN, YIN, UIN, UXIN,UYIN, N, IN)
Close input and output files
CLOSE (1)
CLOSE (2)

STOP
END

Croxr===mzs=z=azrc=-====T==x=T=sS=C = STS====CrITE-I=SS=IaISTISSSSIXITR

o]

c

SUBROUTINE DERIV (XL, YL,XIN, YIN, UB, UNB,UXIN, UYIN,N, IN)
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C

C This subroutine computes the values of the derivatives

C Ux and Uy at the internal points

Cc

naoaonaonoaoanaoan

IMPLICIT REAL*8 (A-H,0-2)
DIMENSION XL (N+1),YL{(N+1),UB(N), UNB (N)
DIMENSION XIN(IN),YIN(IN),UXIN(IN),UYIN(IN)
DIMENSION XC(4),YC(4),XI(4),WG(4)
N =Number of boundary elements
XL, YL =Coordinates of the extreme points of the
boundary elements
XIN,YIN =Coordinates of the internal points
UB, UNB =Boundary values of U and Un
UXIN,UYIN=Derivatives Ux and Uy at the internal points

WG =Weights of the Gauss integration
XI =Coordinates of the Gauss integration points
in the interval [-1,1]
XC,¥cC =Global coordinates of the Gauss integration points

DATA XI/-0.86113631,-0.33998104,0.33998104,0.86113631/
DATA WG/0.34785485,0.65214515,0.65214515,0.34785485/
PI=ACOS(-1.)
XL (N+1)=XL{(1)
YL(N+1)=YL(1)
PI=ACOS(-1.)
DO 20 I=1,IN
UXIN(I)=0.
UYIN(I)=0.
DO 10 J=1,N
AX= (XL (J+1) -XL({J}) /2.
AY= (YL (J+1) -YL(J)) /2.
BX= (XL (J+1) +XL(J)) /2.
BY= (YL (J+1) +YL(J)) /2.
SL=SQRT (AX**2+AY**2)
ANGLE=ATAN2 (AY,AX)-PI/2.
ENX=COS (ANGLE)
ENY=SIN (ANGLE)
GX=0.
GY=0.
HX=0.
HY=0.
DO 40 K=1,4
XC (K) =AX*XI (K) +BX
YC(K) =AY*XI (K) +BY
DX=XC(K) -XIN(I)
DY=YC(K) -YIN(I)
R=SQRT (DX**2+DY**2)
RX=-DX/R
RY=-DY/R
RN=- (RX*ENX+RY*ENY)
RT=- (-RX*ENY+RY*ENX)
UX=RX/ (2.*PI*R)
UY=RY/ (2.*PI*R)
UNX=- (RX*RN-RY#*RT) / (2. *PI*R#**2)
UNY=- (RX*RT+RY*RN) / (2. *PX*R**2)
GX=GX+UX*WG (K) *SL
GY=GY+UY*WG (K) *SL
HX=HX+UNX*WG (K) *SL
HY=HY +UNY*WG (K) *SL
40 CONTINUE
UXIN(I)=UXIN(I)+HX*UB(J)-GX*UNB (J)
UYIN(I)=UYIN(I)+HY*UB(J)-GY*UNB(J)
10 CONTINUE
20 CONTINUE
RETURN
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END
c
Cxrzasr=rrozrzcESSrICsSCEE S FSCrINTSSES 3 SIS C AT ESSS SRR SITATAISINIES
c
SUBROUTINE OUTPUT (XM, YM, UB, UNB, XIN, YIN, UIN, UXIN, UYIN,N, IN)
(o4
Cc
C This subroutine prints the results in the outputfile
c
IMPLICIT REAL*8 (A-H,0-2)
DIMENSION XM(N),YM(N), UB(N), UNB(N)
DIMENSION XIN(IN),YIN(IN),UIN(IN),UXIN(IN),K UYIN(IN)
c
WRITE(2,100)
100 FORMAT('',79('*')//1X, 'RESULTS'//2X, 'BOUNDARY NODES'//
1 11x,'X',15X,'Y',15X, 'U',15X, 'Un"/)
c

DO 10 I=1,N
10 WRITE(2,200) XM(I),YM(I),UB(I),UNB(I)
200 FORMAT (4(2X,E14.5))

WRITE (2,300)

300 FORMAT(//,2X,'INTERNAL POINTS'//10X,'X',615X,'Y', 14X,
1 'U', 14X, 'UX',16X,'UY"'/)
DO 20 K=1,IN

20 WRITE(2,400) XIN(K),YIN(K),UIN(K),UXIN(K),6 UYIN(K)
400 FORMAT(5(2X,E14.5))
WRITE(2,500)
500 FORMAT (' ',79('*'"))}
RETURN
END
c

Cercssaxass RS xS IS SSSRSEOrrCCSS ST EX I I SIS CRR AN IRATACITSRBARNEE

Example 6.5

Consider the steady laminar flow of an incompressible and nonviscous fluid
through the tube of Fig. 6.13. Determine the velocity potential and the velocity
field in the tube. The shape of the curvilinear segments are determined by the
equations:

Segment BC:  y =2z’ —32° ~1
Segment B'C’: y=—-2z"+3z" +1

The assumed boundary conditions are:

at the inlet cross-section AA’: % =uvn =~1
on
at the outlet cross-section DD’ : ¢=0
<. 18017 allalil 6¢
at the rigid walls ABCD and A'B'C'D": L =v.=0
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Figure 6.13 The tube segment of Example 6.5.

The problem is solved using the program FLUIDCON. The boundary is divided
into constant boundary elements in the following way: N1 elements on each of the
segments OA and ADB; 2+ NI elements on each of the segments BC , CD and
DO’ . The same discretization is employed for the corresponding symmetric seg-
ments above the « —axis. Thus, the total number of elements is N=16 % N1.

Figure 6.14 depicts the distribution of the normal velocity component v, at the
outlet cross-section DD’ for various values of N . We notice that the flow be-
comes sufficiently smooth at this cross-section, since it reaches the anticipated
mean value v, = 0.5, which is half of the velocity at the inlet cross-section AA’.
Moreover, the distributions of the velocity components v and v, at characteristic
cross-sections of the tube are shown in Figs. 6.15 and 6.16, while the contour plots
of the potential are shown in Fig. 6.17

6.7 Conclusions

In this chapter, we studied a variety of important engineering problems, which are
formulated as boundary value problems for the Laplace or Poisson equation. Other
problems described by these equations are, for example, the fluid flow through po-
rous media (Darcy’s law), diffusion of ions (Fick’s law), electric potential in a
body (Ohm’s law), etc. For all these problems, the flux q is expressed by a law
quite analogous to that of Fourier (see Section 6.5). Of course, the field function u
and the constitutive matrix D have a different physical meaning in each problem.
Table 6.5 presents some of the problems mentioned above by giving the physical
meaning of the involved quantities.
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Figure 6.14 Distribution of the normal velocity component v. at the outlet

cross-section for various values of N .
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Figure 6.15 Distribution of the velocity component v: at characteristic

cross-sections of the tube.
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Figure 6.16 Distribution of the velocity component v, at characteristic
cross-sections of the tube.
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Figure 6.17 Contour plots of the velocity potential ¢ .
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A general conclusion that can be drawn from the numerical examples presented in
this chapter, is that the BEM with constant elements provides a very good numeri-
cal solution for problems described by the Laplace or the Poisson equation. The
obtained accuracy is very good. (see Examples 6.1, 6.2, 6.3). Moreover, the prepa-
ration of the data is very simple, since the discretization is limited only to the

boundary.
Table 6.5 Examples of physical problems described by the Laplace or
Poisson equation.
Differential Physical . . Constitutive
. Physical quantities .
equation problem relations
V. (Ve)=0 Saint-Venant | ¢ = ¢(r,y) = warping function | Hooke
torsion of Th Vi
elastic bars [ } = [D][ i
Ty: Yux
D=a"'
V-(SVu)+ f=0 Small v = u(x,y) = deflection surface | D = S1
deflections of [ = f(x,y) = transverse load I = unit matrix
membranes )
S = constant tension force per
unit length
V- (D-VT)+ f =0 Heat flow T = T(x,y) = temperature Fourier
D = constitutive matrix for q=-D.VT
thermal conductivity q = heat flux
f = f(a,y) = internal heat vector
source density
V- (Vo)+ [=0 Irrotational, ¢ = ¢(x,y) = potential function | v = V¢
incompressible of the veloci[y v = VC]OCily
and inviscid field
fluid flow . Ih densi There is no
f = internal heat source density constitutive law
V(D -V&)+ f =0 [Fluid flow f = internal heat source density |Darcy
throv._xgh porous| 4 piezometric head qg=-D V¢
media o )
D = constitutive matrix for q = volume flux
permeability coefficients vector
V(D -VV)+ f =0 |Electric V' = potential Ohm
potqntlal mn D = constitutive matrix for q=-D-VV
bodies electric conductivit :
y q = electric charge
f = internal source density of flux vector
electric charge
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6.8 References

There is a voluminous literature on the topics of this chapter. Therefore, we can
only make reference to some well-known and commonly used books. The Saint-
Venant torsion problem of non-circular prismatic bars is clearly treated in the
books of Timoshenko and Goodier [1] and Muskhelishvili [2]. The reader, how-
ever, may supplement his knowledge on this subject by studying the books of
Kollbrunner and Basler [3], Friemann [4] and Novozhilov [7]. For heat flow prob-
lems the interested reader is referred to the books of Carslaw and Jaeger [16] and
Uzisik [17]. Finally, we mention the book of Hirsch for fluid flow problems [18].
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Problems

6.1,

6.2.

6.3.

Compute the non-dimensioanalized torsional constant I,/h"* and distribution
of stress 7./ GOh on the boundary of a bar having the cross-sections shown
below ( p = Ii/4). Also, compare the obtained results to those of analytical or
approximate solutions [19].

Figure P6.1

Determine the deflection surface of a rectangular membrane (0 <z <a,
0 < y < b), which is subjected to hydrostatic pressure f = goz/a. It is given
a=300m,b=200m, g = lkN/m2 , §$=10kN/m.

Solve the problem of Example 6.4 using the whole domain of Fig. 6.9 (two
boundaries) instead of using just the upper-right quadrant of Fig. 6.10 (one
boundary).
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6.4. Determine the temperature distribution in the cross-section of the T-beam in-
sulated as shown in Fig. P6.4.

7 7 ‘

T =10

< 30 a3 a3 -»

Figure P6.4

6.5. Solve the torsion problem for the composite bar of Fig. P6.5, if G, = 2G|,
where (7, and G, are the shear moduli in the subregions 2, and €,, respec-
tively. Compare the results with those of a homogeneous bar having the same
dimensions and G = 1.5G, .

Qi £22 I.-I'_)I_I

Figure P6.5
6.6. Solve the torsion problem for a bar consisting of an orthotropic material with
Gy = 2G.: and having square cross-section of side o = 0.20.

6.7. Determine the velocity distribution at the outlet cross-section of the tube in
Fig. P6.7, if the constant velocity at the inlet cross-section is vn = —1.
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Chapter 7

The BEM for Two-Dimensional
Elastostatic Problems

7.1 Introduction

This chapter presents the BEM for the solution of linear elastostatic problems in
two dimensions. The development of the BEM for the plane elastostatic problems
is analogous to that for the plane potential problems discussed in previous chapters.
There is, however, an essential difference. Here the problem is formulated in terms
of two basic unknowns which are the two displacement components. Therefore, the
resulting boundary integral equations are two and coupled, in contrast to the
potential problems for which only one integral equation has to be solved. The
consequence of this is that the establishment of the fundamental solution as well as
its form i1s much more complicated. Both problems of plane elasticity, namely the
plane strain and the plane stress, will be studied in this chapter. Applications will
be presented to demonstrate the efficiency and the usefulness of the BEM for
solving engincering problems.

7.2 Equations of plane elasticity

7.2.1 Plane strain

Plane strain in linear elasticity is considered the case for which:

(a) One of the three displacement components, say w along the z-—axis, is con-
stant.

(b) The other two displacements, « and v along the z - and y-—axes, respec-
tively, are functions only of the two variables, = and y.

This state of deformation appears in infinitely long (practically very long) pris-
matic or cylindrical bodies, whose axis coincides with the z-axis, and the loading
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is normal to this axis and independent of the z wvariable (Fig.7.1). Another
example of plane strain is the deformation that occurs in a plane through the axis of
a circular cylinder (diametric plane) when the loading is axisymmetric and does not
vary in the axial direction.

Figure 7.1 Cross-section of a long dam under plane strain.
7.2.1.1 Kinematic relations
The previously mentioned conditions are stated mathematically as
w=0C, w=ulzy), v=uvy) (7.1
where C' is an arbitrary constant.
Thus, the components of the strain tensor are {1, 2]
du \
Er = —
Ox
ov
&y = 0_
1
Y > (7.2)
Yry = @ + @
Jdy Oz

€ = 0, Yz = 0, Yy: = 0 )
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7.2.1.2 Constitutive relations

Assuming linearly elastic and isotropic material, the constitutive relations for plane
strain are

Oz :)\(51 +Ey)+2lu.fz \

Oy = /\(Ex + Ey) + Q/J,Ey
g: = /\(51 + Ey)
F (1.3)
Tzy = [ zy
Tee = 0
Ty: = 0 )

where A and p are the Lamé constants, which are related to the elastic constants

E, G and » through the following expressions

S N W (7.4)
21 + ) (1+ )1 -20)

=G

We readily conclude by combining Egs. (7.2) and (7.3) that the non-vanishing
components of the stress tensor are functions only of the variables 2z and y.

Equations (7.3) can be solved for the strain components, yielding

Er = %[m —v(oy + o:)] (7.52)

gy = %[(ry —1(or + 0:)] (7.5b)

g, — ]/(0’, + O’,,) =0 (7.5¢)
1

Yy = Eny (7.5d)

Yz = 0 (756)

Equation (7.5¢) gives

o: = V(oz + 0y)
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Substituting this expression for o. into Eqs. (7.5a) and (7.5b), we obtain the
following two equations for the normal strains

1-° ( v )
Er = Oz — Ty
E 1-v
6“1_1/2(0'—— v U)
! E Tl !
Setting
=Y and B=—2_ (7.6)
1—v 1—w
we find that
p=G-=—"L __E and A= ”E2 (7.7)
21 +v) 20+7) 1-7
and the strain components may then be written as
1 _
€r = F(m — voy) (7.8a)
1 —
&y = 7_:((7‘:/ - 1/0'1') (78b)
20+ 17
Yry — —('_—])T.r;/ (780)

S
12
“

The elastic constants /5 and 7 are referred to as effective elastic constants. As we
will see later, the effective elastic constants allow to use equations of the same
form for both plane strain and plane stress problems.

Equations (7.8) arc combined in a matrix equation as
{e}t = [SH{o} (7.9)

where {¢} and {o} are referred to as the strain and stress vectors, respectively,
and are defined as

Er
{e} =1 &y (7.10)
Yy

and
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{o} =10y

Tay

(7.11)

The matrix [S] is known as the compliance or flexibility matrix and has the form

1 -5 0
Sjl=% |-# 1 0
E
0 0 2+7)

Solving Eq. (7.9) for the stress vector {o}, we obtain

{o} =[Cl{e}

where

The matrix [C'] is known as the stiffness matrix.

The component form of Eq. (7.13) is

7] 3
E (Er ‘+‘l7€y)

Or =
—2
1-v

E _
Ty :—‘:2—(5]/‘+‘VEJ) >
1-w

3
v

T r; :——711
! 201+ 1) ' y,

7.2.1.3  Equilibrium equations

The equilibrium equations for a three-dimensional body are [2]

9o ﬁ+%+b,:()
Ox Oy 0z

de ﬂ+gly_z+by:0
Oz Jy 0z

(7.12)

(7.13)

(7.14)

(7.15)

(7.162)

(7.16b)
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Ore 4 O L 09: 1y g (7.16¢)
oz ay 0z

where b., b, and b. are the components of the body force per unit volume. For the
plane problem, it is

be = bez,y), by =by(z,y), b: =0 (7.17)

Taking into account that the stress components are independent of z and using
Eqs. (7.3), we readily conclude that the third of Egs. (7.16) is identically satisfied,
while the first two become

Ox Jy

(7.18)
Oz +_8ﬂ+by =0
Oz Oy

Substituting Egs. (7.15) into Eqs. (7.18) and using Egs. (7.2), we derive the equilib-
rium equations in terms of the displacement components as

Vi +

1+ 17[ d*u 0%

1 _5—2 ()() ]+lbj:()
— € ToY

in Q (7.19)

+‘1‘by =0
G

Vi +

1+ 17[ 0*u 4 ﬂ]
1—7\oz0y Oy

or substituting 77 from Eq. (7.6), we obtain the governing equations for the plane
strain problem in the form

Vi + ! Qzﬂ+ 0% ] lbf:()
1-2vl92®  020y) G
in 0 (7.20)
a2, 2,
Vi 4 1 [ O u +-@}-]+lb —0
1—20 020y 0y2) G

Equations (7.20) are known as the Navier equations of equilibrium for the plane
elastostatic problem of a body occupying the two-dimensional domain €.

7.2.1.4 Boundary conditions

The solution of Egs. (7.19) must satisfy prescribed boundary conditions on the
boundary T' of the body, which are based either on the displacements v and v, or
on the boundary tractions ¢ and ¢,. The boundary conditions can be classified
into the following four types:
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(i w=u wv=v on [, )
G) w=u, t, =t on I,
? (7.21)
(i) tr=&, wv=v on [y
(ivy =t t,=t onTl, )

where ' =T, UT'y U3 UT',. The prescribed quantities are designated by an
over-bar. Of course, any of the boundary parts T';, 'y, I3, Iy may be identical to
the whole boundary I', that is the boundary conditions may be only of one type.
The boundary conditions are mixed, if different boundary conditions are prescribed
over two or more parts of the boundary. Attention should be paid when 'y =T". In
this case, the boundary tractions ¢ and % can not be prescribed arbitrarily, but
they must ensure the overall equilibrium of the body, namely

[ bed+ [ teds=0

fod+ [ tids=o0

j;l(xby —yb:)dQ + fl‘(:lrt_,, —yt)ds =0

For this type of boundary conditions, the solution of the Navier equations is not
uniquely determined as it contains an arbitrary rigid body motion. An example of
boundary conditions for an infinitely long body of rectangular cross-section is
shown in Fig. 7.2.

hhh

Figure 7.2 Support and loading conditions on the boundary
of a rectangular domain.
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The relations between the boundary tractions {:, ¢, and the stress components o,
oy and Tz may be derived from the equilibrium of an infinitesimal body element
on the boundary (Cauchy tetrahedron [2]). In two dimensions these relations are

tr = 0z Nz +Txy7ly
(7.22)

ly = Toy Nz + Oy Ny

where n; and ny are the direction cosines of the unit vector normal to the bound-
ary. If the stress components in Eqs. (7.22) are replaced by the expressions of
Egs. (7.3) and then the kinematic relations (7.2) are employed, we arrive at the
following displacement-based expressions for the boundary tractions

tx:/\{@—F@—)]nz+;L(@m+@ny)+p(—9—u

dzr Oy Or oz on
(7.23)

ty:A[@‘*“@]'ny+/L[@7LI+@7Ly]+lL@'

dr  dy Ay Ay on

7.2.1.5 Initial stresses and strains

In many problems initial state of stress or strain may be present, which are due to
temperature variations or other causes. For instance, we consider an initial state of
strain, whose components are denoted by

{eo} =1 & (7.24)

Denoting by {s,} the total strain, the elastic strain {.} is obtained by subtracting
the initial strain from the total one, i.e.

{ec} ={e} —{en} (7.25)
By means of Eq. (7.13), we obtain

{oc} =[Cl{e} = [Cl({er} — {e})
or

{oc} =[CH{e} = [CHen} = {01} — {ov} (7.26)

where the stresses {0y} = [C]{g} are the initial stresses.

When the initial strain is due to a temperature variation, it is
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1
(e} =a AT {1 (7.27)
0

where « is the coefficient of thermal dilatation and AT the temperature change.
The resulting initial stresses are

- 1
{o0} = [CHeo} = EI%IAJ 1 (7.28)
0

7.2.2 Plane stress

The theory of plane elasticity is applied to another problem of great practical sig-
nificance, to that of the analysis of thin plates subjected to in-plane loading. Such a
state of stress occurs in shear walls. We consider a thin elastic body, whose thick-
ness h is very small compared to the other two dimensions (Fig. 7.3).

Figure 7.3 Thin elastic body.

The loading is due to the body forces b., b, and the boundary tractions ¢, t;. The
tractions are usually assumed to be symmetrically distributed with respect to the
mid-plane of the body, although more often the variation along the thickness 4 is
considered to be constant. In this case the resulting state of stress is not independ-
ent of z, but, if the thickness & is very small, it is quite accurate to assume [2] that

Uz:O, Tr::(), Ty::O
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along the thickness & , whereas the remaining stress components do not depend on

the variable 2z, i.e.

Oz = UI(I,Z/), Oy = Uy(l',y), Tay = T-’U(Zay)

Thus, the constitutive equations become

N\

Er = (Uz_l/o'y)

by =

1
Ey :E(Uy_l/o'r) >

_A+wn)
E J

RE

(7.29)

and the equilibrium equations are reduced to two as in the case of plane strain,

90:  Otw _\ _
Oz dy

aTﬂ./ + (‘)’(7!/
Oz Jy

+by, =0

(7.30)

We notice that Egs. (7.29) and (7.30) are identical in form to Eqs. (7.8) and (7.18).
Therefore, all equations for plane stress can be obtained by the respective equations
of plane strain, if the effective elastic constants 7 and £ are replaced by the actual

ones  and E . Thus, we have:

Elastic constants

/L:G: E
201+ v)
* /E
A=
1-1°

where A" plays the role of the Lamé constant.

Constitutive equations
{e} =[Sl{}
{0} = [Cl{e}

(7.31a)

(7.31b)

(7.32)

(7.33)
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1 —v 0
s;=L |- 1 0
E
0 0 20+w)
1 v
FE v 1
Cl=
[ ] 1—12

1
5(1 —v)

Navier’s equations of equilibrium

V2u+1+"[8—2u 8%

2 E ]+lbr = O
Oz O0zdy G

1-v

Vi + +—=by =0

G

1+1/[ O*u Bzv] 1
dxdy  9y°

1—v

Boundary tractions

t: = )\‘[(—)ﬂ+ g—ﬁ}m + /L(@m +ﬂny)+ /t-(—)—ﬁ
dx Oy ( Or on

T

ty = /\'[QJFQ]?L!, + ;L[@n, +iliny]+ uﬂ
dx  Jy Jdy Oy an

Initial stresses due to temperature variation

1
E a AT

1—w

{ou} =

7.3 Betti’s reciprocal identity

(7.34)

(7.35)

(7.36)

(7.37)

(7.38)

The derivation of the integral representation of the solution for two-dimensional
elasticity problems requires the establishment of a reciprocal identity for Navier’s
operator, Eq. (7.19), similar to that of Green’s for the Laplace operator, Eq. (2.16).
Betti’s reciprocal identity plays this role. It can be readily derived from the known
Betti’s theorem for the reciprocity of works, which is valid for the linear theory of
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elasticity. For this purpose, we consider an elastic body occupying the volume V
of the three-dimensional space and bounded by the surface S . Moreover, we con-
sider two states of stress due to two different distributions of body forces and
boundary quantities (displacements and tractions). We designate the displacements,
body forces and tractions for the two states of stress as follows:

State I:
Uu bz te
u = Vi, b = by , t = ty (739)
w b, t:
State 11:
U br t
u ' =4{v" ¢, b =1bt, t =1t (7.40)
w' b: t:

According to Betti’s theorem, the work produced by the displacements of state (1)
and the forces of state (II) is equal to the work produced by the displacements of
state (11) and the forces of state (I). This may be expressed as

fvu-b (lV+fqu-t dS:fvu -b(iV+fSu -tdS (7.41)
or using Eqgs. (7.39) and (7.40)

f (ub} +vb) +wh: )dV + fs(u T+ vty +wtl )dS

v

= fv(u' br +v by + w" b )dV + fg(u' te + 0"ty +w* L )dS (7.42)

For the plane problem we distinguish the following two cases:

(a) Plain strain. We consider the part of the cylindrical body cut by the two
planes z and z 41, that is a slice of unit thickness. In this case, itis b. =},
b: = 0 inside the body, t. =0, t: =0 on the cylindrical surface and by
virtue of Eqs. (7.22) or (7.23) it is t. =t, =0, t- = t; =0 on the plane
sections. Moreover, taking into account that w = ¢, w" = ¢" on the plane
sections and, thus, the works produced on them are of equal magnitude but
opposite sign, Eq. (7.42) becomes
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j;)(ubi +vb;)dQ+fr(utI +vt§)ds

:fﬂ(u‘bx+v'by>dﬂ+fr(u* b+ vty )ds (7.43)

(b) Plane stress. We consider a thin plate of constant thickness 4 . In this case, it
is b. =0, b; = 0 inside the body and ¢t. = 0, ¢; = 0 on the whole surface
S and by virtue of Eqs. (7.37) it is t- =t, =0, tz =t;, =0 on the plane
sections. Hence, also Eq. (7.42) takes the form of Eq. (7.43) when applied to
this body.

Furthermore, if the body forces in Eq. (7.43) are replaced by their expressions from
Egs. (7.19), we obtain the reciprocal identity for the Navier operator

fn{[uNz(u‘,v*) + vNy(u‘,v‘)]— [u" N:(u,v)+v" Ny(u,v)}}dQ

=— uti 4 vty ) —(u bt + 0"ty )|ds (7.44)
Jil )= )

where the operators N:(.,.) and N,(.,.) are defined on the basis of Egs. (7.19) as:

— { 2, 32,
Nf(u’qj):*(;[vzu_kl'f"l/ [E)l_f_ () v ]

1-7 02 020y
(7.45)
—( a2 32
Ny(u,v) = =G !v% L AT d_t]]
1—-v\dzdy Oy

Equations (7.45) are valid for plane strain. We recall that for plane stress 7 should
be replaced by 1.

7.4 Fundamental solution

In order to derive the boundary integral equations pertaining to the plane elas-
tostatic problem, it is necessary to establish first the fundamental solution of the
Navier Eqgs. (7.19). From the physical point of view, the fundamental solution ex-
presses the displacements produced in an infinite plane body by a concentrated unit
body force. This solution is attributed to Kelvin and this is why it is known in the
literature as Kelvin's solution. 1t can be established using the procedure described
below.

Consider the concentrated force F(f;,F),), |F| =1, applied at point Q(§,7) of the
plane (see Fig. 7.4). It is apparent that the components F; and F;, of the force F
are the direction cosines of the unit vector representing this force. The density of
the body forces produced by the force F at a point P(z,y) can be represented
using the delta function. Thus, we have:
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Figure 7.4 Concentrated unit force F(F, F;)) applied at
point Q(£,n) of the plane.

b=6P-Q)F

or

b: = 6(P - Q) I
by =8P —-Q) F,
In this case, Egs. (7.19) are written as

Vi +

L lspoQ R =0

1+ﬁ[iu 0% )
G

=+
1-7\02*  Oz0y

Vi +

1+17[ O%u n 021;] 1
dxdy  Oy*

+—8P—-Q)F, =0
- S6(P-Q)F,

(7.46)

(7.47)

(7.48)

The fundamental solution for the Navier operator is a singular solution of
Egs. (7.48), which can be established by expressing the displacement components

in terms of the Galerkin functions. Thus, we set

26 = - 2 v%——a—[@#@]

+ v dz\0z Oy
2y = —2 v2¢)—i[a—¢+8—w]
1+7 oyl dz Jy

(7.49)
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where ¢ = ¢(z,y) and ¥ = i(z,y) are the Galerkin functions. They represent the
components of a vector, the so-called Galerkin vector [3].

Introducing Egs. (7.49) into the equilibrium equations (7.48), we arrive at
Vig=—(1+7)§P—Q) F
(7.50)
Vi =—-1+7)8P-Q) F,

where

4 2 2 4
Vi =g 400 0 0
Oz oz° dy° Oy
is the biharmonic operator.

Hence, Egs. (7.49) are a solution to Egs. (7.48), if the functions ¢ and ) represent
singular particular solutions of Egs. (7.50). These solutions can be established by
working as follows:

The first of Egs. (7.50) is written as

V20 = —(1+7)8(P~Q) F; (7.51)
where it was set

Vip = (7.52)

Equation (7.51) has the form of Eq. (3.8), Thus, a singular particular solution of
this equation is

1+7)
27

O =

(Cnr + B) F,

where 7 =|P — (| and B is an arbitrary constant. Consequently, Eq. (7.52) be-
comes

Vo= -7 e ipy 1, (7.53)

2m

Since the solution is independent of the polar angle at the source point (), one can
write for r = 0

—l—ii—(rﬁ) B Gt (fnr + B) F;
rdr\ dr 2w

Two consecutive integrations result in
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— 2
6=-SED) p | e s LB 1) 4 Ctnr 4D (7.54)
27 4 4

where C' and D are arbitrary constants. Since we are interested for a particular
solution, we can set B =1 and C' = D = 0 so that the solution has the simplest
form. Thus, we have

(1+7)

¢ = — F, r’enr (7.55)

Similarly, we obtain

(1+7)

F, r’énr (7.56)
87

1/}:._

Substitution of Egs. (7.55) and (7.56) into expressions (7.49) yields the fundamen-
tal solutton for the Navier equations. As we will see in the next section, the funda-
mental solution for (i) F; =1, F;, =0 and (ii) F; =0, F, =1 are required for
deriving the boundary integral equations. Therefore, the derivation of the expres-
sions for the fundamental solution is limited to these two cases.

() Fe=1, F, =0

We readily have

¢ = Jlxr ? nr \
s
P =20
Vi = -5 (pnr 4 1) > (7.57)
2
2 —
a—i)- = _1+7 <2€7L7'+27;§ +l)
Oz 87
p) —
0°p _ 1+ Orary
dzOy 8 J

In the previous expressions and in what it follows 7. and 7y express the deriva-
tives of the distance » with respect to = and y, respectively, and are given as (see
Appendix A)

-z n-y
re=-t% =070
T T
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which obviously satisfy the relation 72 + 75 = 1.

Equations (7.57) are substituted into expressions (7.49) to yield

1 _ o T—-T
Uy =———1B—-")lnr-1+0)rz +
¢ 871'6'( ) 1+7)
(7.58)
1
Uy = I+v)rr
w 871'(}'( ) !

where U, and U, represent the displacements u and v, respectively. The first
subscript denotes the direction of the displacement, whereas the second one the di-
rection of the unit force (see Fig. 7.5).

Following the same procedure as in case (i), we obtain

¢ =0 3\
1+
) = — r“ {nr
¥ 81
Vip = — 17 e 1) > (7.59)
27
0y = f] +v 2701y
dxdy 87
Oy 1+7

(2571,7'+27:§ + 1)

J

and substituting Eqs. (7.59) into the Egs. (7.49), we find

oy* B R

U.l'l[ - (1 + ﬁ) Trly
&r(}
(7.60)
Up = ——— |3 =) tnr — (1 + 7)12 + =T
(7

Employing indicial notation for the coordinates of points P and @, i.e. z,, =, and
&, &, respectively, Egs. (7.58) and (7.60) may be written as

Uj = —8—;5 Ci by tnr —Cyryr, + 6, C;;] (7.61)

where
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L . Point of application
Direction of the unit force of the unit force

L xé‘( ) Q )
o / . Point where the displacement
Direction of the displacement is considered

Figure 7.5 Component of the two-dimensional elasticity
fundamental solution.

7T—v

01:3—17, 02:1+17, C;;: 2

(7.62)

The constant 'y can be omitted, because, as it will be shown in Section 7.12, it
produces only rigid body displacements, which do not influence the stresses and
the strains.

Equation (7.61) may also be written in matrix form as

v Up U ul

[

E (/.r![
U_l/u

u(r,Q) = =\, (7.63)

us

The components of the fundamental solution represent the components of a two-
point second order tensor [3, 4] known as Green's tensor [5].

Since it is (see Appendix A)

= \/(:r — & (=0, te=-—re, Ty =-Ty

one can easily find out that the tensor defined above is symmetric with respect to
points P and (). This means that its components do not change, if the role of the
two points is interchanged. Namely, P becomes the point where the force is ap-
plied (source point) and () the point where the displacement is evaluated (field
point). Thus, it is

U(P,Q) = U(Q, P)

or

(7.64)

UI{ Ufr]
U!(J' U:/g/

U Up

UEJ UE'.'/ l
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This symmetry expresses the Betti-Maxwell law for the reciprocity of the displace-
ments.

7.5 Stresses due to a unit concentrated force

The expressions for the stress components due to the unit force can be evaluated
using Egs. (7.3). We distinguish again two cases:

(i =1 F =0
Org = XMN(User +Upey )+ 20Uz,
Oy = A (Ufﬁ.I + U.uﬁvy ) + 2 UyE,y (7.65)

Teye = M (Uff‘y + U.t/{,f )

Substituting Eqs. (7.58) into the above equations, yields

) N\
T = % (Az e + 27:ﬁ)
Oy = '—". (—Az e+ 21 7:;1, ) > (7.66)
r
Teye = A (rlz vy + 208 'r:y)
7 J
where
A =Ty, 21T (7.67)
4 1+
(ii) FE =0, F, =1
Ty = /\ (Uu].: + Uyu.y) + 2'U, Uu;,z
Oyy — A (UI!],I + Uyl,,y) + 2[1, Uyn,y (768)

Tryy = M (Uﬂ;,y + []yu,f)

Substituting Eqs. (7.60) into the above equations, results in
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A
Om =L (—Ayry +27i1y)
T

Oyn = A (Apry + 27‘.3) > (7.69)

r

A
Tzyn = = (Az rr + 27 7:12/)
T J

If indicial notation is employed for the coordinates, i.e. z,, z,, then Eqgs. (7.66)
and (7.69) are reduced to [6]

_A
Uljk -
r

A (8ury + 6y —byme )+ 2mmym] (Lak=12)  (7.70)

The subscript & = 1,2 pertains to the directions £ and 7 of the unit force, respec-
tively. It should be noted that oy, = 0, 09 =0y, 012 = Tay .
7.6 Boundary tractions due to a unit concentrated force

Expressions for the tractions on the boundary due to the concentrated force can be
derived using Eq. (7.22). We distinguish two cases:

() Fo=1,F =0
Tre = g s + Treny
Ty = Toye e + 0y my

or using Eqgs. (7.66)

Ty = A (A2 + 213 > T
»
(7.71)

T

Y

e = % (27;, Ty T+ Ay 1y )

Gi) F, =0, F, =1
T‘n/ = Oy Nr + Tryn Ny
Ty = Tryn Nx + Oy Ty

or using Eqgs. (7.69)
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Tarn = i(??ﬁzﬂy’?n _AQT:Q)
T
(7.72)
A
wm = _7‘—1 (A'z +27?§) Tn
where 7. = rzns + Tyny expresses the derivative of r in the direction of the
outward normal to the curve (boundary) passing through the point (z,y) and

7, = —reny + 7yn. the derivative along the tangent to this curve. The vectors n
and t define a right handed system of axes.

Using indicial notation Eqgs. (7.71) and (7.72) are reduced to [6]

T, = f:_—l [(A2 Ba +2mimy ) T + Ay (rime — rems )] (7.73)

(i,k =1,2)

7.7 Integral representation of the solution

The integral representation of the solution for the two-dimensional elastostatic
problem is derived from the reciprocal identity (7.43) by considering as state (II)
the state of stress produced by a unit body force at point ). The unit force is
applied first in the £ —direction and then in the 1) —direction.

@ Fe=1,F=0

For this case, the state (11) inside the domain €2 is defined as
by =8P -y, b =0
' =U,(P,Q), v =Ug(P,Q)

while on the boundary T itis
tr=T(pQ), i =Tep,Q)

where P Q and peT.

Introducing the above expressions into Eq. (7.43) and taking into account that
! P * - NA — —
jn wh? dS) == f” W(P)S(P — Q)dlp = w(Q)

we obtain the integral representation of the solution for the displacement in the z —
direction at points () inside the domain € in the following form
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w(@) = [ |Use(P,Q)b:(P) + Upe(PQ)bu(P) | d2p
+ [ [Une(p, Q) te(p) + Use(p, Q) ta(p) | s
[ | Tee(p. Q)u(p) + Toe(p, Q) u(p) |ds (7.74)

(i) F =0, F, =1

For this case, inside the domain it is

*

b =0, by = 6(P — Q)

'U,* = U$7](P3Q)7 /U* = Uyu(P,Q)
and on the boundary T’
t; = T;u/(p, Q) 9 t; = T.;/’I(pﬂ Q)

Introducing the above expressions into Eq. (7.43) and taking into account that
* — ; YN & -—
f“ub,, Q) = fn o(PYS(P — Q)dS2p = v(Q)
we find

wWQ) = ﬁ Z[U,,,(P,Q) be(P) + U (P, Q) b,(P)]dS2p
+ [ U0 Q) t:(p) + Unn(p. Q) 1u(p) sy

—fl‘[TTU(“ Q)u(p) + T(p, Q) v(p)]ds,, (7.75)

Equations (7.74) and (7.75) represent the integral representation of the solution to
plane elasticity Navier’s equations. We notice that the role of points P(z,y) and
Q(¢,n) in these equations has been interchanged due to reciprocity. Thus, point
Q(&,m) is now the field point and P(z,y) the source point. The vector n in the
expressions (7.71) and (7.72) of T,¢, Ty, T:y and Ty, is normal to the boundary
at the point p € I where the load is applied. For reasons of consistency, the initial
notation is restored. Hence, P € Q or p € I' will designate field points, while
Qe or ge T will designate source points, i.e. points where unit forces are
applied. Thus, Egs. (7.74) and (7.75) may be rewritten under this notation and at
the same time may be combined in a single matrix equation as
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U’(P) —f Ufz(Q1P) U'II(va) “’E(Q)
o(P)|  Jo|Ug(@P) Un(@Q P)||5:(Q)
+f,

-J;

This change in notation necessitates the replacement of derivatives 7. and r in
Egs. (7.58), (7.60), (7.71) and (7.72) with 7, and 7, respectively, without how-
ever changing their sign. Thus, we have

Ufz(qvp) U’II((LP) tf(‘]) d
U@, P) Un(g,P)| | ta(@)|

TEI q, P T‘nz(q, P)

TEJ q’ 717]!/((]7 P) U((])

[U(q)’
dsq (7.76)

vy =L
8n;

(3—17)€nr—(1+17)r§+7;l7] \

1 _
qu = U&,/ - % (1 + 1/) TeTy

1

e

Un.l/ = - 7*1/1

!(3 — )y — (14 7)1y +

To = 2 (4202 ) (7.77)

IS
T

Tor = f:—‘ (27;57:,,% + Ay )

TE = ﬁ;l— (27:57“,r/7:n — A Tt )

Y

Tuyzl‘:_<Az+27'1)7?n j

where Tn = 7en: +7yny and 1 = —Teny + Ty

Employing indicial notation for the two directions, i.e. z;, z,, Eq. (7.76) is re-
duced to [6]

_ fQUﬂ. b, dQ+fr(U]l t; — Ty, )ds (7.78)

(3,7 =12)
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7.8 Boundary integral equations

As in the case of the Laplace equation discussed in Chapter 3, the boundary inte-
gral equations for the problem at hand are produced by letting point P € Q2 in
Egs. (7.76) move to a point p € I'. We notice from Eqs. (7.58), (7.60), (7.71) and
(7.72) that the kernels in the boundary integrals of Eqgs. (7.76) are singular, that is
they exhibit a singular behavior when P € Q — p €', because 7 — 0 when
p — ¢ . Therefore, it is necessary to examine the behavior of the boundary inte-
grals in Eqgs. (7.76), when we let point P € © coincide with a point p€ I'.

Y

Figure 7.6 Geometric definitions related to a corner point P
of a non-smooth boundary.

We examine the general case of a non-smooth boundary, and we assume that
P = p is a corner point (see Fig. 7.6). Next we consider the domain €2*, which
results from € by subtracting a small circular sector with center P, radius ¢ and
confined by the arcs PA and PB. We denote the circular arc AB by ['c and the
sum of the arcs AP and PB by ¢. The outward normal to I'c coincides with the
radius. Moreover, « is the angle between the two tangents to the boundary at point
P . Obviously, it is

{imle =0
e—0
eim(T-0O =T

e~-0

and the chords PA and PB become tangents to the boundary at point P for
e—0.
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Using the aforementioned notation, we apply the reciprocity relation (7.43) for the
domain " with (@) bz =6(Q - P), by =0 and (b) b7 =0, by = 6(Q — P),
where Qe ", P Q =Q—Q". In both cases the unit load is applied at point
P(z,y). Since point P lies outside the domain, the domain integrals in the left-
hand side of Eq. (7.43) vanish. By utilizing indicial notation, we can write

[ TP.ow@ds + [ Tu(P.a)ua)ds,
= \/;2' Ui(P,Q)b, dQ2g + j;‘i(Uﬂ(P,q) t,(q)ds, +

+ fl U, (P.q)t,(q)ds, (7.79)

We will examine the behavior of the integrals in Eq. (7.79) for € — 0. It is appar-
ent that, in the limit, line integrals on I' — ¢ become integrals on I', while domain
integrals over 2" become integrals over 2. Therefore, it remains to examine the
behavior of integrals on I".. Namely,

(i fl Ut ds (7.80)

and
/11{)1]} Ty, ds (7.81)
We examine first the integrals (7.80) whose kernels are the fundamental solution

U,.

Using the mean value theorem of integral calculus, the integrals (7.80) can be writ-
ten in expanded form as

te(q") [Ll{)z fl Ue, ds + Ly(q") f“i»’ ‘/; Uy ds
(7.82)
teo) Cim [ Uy s+ tulq”) (i [0 s
where ¢” is a point on I, which is generally different for each of the four terms.
Obviously itis ¢ — p = P, when ¢ — 0.

On the basis of Egs. (7.58) and (7.60), we note that the integrals in Eqgs. (7.82)
involve terms of the following forms

1 :fr, (nrds, I, _—.\/;‘ 7j§d.s', 13:‘[“ retyds, I, :‘/‘I‘rrlf,ds

As it was shown in Section 3.3, it is
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9.
L= [ tnrds= [ e tne d(-0) = ¢ tne (6~ 6,)

o
which in the limit yields

bim . fnrds = (6, —6,) Zirg(e@nf) =0

e—0
and consequently
11 = O

It remains to find the limits of the other three integrals. We can write (see Appen-
dix A)

e =cosfl and 7, =sinf

Hence,
; b 6 sin20]”
I, = 2ds = ) d-@:—[— ]
2 fr[r'f 5 j;] cos” 8 ¢ d(—0) € 2+ 2 b
t cos 26
n = LTy S = “(9[. 9 "‘9 =
I fr, rety ds j;l cosf sinf ¢ d(—0) = ¢ 1 L,

. (2 ; . 0,
Lo= [ whds= [ "sin’ e d(-0) = — {.g__ 6“;29}
. k ,

and consequently

Ciml, =0, CimlIy=0, J{iml,=0
e—0 £—0

e—0

Thus, the last integral of Eq. (7.80) vanishes for ¢ — 0 and the remaining three
integrals in the right-hand side of Eq. (7.79) vary continuously as point P € 2
approaches point p € I

Using again the mean value theorem of integral calculus, the integrals (7.81) with
kernels 7); can be written in expanded form as

u(q") ézlg fr( Te, ds +v(q ) éz_q)L f[ T ds
(7.83)
Esz Ty, ds + v(q ) [sz Ty ds

e~—(}

where ¢ is a point on "¢, generally different in each of the four terms.

Referring to Fig. 7.6, we note that ¢ = angle(r,n) = 7, where r = ¢ . Therefore,
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Tm =cos¢p=—1 and 7, =sing =0

Consequently, using Egs. (7.71), (7.72) and (7.67) and taking into account that
ds = rd(—60) = —e df (see Fig. 7.6 and Section 3.3), we obtain

Egs -—fszﬁT& s—ﬂsz;z . (A2+2r5)rnds

e—0
=1+’7[ 4 [0]2’)-{—[511120]3')] (7.84)
8t \14+7 : :

Emr = Eimf Ty ds = €im f -A—](2r‘€ Ty + Ay 1y )ds
e r

e—0 e—0

=17 (cos20)) (7.85)

8w

. ., ) A
gg, = Lim fr Te, ds = ézl{)z fr 7‘(27357:,,7:71 — Ay )ds

e—0

_ 1 ;’7 [cos20] (7.86)

Eny = f'}lmfl Ty ds = [Imf :‘1 <A~2 + 27 )7:” ds

=0 -~}

147
= _ —{sin 26 .
87 [1 [H]() [sin2 ]0 ] (7.87)

Obviously, at points p where the boundary is smooth it is

(0] =6, —6, =7
[cos 29]32 = cos 26, — cos26, = cos2(f, + 7) —cos26, =0
[sin 26’]3,'_, = sin 26, —sin 26, = sin2(6, + m) —sin20, =0

and Egs. (7.84) through (7.87) become

1
EEI = 5, Epr = 0
(7.88)
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On the basis of the previous discussion, the boundary integral equations (7.79) may
be written now in matrix form as

E(z Enx u Ufi Unz bf Ugt U']J? 14

= [ i+ [ s
Egy Emy [ (Y QlUgy Uy || by r Uiy Uit

sz T;II u
- d .
‘]; Tfy Ty {U] ’ (7 89)
or using indicial notation

£, = fQUﬂ b, d52+fr(U.,, t,— Ty, )ds (7.90)

Apparently, itis €, =, at points p where the boundary is smooth.

7.9 Integral representation of the stresses

The stress components ¢, o, and 7., ata point P(x,y) inside the domain € are
derived from Eqs. (7.3). Thus, introducing the displacement components u and »
from Egs. (7.70) yields

n fl (AW + V) + 20U, e 4 AW+ Us) + 200 Ui |1 s

_ f[ ‘ {[,\(TEJ_V,_ + Tep) + 20 T, ]u + [ A(Tyrr + Topa) + 240 T ] l,}ds

(7.91)
or setting
(7»,.{ = /\ (('/51"-’ + Il{!l-!/) + 2/1 ljfll
(7.92)
Ty = A ((]![I.J' + (]uy,y) -+ 2/1 I]V].LJ'
Toe = ANTe,y + Teyy) + 20T,
(7.93)

(711/ = /\ (’Tur,r + /Tuy.y) + 2/L 7171.1?,1

Eq. (7.91) becomes
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o =fﬂ(o,,5 be + oan bn)dQ+fr(015 te + Oy tn ) ds

—fr(axf U+ oy v)ds (7.94)

The quantities o, and 0., express the stresses 0. at point (z,y) € 2 for unit
loads applied at point (£,7) in the z- and y-direction, respectively (see
Egs. (7.65) and (7.68)). Similarly, the quantities &, and 0.y, express the stresses
o: at point (z,y) € €1, due to unit displacements applied at point (£,7) in the z —
and y -direction, respectively.

Similarly, we obtain
v = fn(ffyf be + aun by )dQ + f[‘(a_,,f te + oty )ds

—j; (a‘y{ U+ Oy v)ds (7.95)

Try = ‘[;2(7',._,15 be + Tayy by )dQ + fr(T’"’& te + Tugy by )ds

_ f. ‘ (f,_,,f U+ Topy v)(l.s' (7.96)
where
T = AUg, +Ug,) + 20Uy, ,
(7.97)
Tyny = A (l/;,.nf + U:/y.y) + 2/L (]r]_t/.g/
Ty = MTers + Ty, ) + 2n Teyy
(7.98)
5:_1/7, = /\ (’1‘1/.:2.:‘ + ,11111.!/) + 2/L Tl[_l/._!/
Tfy{ = /t (Uf.r.;/ + U{y.f)
(7.99)
Tryy — f (Uy,_r,y + UV]_I/,JT)
Toe = 1 (Tery + Tgyr)
(7.100)

Toyn = f(Tysy + Toyr)

The stresses o, Ow, Oy, Oy, Tye and Toy, are given by Egs. (7.66) and
(7.69), whereas 7,;, Ty, Ty, Oy, T and Tuy are derived by introducing
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Egs. (7.71) and (7.72) in Egs. (7.93), (7.98) and (7.100), and by performing the
involved differentiations. Thus, we obtain

B = 20 [2mara (1-412) 4 (202 +1)ne] )

Gre =~
Ty = % (=8r2rymn + 2remyms + 1y )

T e :%(—87:§r,mn+27:zr,yny+m) } (.101)
T = 2 [2rara (1= drd) + (20 + 1)

T = T

Ton = Gy )

where Ay = -2 A, .
7.10 Numerical solution of the boundary integral equations

7.10.1 Evaluation of the unknown boundary quantities

The boundary integral equations are solved using the BEM with constant boundary
elements. The boundary is divided into N constant elements. Thus the distribution
of the displacements and tractions are taken constant on each element and equal to
their value at the nodal point, which lies at the midpoint of the element.

Denoting by {u}' = {u' ¢' }T and {t}' = {t: t,’,}T the displacements and trac-
tions at the i—th node and taking into account that the boundary is smooth at the
nodal point of the constant element, Egs. (7.89) can be written as

N R N
%{u}' + SO = SO(GP (Y + {FY (7.102)
1=1 7=1
where
\/V[‘J U{r(qr [),)dh‘q f[‘l U’lf(qi D ) ds‘l
[G)Y = (7.103)

f[‘, Uﬁy((lr D) dsy fr, Uny(g, p,)dsq
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fr sz(q, pi)dsq fr T(g, p:) dsq
[H) = (7.104)

‘[;‘] Tfy((Ia pl)ds‘l ﬁ] Tny((b pl)dsq

and

fﬂ[Ug,(Q, P)b(@Q) + Une(Q, ) b1(Q)] d2
{F} = (7.105)
[ V6@, 2)5(Q) + Uin(@. ) (@) 42

with p;,ge " and @ € Q2.

Equation (7.102) relates the displacements of the 7-th node to the displacements
and tractions of all the nodes including the ¢ —th node.

Applying Eq. (7.102) to all the boundary nodal points yields 2N equations, which
can be set in matrix form as

[H]{u} = [G){t} + {F} (7.106)
where
(H] =[]+ %[1] (7.107)

The dimensions of the matrices [/1] and [] are 2N x 2N, and those of the vec-
tors {u}, {t} and {F} are 2N . They are defined as

(6 (€] S (¢

G} = [G.]m [G.]H W (7.108)
(G (S A (€]
()t e

(H] = [[{.]21 [;‘1‘]22 [W (7.109)
[ el

and
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{u}’ {t}' {F}
u}? t}? F\?

{u} = { 3} . {t}= {z} . {F}= { 5} (7.110)
{u}® {t}" {F}"

The 2N equations within the matrix Eq. (7.106) contain 4N boundary values, that
is 2N values of displacements and 2/V values of tractions. However, a total of
2N values are known from the boundary conditions. Consequently, Egs. (7.106)
can be used to determine the 2N unknown boundary values. It should be noted
that rearrangement of the unknowns is necessary for mixed boundary conditions.
After doing so the following system of 2N linear equations is obtained

[A{X} = {R}+ {F} «(7.111)

where [A] is a square coefficient matrix having dimensions 2N x 2N, {X} is the
vector including the 2N unknown boundary values and {R} is a vector resulting
as the sum of the columns of the matrices [G] and [H] multiplied by the respective
known boundary values. Columns originating from matricés [H] and [G] should
have their sign switched, when they are moved to the other side of the equation.
Special attention should be paid in the case where only boundary tractions are pre-
scribed, that is when the vector {t} in Eq. (7.106) is known. For boundary condi-
tions of this kind, (case (iv) of Egs. (7.21), the displacements are not determined
uniquely, because they also include a rigid body motion. This is reflected in the
matrix [H] whose rank is 2N — 3 and therefore can not be inverted. To overcome
this problem we restrain the rigid body motion. For this purpose the body is sup-
ported by setting three elements of the vector {u} equal to zero. Attention should
be paid in selecting the elements in order to exclude any infinitesimal kinematic
indeterminacy of the body, which would lead to an ill-conditioned matrix [A].

7.10.2 Evaluation of displacements in the interior of the body

The system of Eqs. (7.111) is solved for the unknown boundary values of the
displacements and tractions. Thereafter all the boundary quantities are known and,
consequently, the displacements at any point P,(z,,y,) inside the domain 2 can be
evaluated using Eq. (7.76), which after discretization becomes

N

{u) = ZZI[G]U {ty — Z[H]u {u}’ + {F} (7.112)

Jj=1

The matrices [G]” and [H]” as well as the vector {F}' are evaluated according to
Egs. (7.103), (7.104) and (7.105), respectively, with P € Q in place of p, € [".
The superscript 7 is pertaining now to point FP,(z;,y,) inside 2 and not to one of
the boundary nodes.
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7.10.3 Evaluation of stresses in the interior of the body

The stresses at any point P(z;,y;) inside the domain 2 are evaluated using
Eqgs. (7.94), (7.95) and (7.96), which after discretization are written as

i
Oz

oy = E[U]U {ty - ;{E]lj {u}’ + {5} (7.113)

Ty

The matrices [0}’ and [5]” as well as the vector {S}* are computed from the fol-
lowing relations

LJ U[{(Q:R)dsll f U,ru(q,R)dSq

J

(o =| [ owlaP)dse [ ow(a.P)ds, (7.114)

J

f[ . Toe(q, P) dsq fl Tanlg, P) dsq

7

[ Fela Pyds,

—

Fonla, P)ds,

]

(7)Y = fl F,e(q, P)ds, Fonlq, P) dsy (7.115)

—

1

j;. T oye (g4, P)dsq
1

—

?J‘]/I] ((]. 1)1 ) (l.S‘q
J

[ |oe@ PYB(Q) + 70(Q. P b (@)} a2

(5 =1 [ [oc(@ P)b(@) + 04(Q P (@) a2 (7.116)

J 1@ PY0(Q) + 7uni(Q. P Q)] df2g

7.10.4 Evaluation of stresses on the boundary

The stresses o, oy and 7., on the boundary can be evaluated from Eqs. (7.94),
(7.95) and (7.96) by letting point P € €2 approach point p € I' and following a
limiting process similar to that presented in Section 7.8. This, however, is not rec-
ommended due to the difficulties arising from the behavior of the line integrals as
P € Q movesto pe ', and on the other hand from the need to treat singular and
hyper-singular line integrals. For this reason, the technique that follows is preferred
as a much simpler and straight forward one.
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The derivatives of the displacements u and v along the tangent to the boundary
are given as
—a_u = —‘@ny + @nz
ot Oz Jy
(7.117)

v Ov n Ov
ot Oz dy
These derivatives can be computed from the boundary values of u and v through

numerical differentiation (see Section 6.2.2).

Collecting Eqs. (7.23) and (7.117), we can write

A+2u)n: pny pny Any U te
Any prne  pne (A4 2p)ny | | vy ty
= (7.118)
—ny Ne 0 0 L Uy
0 0 —ny N Uy Ve

Taking into account that n; + ny = 1, it can be readily shown that the determinant
of the coefficient matrix in Eq. (7.118) is

D=—p(\+2u)=0 (7.119)

Hence the derivatives of u and v with respect to = and y can always be evalu-
ated and the stresses can be computed from the expressions

Or = A(Us + Vy) + 200U
Oy = AU +vy) + 2L uy (7.120)

Tey = pt(uy + vr)

7.11 Body forces

It becomes apparent from Eqgs. (7.105) and (7.116) that the inclusion of body forces
requires the evaluation of domain integrals. These integrals can be treated in one of
the following ways.

7.11.1 Direct numerical evaluation

The domain © is discretized into cells and the integration is performed using the
procedure developed for Poisson’s equation in Section 4.4. This method, however,
has two drawbacks. The first one is that it diminishes the elegance and computa-
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tional efficiency of the BEM by involving the difficult problem of domain discreti-
zation. Of course, the problem does not appear as complex as in the FEM, where
the continuous body is approximated by the discretized one. In the BEM, the dis-
cretization is employed only to approximate the integral by a sum. Even the
assumption of constant value of the integrand on each cell (discontinuous finite
element) results in a good approximation for the integral. This fact is a conse-
quence of the mean value theorem of integral calculus.

The second drawback of the domain integration originates from Egs. (7.58), (7.60),
(7.66), (7.69) and (7.101) whose integrands behave like ¢nr, 1/7, 1/r* or 1/7°,
where r =|P — @Q|. These integrals become singular or hyper-singular, when
point P lies on the cell over which the integration is performed, because point )
also lies on the same cell and thus 7 will take among others the value r = 0. Sev-
eral methods have been developed for the evaluation of these integrals [7]. A rela-
tively simple but effective and accurate method is that developed by Katsikadelis
[8], which converts the singular or hyper-singular domain integrals to regular line
integrals on the boundary of the cell. This method is presented in Appendix B.

7.11.2 Evaluation using a particular solution

In this case the solution of Navier’s equations, Eqs. (7.19), is obtained as a sum of
two solutions

w= Uy +uy, UV=11+1n (7.121)

where u,, v, is the solution of the homogeneous equation and «,, v, a particular
one of the non-homogeneous cquation. Using the notation of Egs. (7.45) for the
differential operators, the Navier equations are written as

Ne(u,v) = br
in (7.122)
Ny(u,v) = b,

or using Eqs. (7.121) and taking into account that the operators N, and N, are
linear, we can obtain the solution wu,, v, from the following boundary value prob-
lem

N.r('lllo,'U()) =0
in Q2 (7.123)
Ny(up,vy) =0

and

(i) Uy = T — U, Vg =TV — on [ (7.124a)

(ll) Uy = U — Uy, (f/y)q) = ZL/ — tzl/ on F2 (7124b)



236 BOUNDARY ELEMENTS

(i) (tz)o = & — ta, vy =T — vy on Ty (7.124c¢)

(iv) (ts)o =tz —tz, (ty)g=1t, —ty on Iy (7.124d)

The above types of boundary conditions result from Eqs. (7.21) when these are
expressed in terms of uy and v,. The traction components t+ and t, are obtained
from Eqs. (7.23), if u, v are replaced by u,, v;.

The particular solution is obtained from the equations

Ne(ug,v) = be

Nu(“l»“l) = by

It is apparent that the determination of the particular solution should precede the
solution of the homogeneous equations. The particular solution can be obtained
from Eqgs. (7.49)

2wy = —— V', — i[% + %]
147 ori Oz ();1/
(7.125)
20’171 = Q_VZ(/)]—_()__[%+M]
I+ 7 ()!/ o ()y

The functions ¢, ¢, are the components of the Galerkin vector and are deter-
mined as a particular solution of the following equations

V'g, = (L +7)bs (7.126a)

Vi = —(1+ )b, (7.126b)

Equations (7.126a) and (7.126b) represent the bending cquation of a thin plate sub-
jected to transverse loads —(1 + 7)b, and —(1 -+ 7) by, respectively. A particular
solution of these equations can be obtained using the method presented in [9]. This
method is an extension of that presented in Section 3.4.2 for the harmonic equation
to the case of the biharmonic equation.

By introducing the variables

2=1x+1y and Z=u—1y (7.127)
Eq. (7.126a) is transformed to
a4
1620 _ b:(2,7) (7.128)

82%0z*
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where it has been set

& :_(—1?177) (7.129)

A particular solution #1(2,Z) is readily obtained by integrating Eq. (7.128) con-
secutively four times. The resulting arbitrary integration functions can be ne-

glected, since we are seeking a particular solution.

Subsequently, back substitution of z and z by virtue of Egs. (7.127) yields
&1(z,y) . Similarly, we find the particular solution ;(z,y) of Eq. (7.126b).

Example 7.1

Determine the particular solution, if the body force b: = pgcosf, by = pgsin@ is
the weight of the body, which acts in the direction of the vector (cos6, sin8). We
denote by p the mass density per unit area and by ¢ the acceleration of gravity.

First we establish the components of the Galerkin vector. Equation (7.128) is
written

-
16 08,2?_2 = pgcosd
2707

Consecutive integrations yield

pgcosf Py
¢ = 2272 = ——7Ycosd

64

or
& = kvl cosh

where it was set

pg(l+7) . .
k= ——( and  * =" +4°
64

Similarly, we have
Y, = kr'sing
Substituting the above expressions for ¢, and ¢, into Egs. (7.125) yields

Py ( .
U = —— {7‘2 cosf —
4G

1+

[(32® + y* )cos b + wasinO]}

and
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pg 7
v = i {7‘2 sinO—HTV 2xycos€+(m2 +3y2)sin9]}

If the y—axis is taken in the vertical direction, it will be 8 = —7w/2, cos@ =0,
sin @ = —1, and the particular solution is simplified as

pg(l+7)
16G

U =

Py
16G

v = —4(x2+y2)+é(1+17)(z2+3y2)

7.11.3 Transformation of the domain integrals to boundary integrals

This method is closer to BEM’s logic, since domain integration is avoided and the
pure boundary character of the method is maintained. The transformation of the
domain integrals to boundary line integrals may be accomplished by different tech-
niques. Two methods are going to be presented in the sequel. One is general and it
applies to body forces having an arbitrary distribution, while the other one is used
for body forces which are derived from a potential function.

(a) Body forces having arbitrary distribution

This method is analogous to that presented for Poisson’s equation in Sec-
tion 3.5 (1) [10].

First, using the procedure presented in the previous section, we determine a par-

ticular solution wu, , v, for Navier’s equations,
N[(Ul , ) = b
Ny(uy,v) = by

Next the reciprocal relation (7.43) is employed consecutively for
(i) U=, v=1 and w =Ug,, v"=Un
) u=u, v=1u and u =Ug,, v"=Uy
and having in mind that the fundamental solution U, , Uy:, Uy, , Uyy satisfies the

equations

Nz(UE_”UnI) = 6(@ - P)
(7.130a)
Ny(U{T,UnJ:) = 0
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and

NI(UEy1U7I.U) = O

(7.130b)
N?/(Ufan'ly) = 5(@ - P)
we obtain the components F: and F; of the vector (7.105) as

FI(P) = £y UI(P) + €91 Ul(P)

— [ [Ueta, PYti(@) + Unela, P)1a(@) ] dsy

+ [ [Te(a. Pyuq) + Tuala, P)vi(0) s, (7.131)
Fy(P) = ey wi(P) + e vi(P)

~ [ [Uaa. PY (@) + Unla, P ti(a) | ds,

+ [ [Teyta Pun(@) + Toula, P)un(a) s (7.132)

where the coefficients ¢,; take the value ¢, = ¢, for P €, while for PeT
they are evaluated from Eqs. (7.84)-(7.87). If the boundary is smooth at point
Pel,itise,;, =136,.

It should be noted that Egs. (7.131) and (7.132) hold for body forces b, and b,
which are distributed over the whole domain €. If b, or b, act only on a subre-
gion " C €2, then for points P outside Q" itis £; = 0 and thus terms outside
the integrals vanish. Therefore, Egs. (7.131) and (7.132) can only be employed for
points P € (2" U ™).

(b) Body forces derived from a potential function

The previous case, where b, and b, are arbitrary functions, is rather theoretical.
On the other hand, the case where the body forces are derived from a potential
function is important and of special practical interest, e.g. gravitational forces. The
conversion of the domain integrals to boundary integrals can be accomplished as
follows.

If V. =V(£n) is the function that represents the potential, then the components of
the body force are obtained as

oV, 2oV (7.133)

b - b
¢ o0& on

Moreover, the potential function satisfies the equation
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ViV =0 (7.134)

The integral F: defined by Eq. (7.105) is written as

Fe= [ (Ug Ve + Une V)

~J (Ueoe +Unen )V a2+ [ (Ueemie 4 Unamy )V ds (7.135)

where n. and n, are the direction cosines of the unit vector n which is normal to
the boundary at point (£,7). The above transformation of the domain integral is
achieved by employing Eqgs. (2.7) and (2.8).

Incorporating Eqgs. (7.58), the domain integral of the right-hand side of Eq. (7.135)
becomes

f(U£,£+U,,“,)VdQ_— f(lfnrthQ (7.136)

Further, setting

6= irzfm‘ (7.137)

we find that
Vige = (fnr) ¢

and then applying Green’s identity (2.16) for v =V and u = ¢, we obtain

v gy [ [y 2%, OV
fnvv%(m_f[ el ]ds (7.138)

Hence, Eq. (7.135) can be finally written as

(1-7) (V O
47/ ! on

Fr =

dv)(i +f UrI'ILI+(]1]Iny) (7139)

— b 5

Similarly, the contribution of the body forces in the y—direction may be obtained
in terms of boundary-only integrals as

1_1/) dd)u 6V .
Fy="— fl( - 8n)d5+‘[;‘(U§ynf+U,,yny)ds (7.140)
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7.12 Program ELBECON for solving the plane elastostatic
problem with constant boundary elements

On the basis of the analysis presented in the previous sections a computer program
has been written in the FORTRAN language [6]. It solves the two plane elasticity
problems, namely the plane strain and the plane stress for plane bodies which may
have holes. For the simplicity of the program, the body forces are not included. The
program employs constant elements for the discretization of the boundary integral
equations. The structure of program ELBECON is shown in the macro flow chart
of Fig. 7.7.

Main program

The main program defines the parameters N, NB and IN, which specify the number
of boundary elements, the number of boundaries and the number of internal points
where the solution will be computed, respectively. It opens two files, the file
INPUTFILE, which contains the data and the OUTPUTFILE file, in which the
results are rendered. Subsequently it calls the following ten subroutines:

INPUTEL Reads the data from INPUTFILE.
GMATREL  Forms the matrix [G] defined by Eq. (7.108).
HMATREL Forms the matrix [/{] defined by Egs. (7.107) and (7.109).

ABMATREL Rearranges the matrices [/{] and [G] on the basis of the given
boundary conditions and forms the matrix [AA] and the vector
{B} = {R} of Eq. (7.111).

SOLVEQ Solves the system of linear equations [A]{X} = {R} using
Gauss elimination.

REORDEREL Rearranges the boundary values and forms the matrices {u},
{v}, {t:} and{t,}.

UVINTER Computes the displacements « and v at the internal points
using Eq. (7.112).

STRESSB Computes the stresses o,, o, and 7., at the boundary nodal
points using Egs. (7.120).

STRESSIN Computes the stresses o, o, and T, at the internal points
using Egs. (7.113).

OUTPUTEL  Writes the results in OUTPUTFILE.

The variables and the arrays used in the program together with their meaning are
given below:

N Total number of boundary elements and hence of boundary
nodes for constant boundary elements.
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MAIN PROGRAM

Defines N, NB and IN
and calls the subroutines

V.

INPUTEL

Reads the data and writes
them in OUTPUTFILE

v

GMATREL
Forms the matrix G

HMATREL
Forms the matrix H

V4

ABMATREL
Forms the matrices A and B

v

SOLVEQ
Solves the system [A] {x}=({B}

V2

REORDEREL

Rearranges the boundary values and
forms the matrices UB, VB, TXB and TYB

\ 4

UVINTER
Computes the displacements at the internal points

v

STRESSB
Computes the stresses on the boundary

4

STRESSIN
Computes the stresses at the internal points

v

OUTPUTEL
Prints the results in OUTPUTFILE

Figure 7.7 Macro flow chart of program ELBECON.
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IN Number of internal points, where the displacements and the
stresses are computed.

NB Number of boundaries.

NL One-dimensional array of dimension NB containing the serial
number of the last element of each boundary.

IPLANE Integer specifying the type of elasticity problem. IPLANE=0
for plane strain; [IPLANE=1 for plane stress.

EL Young’s modulus of elasticity, E .

GL Shear modulus, G .

PN Poisson’s ratio, v .

KCODE One-dimensional array specifying the type of boundary condi-
tions at node I (I=1,2,...,N) and taking the values:

KCODE()=1 when u and v are prescribed
KCODE(I)=2 when t: and t, are prescribed
KCODE(I)=3 when u and t, are prescribed
KCODE(I)=4 when ¢, and v are prescribed

XL, YL One-dimensional arrays containing the = and y coordinates of
the extreme points of the elements.

XM, YM One-dimensional arrays containing the = and y coordinates of
the boundary nodes.

XIN, YIN One-dimensional arrays containing the  and y coordinates of
the internal points, where the displacements and stresses are
computed.

R One-dimensional array defined in Eq. (7.111).

UB, VB One-dimensional arrays. At input they contain the prescribed
boundary values, i.e. displacements and/or tractions. At output
they contain the boundary nodal values of u and v.

TXB, TYB One-dimensional arrays containing at output the values of the
boundary tractions ¢ and ty.

UIN, VIN One-dimensional arrays containing the computed values of the
displacements « and v at the internal points.

SXIN, SYIN, One-dimensional arrays containing the computed values of the

SXYIN stress components o:,0, and Ty at the IN internal points.

SXB, SYB, One-dimensional arrays containing the computed values of the

SXYB stress components 0., oy and Tz at the N boundary points.



244 BOUNDARY ELEMENTS

Subroutine INPUTEL

The subroutine INPUTEL reads all the data required by the program using free
FORMAT. The data have been written in INPUTFILE, to which the user has given
a specific name as required by the main the program. This file contains the fol-
lowing data:

1. User’s name. One line containing the name of the user.
2. Title. One line containing the title of the program.

3. The code number of the problem type. IPLANE=0 for plane strain; IPLANE=1
for plane stress.

4. Elastic constants. Modulus of elasticity EL. and Poisson’s ratio PN.

5. The number of the last element of each boundary. NB integers forming the en-
tries of the array NL.

6. The extreme points of the boundary elements. N couples of values consisting of
the coordinates XL, YL of the extreme points of the boundary elements. They
are read in the positive sense, that is, counter-clockwise on the external bound-
ary, and clockwise on the internal ones.

7. Boundary conditions. N triples of numbers consisting of the values of KCODE,
uw or tr and v or t,. More specifically:

KCODE=1: u, v
KCODE=2: t., &,
KCODE=3: u, {
KCODE=4: t., v
8. Coordinates of the internal points. IN couples of values consisting of the coordi-

nates XIN and YIN of the internal points, where the values of the displacements
1, v and stresses 0., oy, T Will be computed.

Finally, the subroutine INPUTEL writes the data in OUTPUTFILE, to which the
user gives a specific name.

Subroutine GMATREL

The subroutine GMATREL forms the matrix [(7] defined by Eq. (7.108). First, the
submatrices [G]” (i, =1,2,...,N), given by Eq. (7.103) are evaluated and subse-
quently placed in matrix [G]. The elements of the matrix [G]” are line integrals of
the fundamental solution along the constant boundary element. We distinguish two
cases for the position of the elements with respect to the diagonal of the matrix:

(i) Off-diagonal elements, © = j

In this case the reference point P.(z;,y:) lies outside the j-th element, over which
the integration is performed, and thus the distance r = |¢ — F;| never vanishes.
Consequently, the line integrals in Eq. (7.103) are regular and they are evaluated
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using a four-point Gauss integration by calling the subroutine RLINTG (see
program LABECON).

(ii) Diagonal elements, i = j

In this case the reference point P, (z,,y.) lies on the j—th element, over which the
integration is performed. The distance r = |¢ — F;| vanishes for P, = ¢ and con-
sequently the line integrals in Eq. (7.103) become singular. For this reason, their
evaluation is carried out analytically in the interval (¢, £,/2] and then, we take the
limit € — 0. It should be mentioned that the integral in the interval [g,£,/2] is
equal to that in [—¢,/2,—¢].

141

Figure 7.8 Element subdivision for the analytical evaluation of the
singular integrals of submatrices [G]".
Noting that

T3 — & . 1 — 1
rr=cosa =TI S gipao= Ll T Y (7.141)

(, ¢,

where « = angle(x,r) = constant for each element (see Fig. 7.8), Egs. (7.58),
(7.60) and (7.103) yield

Gl = fr‘ Ue, ds = fr. Uy ds

. _ 6,/2 . _ 2 /2
e ?_73{2(3 - l/)ff ¢nrdr —2(1 + ¥)cos aff dr}

R TP SR NERULE o 0.2
= {I:Z{)L{z(d 1/)[rﬁm TL 2(1 + 7)cos a[rL }

I“zgfr_lé (3—,7)(17;%—1)—(1+17)cos2a] (7.142a)
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Gl =Gi = fr‘ U, ds = fr Uye ds

0 {(1+*)2f”2 i d}
m 124 COS(x SIn« ar
8nG -0 €

./2
=——(1+7)2cosa sin«
87rG( ) f

= L (14+7)cosa sina (7.142b)

87G

Gl = f Uy ds = f U,y ds

&/
:_8710{177‘?{2(3_ )fE Inrdr —2(1+ 7)sin af 2 }

= Ezm{Q(B—u)

02 0.2
o o 7'€m‘—7‘] / ~2(1 + 7)sin® a[ ] ! }
7r £— &

= 1(3 1/)(£7L—£2—‘-1)—(1+17)sinza (7.142¢)

87rC

For the evaluation of Gy} and G, the constant term in the expressions of Ue, and
U,y was neglected, since it does not influence the integral equations. Indeed, the
contribution of a constant C to Eqs. (7.76) is

C(j;,bf (1Q+frt5ds):0 in u(p)

C(j;zb,,dﬂjhfrt,,ds):() in v(p)

(7.143)

according to the equilibrium equations of the external forces acting on the body in
the z — and y -directions, respectively.

Subroutine HMATREL

This subroutine forms the matrix [H] defined by Eq. (7.107). First, it evaluates the
submatrices [H] (i,7=1,2,...,N) using Eq. (7.104), which are then placed in
matrix [H] We distinguish again two cases for the position of the elements with
respect to the diagonal of the matrix:

(i) Off-diagonal elements, i = j

As it was explained in the case of matrices [(]?, the distance 7 = |q — P,| does
not vanish. Therefore, the line integrals are always regular and can be evaluated
using a four-point Gauss integration by calling subroutine RLINTH (see program
LABECON).
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(ii) Diagonal elements, i = j

In this case the reference point P,(z,,y;) lies on the j—th element over which the
integration is performed. The distance r = |q — F;| vanishes for P, = ¢ and con-
sequently the line integrals of Eq. (7.104) become singular.

The integration of the kernels given by Eqs. (7.71) and (7.72) requires evaluation
of singular integrals having the form

fr In ds  and st

LT For

which can also be written as (see Section 4.3)

[ €45 and frxyds

¢ T

where ¢ = angle(r,n) is shown in Fig. 4.4.

The first integral equals to zero as it was proved in Eq. (4.28b). Moreover, using
Egs. (4.21) and (4.27), the second integral is written

sin @ Ising
ds =
\fl‘. 7 “ j:.l lgi d€

_ e, e
LIU ﬁ'%l

since ¢ = 37/2 when 0 < £ <1 and ¢ = /2 when —1 < £ < 0. Hence

[H]" = (0]
and
. 1 172 0
H* =[H]" +=[1]= 7.144
H == (7.144)
Subroutine ABMATREL

This subroutine rearranges the columns of matrices (G| and [H], and creates the
matrix [A] and the vector {R} of Eq.(7.111). The columns of matrix [A4] consist
of all the columns of matrices [G] and [H] that correspond to the unknown bound-
ary values of u, v, t. and t,. The vector {R} results as the sum of those columns
of [G] and {H] which correspond to the known values of w, v, t:. and t, after
they have been multiplied by the respective values. It should be noted that a change
of sign occurs, when the columns of [G] or [H] are transferred to the other side of
Eq. (7.106).
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Subroutine SOLVEQ

This subroutine solves the system of equations AX = R calling the subroutine
LEQS. The solution is obtained by Gauss elimination and stored in the vector .
The output parameter LSING takes the value LSING = 0, when the matrix A is
regular, or LSING = 1, when the matrix A is singular (see program LABECON).

Subroutine REORDEREL

This subroutine rearranges the vector {R} on the basis of the given boundary
conditions and forms the vectors {u}, {v}, {tz} and {t} of the boundary dis-
placements and tractions.

Subroutine UVINTER

This subroutine computes the displacements u and v at internal points utilizing
Eq. (7.112). The matrices [G]” and [H]” are evaluated by subroutines RLINTG
and RLINTH. This is possible because » =|P — ¢q| = 0 for all points P € Q and
thus the involved line integrals are always regular.

Subroutine STRESSB

This subroutine computes the stresses ¢., o, and 74 at the boundary nodal
points. First, it evaluates the derivatives v, and v, in the direction of the tangent
to the boundary via finite differences (see Section 6.2.2), and then computes the
stresses using Eqs. (7.118) and (7.120).

Subroutine STRESSIN

This subroutine computes the stresses 0., o, and 7., at the internal points on the
basis of Egs. (7.113).

Subroutine OUTPUTEL
This subroutine writes all the results in the output file.
The listing of program ELBECON is given below:

Cesscrsa s * S XTI aIEr* R CEEICI I I I E RN RS I S E XSRS IR T ASRIRASACRAINSAST=N

Cc
PROGRAM ELBECON

This program solves the two dimensional (EL)asticiy problem
using the (B)oundary (E)lement method with (CON)stant
boundary elements for domain with multiple boundaries

naoaaoaaoanan

USE MSIMSL
IMPLICIT REAL*8 (A-H,0-Z)
CHARACTER*15 INPUTFILE, OUTPUTFILE

Set the maximum dimensions

naano

PARAMETER (N=44)
PARAMETER (IN=3)
PARAMETER (NB=1)
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N= Number of boundary elements equal to number of boundary
nodes

IN= Number of internal points where the function u is calculated

g

Number of boundaries of the multiple boundary domain

nononaaaan

COMMON EL, GL, PN, ALAMDA

DIMENSION NL (NB),KCODE (N)

DIMENSION XL{N+1),YL(N+1),XM(N),6 YM(N),G(2*N,2*N) ,H(2*N,62*N)
DIMENSION UB(N),VB(N),TXB(N), TYB(N),A(2*N,2*N),R(2*N)
DIMENSION XIN(IN),YIN(IN),UIN(IN),VIN(IN)

DIMENSION SXIN(IN),SYIN(IN),SXYIN(IN),SXB(N), SYB(N),b SXYB(N)

Read the names and open the input and output files

nnon

WRITE (*,'(A)')' Name of the INPUTFILE (max.l15 characters)'
READ (*,'(A)') INPUTFILE

WRITE (*,'(A)')' Name of the OUTPUTFILE (max.l5 characters)'’
READ (*,'(A)') OUTPUTFILE

OPEN (1, FILE=INPUTFILE)

OPEN (2, FILE=OUTPUTFILE)

Read data from INPUTFILE

noa

CALL INPUTEL (XL, YL, XIN,YIN,KCODE, IPLANE,NL,UB, VB, N, IN,NB)

Compute the G matrix

nona

CALL GMATREL (XL, YL, XM, YM,G,N,NL,NB)

Compute the H matrix

nnn

CALL HMATREL (XL, YL, XM, YM,H, N, NL,NB)

Form the system of equations AX=B

nan

CALL ABMATREL(G,H,A,R,UB, VB, KCODE, N)

Solve the system of egquations

naon

CALL SOLVEQ(A,R,N,LSING)

Form the vectors U and UN of all the boundary values

anaa

CALL REORDEREL (R, UB,VB, TXB, TYB, KCODE, N)

aan

Compute the values of the displacements at the internal points
CALL UVINTER (XL, YL, XIN, YIN, UB, VB, TXB, TYB, UIN, VIN, N, IN,NL, NB)

Compute the values of the stresses at the internal points

oan

CALL STRESSIN (XL, YL,XIN,YIN,UB,VB, TXB, TYB,
1 SXIN, SYIN, SXYIN,N, IN,NL,6NB)

Qo0

Compute the values of the boundary stresses
CALL STRESSB(XL,YL,UB,VB, TXB, TYB, SXB, SYB,SXYB,N,NL,NB})

Print the results in the QUTPUTFILE

[e e Ne!

CALL OUTPUTEL (XM, YM, UB, VB, TXB, TYB, XIN, YIN, UIN, VIN,
1 SXB, SYB, SXYB, SXIN, SYIN, SXYIN, N, IN)
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C
C Close input and output files
o]

CLOSE(1)

CLOSE(2)

STOP

END
Cc
o]
Cazaznssxccxzs=ssss=sscc=oSSS=SSssTSCr=cISSSSIIER=ISraxSsSISssSsSssss
C

SUBROUTINE INPUTEL (XL, YL,XIN,YIN,KCODE, IPLANE,NL,UB, VB, N, IN,NB)
C
o]
C This subroutine reads the input data from the input file
C and writes them in the output file
(e

IMPLICIT REAL*8 (A-H,0-Z)

COMMON EL, GL, PN, ALAMDA

CHARACTER*80 NAME, TITLE

DIMENSION NL (NB), KCODE (N)

DIMENSION UB(N),VB(N)

DIMENSION XL (N+1l),YL(N+1l),XIN(IN),YIN(IN)
C

WRITE(2,100)

100 FORMAT('',76('*")}
READ (1, ' (A) ') NAME
WRITE(2,'(AR)') NAME

(o4
C Read the title of the program
C
READ(1, ' (A} ') TITLE
WRITE(2,'(A)')TITLE
C

WRITE(2,200)N, IN,NB

200 FORMAT(//'DATA'//2X, 'NUMBER OF BOUNDARY ELEMENTS ='
1 ,13/2X, 'NUMBER OF INTERNAL POINTS =',I3/2X,
1 'NUMBER OF BOUNDARIES =',13)

Read the type of the problem: IPLANE=0 for plane strain,
IPLANE=]1 for plane stress

[s e N2 Ne]

READ (1, *) IPLANE
IF (IPLANE.EQ.0) THEN
WRITE(2,700)
700 FORMAT(/' PLANE STRAIN PROBLEM'/)
ELSE
WRITE(2,450)
450 FORMAT(/' PLANE STRESS PROBLEM'/)

ENDIF

o]

C Read the elastic constants

C
READ(1,*) EL,PN

[o]
WRITE(2,150) EL,PN

150 FORMAT (2X, 'ELASTIC CONSTANTS:',' ELASTIC MODULUS =',6E10.4,

1 ! POISSON RATIO =',F5.2/)

(o]

IF(IPLANE.EQ.0) THEN
EL=EL/(1.-PN**2)

PN=PN/ (1-PN)
GL=EL/ (2.* (1+PN))
ALAMDA=PN*EL/ (1-PN**2)
ELSEIF (IPLANE.NE.0) THEN
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GL=EL/(2.*(1+PN))
ALAMDA=PN*EL/ (1-PN**2)

ENDIF
C
¢ Read the of the last element at each boundary
C
READ (1, *) (NL(I), I=1,NB)
(o]
C Read the coordinates of the extreme points of the boundary
¢ elements XL,YL
C
READ(1,*) (XL(I),YL(I),I=1,N)
c
C Write the coordinates in the output file
c

WRITE(2,300)
300 FORMAT(//' COORDINATES OF THE EXTREME POINTS OF THE BOUNDARY',
1 ' ELEMENTS',//1X,'NODE',9X,' XL',13X,' YL'/)
DO 20 I=1,N
20 WRITE(2,400) I,XL(I),YL(I)
400 FORMAT (2X,I3,2(3X,E14.5))

Read the boundary conditions and store in UB(I) and VB(I)

KCODE(I)=1 when u and v are prescribed
KCODE(I)=2 when tx and ty are prescribed
KCODE(I)=3 when u and ty are prescribed
KCODE (I)=4 when tx and v are prescribed

nnonononan

READ(1,*) (KCODE(I),UB(I),VB(I),I=1,N)

Write the boundary conditions in the output file

naon

WRITE(2,500)

500 FORMAT (//2X, 'BOUNDARY CONDITIONS'//2X, 'NODE',6X,' KCODE',
1 20X, 'PRESCRIBED VALUES'/)
DO 30 I=1,N

30 WRITE(2,600) I,KCODE(I),UB(I), VB(I)

600 FORMAT (2X,I3,9X,I3,8X,E14.5,8X,E14.5)

Read the coordinates of the internal points

nna

READ(1,*) (XIN(I),YIN(I),I=1,IN)
RETURN
END
C
C
Cazssassszsxs I RErCEos NI IESNT S r I AT NSRS ASCIRNCOCCIONEERTEER
c
SUBROUTINE GMATREL (XL, YL, XM, YM,G,N,NL, NB)

This subroutine computes the elements of the G matrix

nnaoa

IMPLICIT REAL*8 (A-H,0-Z)

COMMON EL, GL, PN, ALAMDA

DIMENSION XL {(N+1),YL(N+1},XM(N),6 YM(N)
DIMENSION NL(NB),G(2*N, 2*N)

Compute the nodal coordinates and store them in the arrays XM
and YM

nnaoan

PI=ACOS(-1.)
XL (N+1) =XL (1)
YL (N+1) =YL (1)
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DO 10 I=1,N

XM(I)=(XL(I)+XL(I+1))/2.
10 YM(I)=(YL(I)+YL(I+1))/2.

IF(NB.LE.1) GOTO 40

XM(NL (1)) = (XL(NL(1))+XL(1)) /2.

YM(NL (1)) =(YL(NL(1))+YL(1)) /2.

DO 15 K=2,NB

XM(NL(K) )= (XL (NL(K) ) +XL(NL(K-1) +1)) /2.
15 YM(NL(K))=(YL(NL(K))+YL(NL(K-1)+1))/2.

Compute the elements of matrix G

aaan

40 DO 20 I=1,N
X0=XM(I)
YO=YM(I)
DO 20 J=1,N
X1=XL(J)
Y1=YL(J)
X2=XL{J+1)
Y2=YL(J+1)
IF(NB.LE.1) GOTO 60
IF(J.NE.NL(1))GOTO 50
X2=XL(1)
¥2=YL (1)
GOTO 60
50 DO 30 K=2,NB
IF (J.NE,NL(K) )GOTO 30
X2=XL(NL(K-1)+1)
¥2=YL(NL(K-1)+1)
GOTO 60
30 CONTINUE
60 IF(I.NE.J)THEN
CALL RLINTG(XO,YO,X1,Y1,X2,Y2,RES11,RES12,RES22)
G(2*I-1,2*%J-1)=RES11
G(2*I-1,2*J)=RES12
G{(2*I,2*J-1)=RES12
G(2*I,2*J) =RES22
ELSEIF (1.EQ.J) THEN
DX=X2-X1
DY=Y2-Y1
SL=DSQRT (DX**24+DY**2)
COSA=DX/SL
SINA=DY/SL
SPIG=SL/ (8.*PI*GL)
RES11=-SPIG* ((3.-PN)*(DLOG(SL/2.)-1.)~(1.+PN)*COSA**2)
RES12=SPIG* (1.+PN) *COSA*SINA
RES22=-SPIG* ((3.-PN)*(DLOG(SL/2.)-1.)~(1,+PN)*SINA**2)
G(2*I-1,2*J-1)=RES11
G(2*I-1,2*J)=RES12
G(2*I,2*J-1)=RES12
G(2*I,2*J) =RES22
ENDIF
20 CONTINUE
RETURN
END
[o]
[od
Cazxazzssssrsa=s arcr S=o%=sT=cSSCSSSSS==SsS=TCOSCmS=SIZTCT=TSSETSca
Cc
SUBROUTINE RLINTG(XO0,Y0,X1,Y1l,X2,Y2,RES11,RES12,RES22)

This subroutine computes the off-diagonal elements of the
matrix G

noaoaoan
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C RA= The distance of the point O to the Gauss integration point
[o) on the boundary element

(o4

C WG= The weights of the Gauss integration

C

C XI= The coordinates of the Gauss integration points in the

c interval [-1,1]

C

C XC,YC=The global coordinates of the Gauss integration points

c

C
(¢
c

(o]

IMPLICIT REAL*8 (A-H,0-2)

COMMON EL, GL, PN, ALAMDA

DIMENSION XC(4),YC(4),XI(4),WG(4)

DATA XI/-0.86113631,-0.33998104,0.33998104,0.86113631/
DATA WG/0.34785485,0.65214515,0.65214515,0.34785485/
PI=ACOS(-1.)

AX=(X2-X1)/2.

AY=(Y2-Y1)/2.

BX=(X2+X1) /2.

BY=(Y2+Y1) /2.

Compute the Jacobian

SL=DSQRT (AX**2+AY**2)

C Compute the line integral

o]

naoan

nnaoan

nnaon

RES11=0.
RES12=0.
RES22=0.

PIG=1l./(8.*PI*GL)
DO 30 I=1,4
XC(I)=AX*XI(I)+BX
YC(I)=AY*XI(I)+BY
DX=XC(I)-X0
DY=YC(I)-YO
RA=DSQRT (DX**2+DY**2)
COSA=DX/RA
SINA=DY/RA
RES11=RES11-PIG* ((3.-PN)*DLOG(RA) - (1+4PN) *COSA**2) *WG(I) *SL
RES12=RES12+PIG* (1.+PN) *COSA*SINA*WG(I) *SL
30 RES22=RES22-PIG*((3.-PN) *DLOG(RA) - {1+PN) *SINA**2) *WG(I) *SL
RETURN
END

ME SR ICEECErCXXETTIESSSESSSIICSISTSCTSICCCNOECCCTCSSARCOEERASCHRREXTR

SUBROUTINE HMATREL (XL, YL, XM, YM,H,N,NL, NB)

This subroutine computes the elements of the H matrix

IMPLICIT REAL*8 (A-H,0-2)

COMMON EL, GL, PN, ALAMDA

DIMENSION XL({N+1),YL(N+1),XM(N), YM(N),6 NL(NB)
DIMENSION H(2*N, 2*N)

Compute the nodal coordinates and store them in the arrays XM
and YM

PI=ACOS(-1.)
XL (N+1) =XL (1)
YL (N+1) =YL (1)
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DO 10 I=1,N

XM(I)=(XL(I)+XL(I+1))/2.
10 YM(I)=(YL(I)+YL(I+1))/2.

IF(NB.LE.1l) GOTO 40

XM(NL (1)) = (XL(NL(1)) +XL(1)) /2.

YM(NL(1))=(YL(NL(1))+YL(1))/2.

DO 15 K=2,NB

XM(NL(K) ) = (XL (NL (K) ) +XL (NL(K-1) +1) ) /2.
15 YM(NL(K))=(YL(NL(K))+YL(NL(K-1)+1))/2.

Compute the elements of matrix H

naaon

40 DO 20 I=1,N
X0=XM(I)
YO=YM(I)
DO 20 J=1,N
X1=XL(J)
Y1=YL(J)
X2=XL(J+1)
Y2=YL(J+1)
IF(NB.LE.1) GOTO 60
IF(J.NE.NL(1))GOTO 50
X2=XL(1)
Y2=YL(1)
GOTO 60
50 DO 30 K=2,NB
IF (J.NE.NL(K))GOTO 30
X2=XL (NL(K-1)+1)
Y2=YL(NL(K-1)+1)
GOTO 60
30 CONTINUE
60 IF(I.NE.J)THEN
CALL RLINTH(XO0,YO,X1,Y1l,X2,Y2,RES11,RES12,RES21,RES22)
H(2*I-1,2%J-1)=RES11
H(2*I-1,2*J)=RES21
H(2%I,2*J-1)=RES12
H(2*I,2*J) =RES22
ELSEIF (I.EQ.J) THEN
H(2*%I-1,2*J-1)=.5
H(2*I-1,2*J)=0.
H(2%I,2*%J-1)=0.
H(2*I,2*J)=.5
ENDIF
20 CONTINUE
RETURN
END
c
c
Casss s s NN XTI T X TR IR CEX I C ST X ICENISCESRSSSSFISSECSIINCSIITATISEEOES
o]
SUBROUTINE RLINTH(XO0,YO,X1,Y1l,X2,Y2,RES11,RES12,RES21,RES22)

This subroutine computes the off-diagonal elements of the
matrix H

RA= The distance of the point O to the Gauss integration point
on the boundary element

WG= The weights of the Gauss integration

XI= The coordinates of the Gauss integration points in the
interval [-1,1]

noonnonannoaoannaann

XC,¥C=The global coordinates of the Gauss integration points
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C
IMPLICIT REAL*8 (A-H,0-2)
COMMON EL, GL, PN, ALAMDA
DIMENSION XC(4),YC(4),XI(4),WG(4)
DATA XI/-0.86113631,-0.33998104,0.33998104,0.86113631/
DATA WG/0.34785485,0.65214515,0.65214515,0.34785485/
PI=ACOS(-1.)
AX=(X2-X1)/2.
AY=(Y2-Y1) /2.
BX=(X2+X1) /2.
BY=(Y2+Y1) /2.
SL=DSQRT (AX**2+AY**%2)
ENX=AY/SL
ENY=-AX/SL

C Compute the line integral

RES11=0.
RES12=0.
RES21=0.
RES22=0.

Al=-(1.+PN)/(4.*PI)
A2« (1.-PN)/(1.+PN)
DO 30 1I=1,4
XC(I)=AX*XI(I)+BX
YC(I)=AY*XI(I)+BY
DX=XC(I) -X0
DY=YC(I)-YO
RA=DSQRT (DX**24+DY**2)
COSA=DX/RA
SINA=DY/RA
RN=COSA*ENX+SINA*ENY
RT=SINA*ENX-COSA*ENY
RES11=RES11+ (A1/RA)*(R2+2.*COSA**2) *RN*WG (I) *SL
RES21=RES21+ (A1l/RA)* (2. *COSA*SINA*RN+A2*RT) *WG (I) *SL
RES12=RES12+ (A1/RA) * (2. *COSA*SINA*RN-A2+*RT) *WG (I) *SL
30 RES22=RES22+ (A1/RA) * (A2+2.*SINA**2) *RN*WG (I) *SL
RETURN
END
c
[
Cezsrsssssr s st T RS =SS CN N EMSEISISECECCNIINCSINCESESEOEERIRXITEEI
c
SUBROUTINE ABMATREL (G,H,A,R,UB, VB, KCODE, N)

This subroutine rearranges the matrices G and H and produces the
matrices A and R

naononn

IMPLICIT REAL*8 (A-H,0-Z)
DIMENSION G(2*N,2*N),H(2%N,2*N) ,A(2*N, 2*N)
DIMENSION UB (N),VB(N),KCODE(N),R(2*N)

Reorder the columns the system of equations and store them in A

nna

N2=2*N
DO 20 I=1,N2
R(I)=0.
DO 20 J=1,N2
20 A(I,J)=0.
DO 70 J=1,N
GOT0(30,40,50, 60) KCODE (J)
30 DO 35 I=1,N2
A(I,2*J-1)=-G(I,2*J-1)
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35

40

45

50

55

60

A(I,2*J)=-G(I,2*J)
R(I)=R(I)-H(I,2*J-1)*UB(J)-H(I,2*J)*VB(J)
GOTO 70

DO 45 I=1,N2

A(I,2%J-1)=H(I,2*J-1)

A(I,2*%J)=H(I,2*J)
R(I)=R(I)+G(I,2*J-1)*UB(J)+G(I,2*J)*VB(J)
GOTO 70

DO 55 I=1,N2

A(I,2*3-1)=-G(I,2*J-1)

A(I,2*%J)=H(I,2*J)
R(I)=R(I)-H(I,2%J-1)*UB(J)+G(I,2*J)*VB(J)
GOTO 70

DO 65 I=1,N2

A(I,2*J-1)=H(I,2*J-1)

A(I,2%J)=-G(I,2*J)
R(I)=R(I)+G(I,2*J-1)*UB(J)-H(I,2*J)*VB(J)
CONTINUE

RETURN

END

Casuscs=a==Ira - S rEISEEESERINCTSESCSESSSIfERETIS-SISEINISSCTECOCTXCRES

SUBROUTINE SOLVEQ(A,R,N,LSING)

IMPLICIT REAL*8 (A-H,0-Z)

DIMENSION A{(2*N,2*N),R(2*N)

NN=2+*N

CALL LEQS(A,R,NN,LSING)

IF(LSING.EQ.Q) THEN

WRITE (2,150)

FORMAT(/,'',76('*')//2X'The system has been solved regularly'/)
ELSEIF(LSING.EQ.1) THEN

WRITE(2,170)

FORMAT(/,'',76('*')//2X'The system is singular'/)
ENDIF

RETURN

END

CaasssssssssSHERESN =S CIISROS SIS X I EXARCrEACEXCIUECTIIERSCEARCRESE SRR RRE

65
70
(o]
(o]
o]
c
[o]
150
170
Cc
C
(o]
(o]
(o4
C
C a
(o]
o]
C B
c N
(o]
c
(o]
o]
(o]

SUBROUTINE LEQS (A,B,N,LSING)

This subroutine uses Gauss elimination to solve

system of linear equations, [A]{X}={B}, where

A : One-dimensional array which contains the occasional row of

the two-dimensional array of the coefficients of the unknowns
: One-dimensional array which contains the known coefficients
: Integer denoting the number of the unknowns

LSING: Integer taking the values:

LSING = 0, if the system has been solved regularly
LSING = 1, if the system is singular

IMPLICIT REAL*8 (A-H,0-72)
DIMENSION A(1l),B(1)

LSING=0

JJI=-N

DO 10 J=1,N
JY=J+1
JI=JJI+N+1
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AMAX=0.0
IHELP=JJ~J
DO 20 I=J,N
IJ=IHELP+I
IF (ABS (AMAX) -ABS(A(IJ))) 30,20,20
30 AMAX=A(IJ)
IMAX=T
20 CONTINUE
IF (ABS (AMAX) .EQ.0.) THEN
LSING=1
RETURN
END IF
I1l=J+N* (J-2)
IHELP=IMAX-J
DO 40 K=J,N
Il=I1+N
I2=I1+IHELP
ATEMP=A (I1)
A(I1l)=A(I2)
A(I2)=ATEMP
40 A(I1l)=A(I1)/AMAX
ATEMP=B (IMAX)
B (IMAX) =B (J)
B(J) =sATEMP/AMAX
IF(J-N) 50,70,50
50 IQS=aN*(J-1)
DO 10 IX=JY,N
IXJ=IQS+IX
IHELP=J-IX
DO 60 JX=JY,N
IJREF=N* (JX-1)+IX
JJX=IJREF+IHELP
60 A (IJREF) =A (IJREF) - (A{IXJ)*A(JJX))
10 B(IX)=B(IX)-B(J)*A(IXJ)
70 NYaN-1
NN=N*N
DO 80 J=1,NY
Il=NN-J
I2=N-J
I3=N
DO 80 K=1,J
B(I2)=B(I2)-A(I1)*B(I3)

Il=I1-N
80 I3=I3-1
RETURN
END
C
C
Cascomomesseecroasl T T X CEICFRSAFEEECIIINENECISSN-rCESSSESExSSZxaca
C
SUBROUTINE REORDEREL(R,UB, VB, TXB, TYB, KCODE, N)
c
(o4
C This subroutine rearranges the arrays UB and VB
C in such a way that all boundary values of u and v
C are stored in UB and VB, while all boundary
C values of tx and ty in TXB and TYB
(o4
IMPLICIT REAL*8 (A-H,0-Z)
DIMENSION UB(N),VB(N),R(2*N), TXB (N), TYB (N) ,KCODE (N)
c

DO 50 I=1,N

GOTO(10,20,30,40) KCODE(I)
10 TXB(I)=R(2*I-1)

TYB(I)=R(2*I)
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GOTO 50

20 TXB(I)=UB(I)
TYB(I)=VB(I)
UB(I)=R(2*I-1)
VB(I)=R(2*I)
GOTO SO

30 TYB(I)=VB(I)
TXB(I)=R(2*I-1)
VB(I)=R(2%I)
GOTO 50

40 TXB(I)=UB(I)
UB(I)=R(2+%I-1)
TYB(I)=R(2*I)

50 CONTINUE

o
RETURN
END
c
c
CzsaszsazssrassrIsrz=RcCxSSESSSICNSSISTCISECINSRIXSSNSSSSSITINSSSTS
C
SUBROUTINE UVINTER (XL, YL, XIN, YIN,UB, VB, TXB, TYB, UIN, VIN,N, IN,6NL, NB)
C
C
C This subroutine computes the values of the displacements u and v
C at the internal points
o4
IMPLICIT REAL*8 (A-H,0-2)
DIMENSION XL (N+1),YL(N+1l),XIN(IN),YIN(IN),UB(N),bVB(N)
DIMENSION TXB(N),TYB(N),UIN(IN), VIN(IN)
DIMENSION NL (NB)
C

C Compute the values of u and v at the internal points

IF(NB.GT.1l) GOTO S
XL (N+1) =XL (1)
YL (N+1) =YL (1)

5 DO 10 KK=1,IN
UIN(KK)=0.
VIN(KK)=0.
DO 20 J=1,N
X0=XIN(KK)
YO=YIN (KK)
X1=XL (J)
Y1=YL(J)
X2=XL(J+1)
Y2=YL(J+1)
IF(NB.LE.1)GOTO 60
IF(J.NE.NL(1))GOTO 50
X2=XL (1)
Y2=YL(1)
GOTO 60
50 DO 30 K=2,NB
IF(J.NE.NL(K))GOTO 30
X2=XL(NL(K-1) +1)
Y2=YL(NL(K-1) +1)
GOTO 60
30 CONTINUE
60 CALL RLINTG(XO,YO,X1,Y¥1l,X2,Y¥2,G1l1,G12,G22)
CALL RLINTH(XO0,YO0,X1,Y1l,X2,Y2,H11,H12,H21,H22)
UIN(KK)=UIN(KK) -H11*UB(J) -H21*VB(J) +G11*TXB (J) +G12*TYB (J)
20 VIN(KK)=VIN(KK) -H12+UB(J) -H22*VB (J) +G12*TXB (J) +G22*TYB (J)
10 CONTINUE
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RETURN
END

¢

c

Cozzzz==z====ss=ss======c=as==zsr=soozzaczassasssssssssss=szsassaax

c

(e e Mo Ne]

C
o]

SUBROUTINE STRESSIN (XL, YL, XIN, YIN,UB, VB, TXB, TYB,
1 SXIN, SYIN, SXYIN, N, IN, NL, NB)

This subroutine computes the stresses at the internal points

IMPLICIT REAL*8 (A-H,0-Z)

DIMENSION XL (N+1),YL(N+1),XIN(IN), YIN(IN),UB(N),VB(N)
DIMENSION TXB (N),TYB(N)

DIMENSION SXIN(IN),SYIN(IN),SXYIN(IN)

DIMENSION NL (NB)

IF(NB.GT.1l) GOTO S
XL (N+1) =XL (1)
YL (N+1) =YL (1)

5 DO 10 KK=1,IN

SXIN(KK)=0.

SYIN(KK)=0.

SXYIN(KK)=0.

DO 20 J=1,N

X0=XIN (KK)

Y0=YIN (KK)

X1=XL(J)

Y1=YL(J)

X2=XL(J+1)

Y2=YL(J+1)

IF(NB.LE.1)GOTO 60

IF(J.NE.NL(1))GOTO 50
X2=XL (1)
Y2=YL(1)
GOTO 60
50 DO 30 K=2,NB
IF(J.NE.NL(X))GOTO 30

X2=XL(NL(K-1)+1)
¥2=YL(NL(K-1)+1)

GOTO 60
30 CONTINUE
60 CALL SLINTH(XO0,YO,X1,Y1l,X2,Y2,RES11l,RES21,RES31,RES12,RES22,
1 RES32,RESB11,RESB21,RESB31,RESB12, RESB22, RESB32)

SXIN(KK)=SXIN(KK)+RES11*TXB (J)+RES12*TYB(J)
1 -RESB11+*UB (J) -RESB12*VB (J)
SYIN(KK)=SYIN(KK)+RES21*TXB (J)+RES22*TYB(J)
1 -RESB21*UB (J) -RESB22*VB (J)
20 SXYIN(KK)=SXYIN(KK)+RES31*TXB (J)+RES32*TYB (J)
1 -RESB31*UB (J) -RESB32*VB(J)
10 CONTINUE
RETURN
END

Cxzx=3t¥4R S =T=c==ESZCSS===3FFI--ITCCSSISSSSSSSSSESRSIETXTTRSRITTSS

C

c
C
c

SUBROUTINE SLINTH (X0,YO0,X1l,Y1,X2,Y2,RES11,RES21,RES31,RES12,

1 RES22,RES32,RESB11,RESB21,RESB31,RESB12, RESB22, RESB32)

This subroutine computes the line integrals of the kernels in the
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C integral representations of the stresses
Cc
C RA= The distance of the point O to the Gauss integration point
C on the boundary element
c
C WG= The weights of the Gauss integration
C
¢ XI= The coordinates of the Gauss integration points in the
c interval [-1,1]
C
C XC,¥YC=The global coordinates of the Gauss integration points
c
C
IMPLICIT REAL*8 (A-H,0-2)
COMMON EL,GL, PN, ALAMDA
DIMENSION XC(4),YC(4),XI(4),WG(4)
DATA XI/-0.86113631,-0.33998104,0.33998104,0.86113631/
DATA WG/0.34785485,0.65214515,0.65214515,0.34785485/
PI=ACOS(-1.)
AX=(X2-X1)/2.
AY=(Y2-Y1)/2.
BX= (X2+X1) /2.
BY=(Y2+Y1)/2.
SL=DSQRT (AX**2+AY**2)
ENX=AY/SL
ENY=-AX/SL
(o4
C Compute the line integral
C
RES11=0.
RES21=0.
RES31=0.
RES12=0.
RES22=0.
RES32=0.
RESB11=0.
RESB21=0.
RESB31=0.
RESB12=0.
RESB22=0.
RESB32=0.
Cc
Al=-(1.+PN)/(4.*PI)
A2=(1.-PN)/(1.+PN)
A3=-2,.*GL*Al
DO 30 1I=1,4
XC(I)=AX*XI(I)+BX
YC(I)=AY*XI(I)+BY
DX=XC(I)-X0
DY=YC(I) -Y0
RA=DSQRT (DX**24+DY**2)
COSA=-DX/RA
SINA=~DY/RA
RN=COSA*ENX+SINA*ENY
c
RES11=RES11+ (A1/RA) * (A2*COSA+2.*COSA**3) *WG (I) *SL
RES21=RES21+ (A1/RA) * (-A2*COSA+2.*COSA*SINA*+*2) *WG(I) *SL
RES31=RES31+(A1/RA)* (A2*SINA+2.*COSA**2+SINA) *WG(I) *SL
RES12=RES12+ (A1/RA) * (-A2*SINA+2.*COSA**2*SINA) *WG (I) *SL
RES22=RES22+ (A1/RA) * (A2*SINA+2 . *SINA**3) *WG(I) *SL
RES32=RES32+ (A1/RA) * (A2*COSA+2.*COSA*SINA**2) *WG(I) *SL
C

RESB11=RESB11+ (A3/RA**2) * (2. *COSA*RN* (1.-4.*COSA**2)+
1 (2.*COSA**2+1.) *ENX) *WG (I) *SL
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o]
c

RESB21=RESB21+ (A3/RA**2) * (-8 . *SINA**2*COSA*RN+2.*COSA*SINA*ENY+
1 ENX) *WG (1) *SL

RESB12=RESB12+ (A3/RA*#%2) * (-8.*COSA**2*SINA*RN+2.*COSA*SINA*ENX+
1 ENY) *WG(I) *SL

RESB22=RESB22+ (A3/RA**2) * (2, *SINA*RN* (1.-4 . *SINA**2) +
1 (2.*SINA**2+1.) *ENY) *WG (I) *SL

30 CONTINUE

RESB31=RESB12
RESB32=RESB21
RETURN

END

ot T T T e e T T e e L]

c

ananan

nnnao

C

SUBROUTINE STRESSB (XL, YL, UB, VB, TXB, TYB, SXB, SYB, SXYB, N, NL, NB)

This subroutine computes the stress at the boundary
nodal points

IMPLICIT REAL*8 (A-H, 0-2)

COMMON EL, GL, PN, ALAMDA

DIMENSION XL (N+1),YL(N+1),UB(N),VB(N), TXB(N), TYB(N)

DIMENSION SXB(N),SYB(N),SXYB(N),SL(N),ENX(N),ENY(N),A(4,4),B(4)
DIMENSION NL (NB)

IF(NB.GT.1l) GOTO S
XL (N+1)=XL(1)
YL(N+1)=YL{1)

Computation of the element half lengths and direction
cosines of the normal vector

5 DO 10 K=1,NB
IF(K.EQ.1) THEN
NF=al
ELSE
NF=NL(K-1) +1
ENDIF
DO 10 I=NF,NL(K)
IF(I.EQ.NL(K))THEN
AX= (XL (NF) -XL (NL(K))) /2.
AY= (YL (NF) -YL(NL(K)))/2.
SL(I)=DSQRT (AX**2+AY**2)
ENX (I)=AY/SL(I)
ENY (I)=-AX/SL(I)
ELSE
AXw= (XL (I+1)-XL(I))/2.
AYx (YL(I+1)-YL(I))/2.
SL(I)=DSQRT (AX*#2+4AY**2)
ENX (I)=AY/SL(I)
ENY(I)=-AX/SL(I)}
ENDIF

10 CONTINUE

C Computation of the tangential derivatives UT and VT

C

DO 20 K=1,NB
IF(K.EQ.1l) THEN
NF=1

ELSE
NF=NL(K-1) +1
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o]

ENDIF
DO 20 I=NF,NL(K)

IF (I.EQ.NF) THEN
S1=SL(NL (K) ) +SL (NF)
S2=SL(NF) +SL (NF+1)
Ul=UB (NL (K))

U2=UB (NF)

U3=UB (NF+1)

V1=VB (NL (K))

V2=VB (NF)

V3=VB (NF+1)

ELSE IF (I.EQ.NL(K)) THEN
S1=SL(NL(K) -1) +SL (NL (K) )
S2=SL(NL(K) ) +SL (NF)
Ul=UB (NL(K) -1)

U2=UB(NL (K))

U3=UB (NF)

V1=VB (NL(K) -1)
V2=VB (NL (K))

V3=VB (NF)

ELSE

S1=SL(I-1)+SL(I)
S2=SL(I)+SL(I+1)
Ul=UB(I-1)

U2=UB (I)

U3=UB(I+1)

V1=VB(I-1)

V2=VB (I)

V3=VB(I+1)

ENDIF

C Computation of the boundary stresses

o]

20

UT= (S1**2%U3-S2*%2*UL+ (S2**2-81**2) *U2)

1 /(S1%*S2* (S1+82))
VT= (S1*#*24V3-S2+*2#V14 (S2#%2-51**2) *V2)
1 /(S1*82*(S1+82))

A(1l,1)=(ALAMDA+2.*GL) *ENX (I)
A(1,2)=GL*ENY(I)
A(1,3)=GL*ENY(I)
A(1,4)=ALAMDA*ENX (I)

A(2,1) =ALAMDA*ENY (I)

A(2,2) =GL*ENX (I)

A(2,3) =GL*ENX(I)

A(2,4) = (ALAMDA+2.*GL) *ENY (I)
A(3,1) =-ENY(I)

A(3,2)=ENX(I)

A{(3,3)=0.

A(3,4)=0.

A(4,1)=0.

A(4,2)=0.

A(4,3)=-ENY(I)

A(4,4)=ENX(I)

B(1)=TXB(I)

B(2)=TYB(I)

B(3) =UT

B(4)=VT

CALL LEQS(A,B,4,LSING)

SXB (I)=ALAMDA* (B(1)+B(4))+2.*GL*B(1)
SYB(I)=ALAMDA* (B(1)+B(4))+2.*GL*B(4)
SXYB(I)=GL*(B(2)+B(3))
CONTINUE

RETURN

END
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c
Czse=masszszs=szsssss=sssasssscssssssssssssssosssscasxscxssszzazaas
c
SUBROUTINE OUTPUTEL (XM, YM,UB,VB, TXB, TYB, XIN, YIN, UIN, VIN,
1 SXB, SYB, SXYB, SXIN, SYIN, SXYIN,N, IN)
c
c

C This subroutine prints the results in the outputfile.
C
IMPLICIT REAL*8 (A-H,0-2Z)
DIMENSION XM(N) , YM(N),UB(N),VB(N), TXB(N), TYB(N)
DIMENSION XIN(N),YIN(N),UIN(IN)},6 VIN(IN)
DIMENSION SXB(N),SYB(N), SXYB(N)
DIMENSION SXIN(IN),SYIN{IN), SXYIN(IN)

WRITE(2,100)

100 FORMAT('',76('*')///'RESULTS'///2X, 'BOUNDARY NODES'//'NODE',
1 5x,'X',11X,'Y',12X,'U', 11X, 'V',10X, 'TXB', 9X, 'TYB* /)
DO 10 I=1,N

10 WRITE(2,200)I,XM(I),¥YM(I),UB(I),VB(I),TXB(I),TYB(I)

200 FORMAT(I3,2(1X,E11.5),1X,4(1X,E11.5))

WRITE (2,300)
300 FORMAT(//,2X, 'DISPLACEMENTS AT INTERNAL POINTS'//' POINT',9X,
1 'X',14x,'Y',15X,'U',15X,'V'/)
DO 20 K=1,IN
20 WRITE(2,400)K,XIN(K),YIN(K), UIN(K), VIN(K)
400 FORMAT (IS, 4 (2X,E14.5))
WRITE(2,600)
600 FORMAT(//,2X,'STRESSES AT THE BOUNDARY NODAL POINTS'/)
WRITE(2,700)
700 FORMAT ('NODE',7X,'X',14X,'Y', 11X, 'SXB',6 12X, 'SYB', 10X, 'SXYB'/)
DO 30 I=1,N
30 WRITE{2,800)I,XM(I),YM(I),SXB(I),SYB(I),SXYB(I)
800 FORMAT (I3,5(2X,E12.5))
WRITE (2,900)
900 FORMAT(//,2X,'STRESSES AT THE INTERNAL POINTS'/)
WRITE (2,1000)
1000 FORMAT ('NODE',7X,'X',14X,'Y', 11X, *SXIN',b 10X, 'SYIN', 10X, 'SXYIN'/)
DO 40 I=1,IN
40 WRITE(2,800)I,XIN{(I),YIN(I),SXIN(I),SYIN(I),6 SXYIN(I)
WRITE(2,500)
500 PORMAT(/,'',76('*'))
RETURN
END
o]
o]

CaazsxssorxsrE s rIOEIRX TS ST XTI CEI S SCICC X CECSXATCOISSTICITICAEBTTIRSSTETTS

Example 7.2

The scope of this example is to illustrate the use of program ELBECON by solving
a simple plane stress problem. The body under consideration is a deep beam (i.e.
the length of the beam is not large in comparison with its depth) clamped at its two
ends. It has a thickness is » = 0.1 m and material constants E = 2 x 10° kN/m?,

= 0.20. All the other data are shown in Fig. 7.9.
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The results are obtained using a total of N=44 boundary elements. The horizontal
boundaries (upper and lower) are divided each into NX=15 boundary elements,
whereas the vertical ones (left and right) into NY=7 elements each. The data file
for elasticity problems of rectangular domains can be constructed automatically by
program RECT-4.FOR which has been written for this purpose. This program is
listed below for the values N=44, NX=15, NY=7, IN=3, NB=1, IPLANE=1, [X=1,

4
1) N /1
'vvvvvvvv!7-!!;!!?!!!111*
i ®
1A 0.25n
3 e T
0 - 0.25m 0
20 b
) - 0.25m 0
1l ® 1
] 0.25n
Y P Sl
L, L)
- 1 >
- k1 1 -

Figure 7.9 Deep beam clamped at both ends.

JY=3 of Example 7. 2.

Cezmazzzszaz=ssasss=zzx=

c

nnona

PROGRAM RECT4

This program creates the INPUTFILE for ELBECON when the
domain is a rectangle AA*BB

IMPLICIT REAL%8 (A-H,0-Z)

CHARACTER*15 INPUTFILE

CHARACTER*80 NAME, TITLE

PARAMETER (N=44)

PARAMETER (IN=3)

PARAMETER (NB=1)

DIMENSION XL (N+1l),YL(N+1),XIN(IN),YIN(IN)
DIMENSION KCODE (N),UB(N),VB(N), NL(NB)

WRITE (*,'(A)')' Name of the INPUTFILE (max.15 characters)'
READ (*,'(A)') INPUTFILE

OPEN (1, FILE=INPUTFILE)

WRITE (*,'(A)')' User NAME (max.l5 characters)'
READ(*, ' (A) ') NAME

WRITE (1, ' (A)')NAME

WRITE (*,'(A)')' Program TITLE (max.l15 characters)’

READ (*, ' (A) ') TITLE

WRITE(1l, ' (A)')TITLE
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WRITE(1,100)
100 FORMAT(' ',79(' ')}

IPLANE=1

WRITE(1,150) IPLANE
150 FORMAT (I4)

EL=200000.

PN=.2

WRITE(1,200)EL,PN
200 FORMAT(F10.0,F6.3)

WRITE(1,100)

NL (1) =N
WRITE(1,250) (NL(I),I=1,NB)
250 FORMAT (I14)

Boundary coordinates

aan

AA=3.

BB=1l.

NX=15

NY=7

DA=AA/NX

DB=BB/NY

DO 1 I=1,NX

XL(I)=(I-1)*DA

YL(I)=0.

1 WRITE(1,300)XL(I),YL(I)

300 FORMAT (2(F14.8,2X))

DO 2 I=1,NY
XL (I+NX) =AA
YL(I+NX)=(I-1)+*DB

2 WRITE(1,300)XL(I+NX), YL (I+NX)

DO 3 I=1,NX
XL {I+NX+NY)=AA- (I-1)*DA
YL (I+NX+NY) =BB
3 WRITE(1,300)XL(I+NX+NY), YL (I+NX+NY)

DO 4 I=1,NY
XL (I+NX+NY+NX) =0.
YL (I+NX+NY+NX) =BB- (I-1) *DB
4 WRITE(1,300)XL(I+NX+NY+NX), YL (I+NX+NY+NX)
WRITE(1,100)

Boundary conditions

nnn

XL{N+1)=XL(1)
YL(N+1) =YL(1)
DO 10 I=1,NX
KCODE (I)=2
XM= (XL (I)+XL(I+1))/2.
YM= (YL (I)+YL(I+1))/2.
UB(I)=0.

10 VB(I)=0.
DO 20 I=1,NY
II=I+NX
KCODE (II)=1
XM= (XL (II)+XL(II+1))/2.
YM= (YL(II)+YL(II+1))/2.
UB(II)=0.

20 VB(II)=0.
DO 30 I=1,NX
II=I+NX+NY
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KCODE (II)=2
XM= (XL(II)+XL(II+1))/2.
YM= (YL{II)+YL(IX+1))/2.
UB(II)=0.
30 VB(II)=-1.
DO 40 I=1,NY
IX=T+NX+NY+NX
KCODE (II)=1
XM= (XL(II)+XL(II+1))/2.
YM=(YL(II)+YL(II+1))/2.
UB(II)=0.
40 VB(II)=0.
DO 50 I=1,N
50 WRITE(1,400)KCODE(I),UB(I),VB(I)
400 FORMAT(I4,3X,2(F18.8))
c
WRITE(1,100)

C
C Coordinates of the internal points
C

IX=1
JY=3
DX=AA/IX
DY=BB/ (JY+1)
WRITE(1,100)

DO 5 J=1,J0Y

DO 5 I=1,IX

Ku (J-1) *JY+I

XIN(K)=DX/2.+(I-1)*DX

YIN(K)=DY+(J-1) *DY

WRITE(1,300)XIN(K),YIN(K)
S CONTINUE

WRITE(1,100)
STOP

END
c

Cxmaassmrm =SR-S CEATS X ST RS rAXRSERRF ST S AR CINEIOTEEOESCEERETSTIREXD

EXAMPLE 7.2 (DATA)

J.T.KATSIKADELIS
EXAMPLE 7.2

1
200000. .200

44
.00000000 .00000000
.20000000 .00000000
.40000000 .00000000
.60000000 .00000000
.80000000 .00000000
1.00000000 .00000000
1.20000000 .00000000
1.40000000 .00000000
1.60000000 .00000000
1.80000000 .00000000
2.00000000 .00000000

2.20000000 .00000000
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2.40000000 .00000000
2.60000000 .00000000
2.80000000 .00000000
3.00000000 .00000000
3.00000000 .14285714
3.00000000 .28571429
3.00000000 .42857143
3.00000000 .57142857
3.00000000 .71428571
3.00000000 .85714286
3.00000000 1.00000000
2.80000000 1.00000000
2.60000000 1.00000000
2.40000000 1.00000000
2.20000000 1.00000000
2.00000000 1.00000000
1.80000000 1.00000000
1.60000000 1.00000000
1.40000000 1.00000000
1.20000000 1.00000000
1.00000000 1.00000000
.80000000 1.00000000
.60000000 1.00000000
.40000000 1.00000000
.20000000 1.00000000
.00000000 1.00000000
.00000000 .85714286
.00000000 .71428571
.00000000 .57142857
.00000000 .42857143
.00000000 .28571429
.00000000 .14285714
2 .00000000 .00000000
2 .00000000 .00000000
2 .00000000 .00000000
2 .00000000 .00000000
2 .00000000 .00000000
2 .00000000 .00000000
2 .00000000 .00000000
2 .00000000 .00000000
2 .00000000 .00000000
2 .00000000 .00000000
2 .00000000 .00000000
2 .00000000 .00000000
2 .00000000 .00000000
2 .00000000 .00000000
2 .00000000 .00000000
1 .00000000 .00000000
1 .00000000 .00000000
1 .00000000 .00000000
1 .00000000 .00000000
1 .00000000 .00000000
1 - .00000000 .00000000
1 .00000000 .00000000
2 .00000000 -1.00000000
2 .00000000 -1.00000000
2 .00000000 -1.00000000
2 .00000000 -1.00000000
2 .00000000 -1.00000000
2 .00000000 -1.00000000
2 .00000000 -1.00000000
2 .00000000 -1.00000000
2 .00000000 -1.00000000
2 .00000000 -1.00000000
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2 .00000000 ~-1.00000000
2 .00000000 -1.00000000
2 .00000000 -1.00000000
2 .00000000 -1.00000000
2 .00000000 -1.00000000
1 .00000000 .00000000
1 .00000000 .00000000
1 .00000000 .00000000
1 .00000000 .00000000
1 .00000000 .00000000
1 .00000000 .00000000
1 .00000000 .00000000
1.50000000 .25000000

1.50000000 .50000000

1.50000000 .75000000

EXAMPLE 7.2 (RESULTS)

2 2 R R R R R R R S S R R R R A R R R R R R AR R R R SRR RS2 R sl

J.T.KATSIKADELIS
EXAMPLE 7.2

DATA

NUMBER OF BOUNDARY ELEMENTS = 44

NUMBER OF INTERNAL POINTS = 3

NUMBER OF BOUNDARIES = 1

PLANE STRESS PROBLEM

ELASTIC CONSTANTS: ELASTIC MODULUS = .2000E+06 POISSON RATIO = .20

COORDINATES OF THE EXTREME POINTS OF THE BOUNDARY ELEMENTS

NODE XL YL
1 .00000E+00 .00000E+00
2 .20000E+00 .00000E+0Q0
3 .40000E+00 .00000E+00
4 .60000E+00 .00000E+00
5 .80000E+00 .00000E+00
6 .10000E+01 .00000E+0Q0
7 .12000E+01 .00000E+00
8 .14000E+01 .00000E+00
9 .16000E+01 .00000E+00
10 .18000E+01 .00000E+00
11 .20000E+01 .00000E+00
12 .22000E+01 .00000E+00
13 .24000E+01 .00000E+00
14 .26000E+01 .00000E+00
15 .28000E+01 .00000E+00
16 .30000E+01 .00000E+00
17 .30000E+01 .14286E+00
18 .30000E+01 .28571E+00
19 .30000E+01 .42857E+00
20 .30000E+01 .57143E+00

21 .30000E+01 .71429E+00
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22 .30000E+01 .85714E+00
23 .30000E+01 .10000E+01
24 .28000E+01 .10000E+01
25 .26000E+01 .10000E+01
26 .24000E+01 -10000E+01
27 .22000E+01 .10000E+01
28 .20000E+01 .10000E+01
29 .18000E+01 .10000E+01
30 .16000E+01 .10000E+01
31 .14000E+01 .10000E+01
32 .12000E+01 .10000E+01
33 .10000E+01 .10000E+01
34 .80000E+00 .10000E+01
35 .60000E+00 .10000E+01
36 .40000E+00 .10000E+01
37 .20000E+00 .10000E+01
38 .00000E+00 .10000E+01
39 .00000E+00 .85714E+00
40 .00000E+00 .71429%E+00
41 .00000E+00 .57143E+00
42 .00000E+00 .42857E+00
43 .00000E+00 .28571E+00
44 .00000E+00 .14286E+00

BOUNDARY CONDITIONS

NODE KCODE PRESCRIBED VALUES
1 2 .00000E+00 .C0000E+00
2 2 .00000E+00 .00000E+00
3 2 .00000E+0Q0 .00000E+00
4 2 .00000E+00 .00000E+00
5 2 .00000E+00 .00000E+00
6 2 -00000E+00 .0C000E+00
7 2 .00000E+00 .00000E+00
8 2 .00000E+00 .00000E+00
9 2 .00000E+00 .00000E+00
10 2 .00000E+00 .00000E+00
11 2 .00000E+00 .00000E+00
12 2 .00000E+00 .00000E+00
13 2 .00000E+00 .00000E+CO
14 2 .00000E+00 .00000E+00
15 2 .00000E+00 .00000E+00
16 1 .00000E+00 .00000E+00
17 1 .00000E+00 .00000E+00
18 1 .00000E+00 .00000E+00
19 1 .00000E+00 .00000E+00
20 1 -.00000E+0Q0 .00000E+00
21 1 .00000E+00 .00000E+00
22 1 .00000E+00 .00000E+00
23 2 .00000E+00 -.10000E+01
24 2 .00000E+00 -.10000E+01
25 2 .00000E+00 -.10000E+01
26 2 .00000E+00 -.10000E+01
27 2 .00000E+00 -.10000E+01
28 2 .00000E+00 -.10000E+01
29 2 .00000E+00 -.10000E+01
30 2 .00000E+00 -.10000E+01
31 2 .00000E+00 -.10000E+01
32 2 .00000E+00 -.10000E+01
33 2 .00000E+00 -.10000E+01
34 2 .00000E+00 -.10000E+01
35 2 .00000E+00 -.10000E+01
36 2 .00000E+00 -.10000E+01
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37 2 .00000E+00 -.10000E+01
38 1 .00000E+00 .00000E+00
39 1 .00000E+00 .00000E+00
40 1 .00000E+00 .00000E+00
41 1 .00000E+00 .00000E+00
42 1 .00000E+00 .00000E+00
43 1 .00000E+00 .00000E+00
44 1 .00000E+00 .00000E+00

22222 R R RS R 2 22222 R 22X X2 2R R R ARt X2l 22 i 2 R 2 2R R

The system has been solved regularly

2 R R R X R R R R R R R 22 RSS2 2R AR S22 R R R Rl Rt Rl ] ]

RESULTS

BOUNDARY NODES

NODE X Y U v TXB TYB
1 .10000E+00 .00000E+00 -.11073E-05 -.47147E-06 .00000E+00 .00000E+00
2 .30000E+00 .0O00OOE+00 -.24208E-05 -.22679E-05 .00000E+00 .00000E+00
3 .S50000E+00 .00000E+00 -.30557E-05 -.4460SE-05 .00000E+00 .00000E+00
4 ,70000E+00 .00000E+00 -.31222E-05 -.66588E-05 .00000E+00 .00000E+00
5 .90000E+00 .00000E+00 -.273S53E-05 -.86054E-05 .00000E+00 .00000E+00
6 .11000E+01 .00000E+00 -.20100E-05 -.10118E-04 .000O00E+00 .00CO00E+00
7 .13000E+01 .00000E+00 -.10607E-05 -.11073E-04 .00000E+00 .0000O0E+00
8 .15000E+01 .0CO0OOE+00 -.74751E-21 -.11399E-04 .00000E+00 .00000E+00
9 L.17000E+01 .00000E+00 .10607E-05 -.11073E-04 .00000E+00 .C0O0O0OE+00
10 .19000E+01 .00000E+00 .20100E-05 -.10118E-04 .00000E+00 .O0O0O0O0OE+0O0
11 .21000E+01 .00O0O00E+00 .27353E-05 -.86054E-05 .00000E+0Q0 .00000E+00
12 ,23000E+01 .00O000E+0Q0 .31222E-05 -.66588E-05 .00000E+00 .00000E+00

13 .25000E+01 .00COO0E+00 .30557E-05 -.44605E-05 .00000E+00 .000COE+00
14 .27000E+01 .00000E+00 .24208E-05 -.22679E-05 .00OO0CE+00 .0000O0E+00
15 .29000E+01 .00000E+00 .11073E-05 -.47147E-06 .00000E+00 .00000E+00
16 .30000E+01 .71429E-01 .00000E+00 .00000E+00 -.20636E+01 -.54870E+00
17 .30000E+01 .21429E+00 .00000E+00 .0000CE+00 -.91311E+00 .30483E-01
18 .30000E+01 .35714E+00 .00000E+00 .00000E+00 -.51615E+00 .19079E+00
19 .30000E+01 .SO000O0E+00 .00000E+00 .00000E+00 -.19883E+00 .29576E+00
20 .30000E+01 .64286E+00 .00000E+00 .00000E+00 .13260E+00 .34608E+00
21 .30000E+01 .78571E+00 .00000E+00 .00000E+00 .57485E+00 .34953E+00
22 .30000E+01 .92857E+00 .00000E+00 .00000E+00 .22960E+01 .39736E+00
23 .29000E+01 .10000E+01 -.15265E-05 -.16042E-05 .00000E+00 -.10000E+01
24 .27000E+01 .10000E+01 -.27364E-05 -.42788E-05 .00000E+00 -.10000E+01
25 .25000E+01 .10000E+01 -.31999E-05 -.67858E-05 .00CO0E+00 -.10000E+01
26 .23000E+01 .10000E+01 -.31621E-05 -.90767E-05 .00000E+00 -.10000E+01
27 .21000E+01 .10000E+01 -.27298E-05 -.11037E-04 .00000E+00 -.10000E+01
28 .19000E+01 .10000E+01 -.19935E-05 -.12543E-04 .00000E+00 -.10000E+01
29 .17000E+01 .10000E+01 -.10495E-05 -.13491E-04 .00000E+00 -.10000E+01
30 .15000E+01 .10000E+01 .47646E-21 -.13814E-04 .00000E+00 -.10000E+01
31 .13000E+01 .10000E+01 .10495E-05 -.13491E-04 .00000E+00 -.10000E+01
32 L.11000E+01 .10000E+01 .19935E-05 -.12543E-04 .00000E+00 -.10000E+01
33 .90000E+00 .10000E+01 .27298E-05 -.11037E-04 .0000O0E+00 -.10000E+01
34 .70000E+00 .10000E+01 .31621E-05 -.90767E-05 .00000E+00 -.10000E+01
35 .50000E+00 .10000E+01 .31999E-05 -.67858E-05 .00000E+00 -.10000E+01
36 .30000E+00 .10000E+01 .27364E-05 -.42788E-05 .00000E+00 -.10000E+01
37 .10000E+00 .10000E+01 .15265E-05 -~.16042E-05 .00000E+00 -.10000E+01
38 .00000E+00 .92857E+00 .00000E+00 .00000E+00 -.22960E+01 .39736E+00
39 .00000E+00 .78571E+00 .00000E+00 .Q0O00OE+00 -.57485E+00 .34953E+00
40 .00000E+00 .64286E+00 .00000E+00 .00000E+00 -.13260E+00 .34608E+00
41 .00000E+00 .S0000E+00 .00000E+00 .00000E+00 .19883E+00 .29576E+00
42 .00000E+00 .35714E+00 .00000E+00 .00000E+00 .51615E+00 .19079E+00
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43 .00000E+00 .21429E+00 .00000E+00 .00000E+00 .91311E+00 .30483E-01
44 .00000E+00 .71429E-01 .00000E+00 .00000E+00 .20636E+01 -.54870E+00

DISPLACEMENTS AT INTERNAL POINTS

POINT X Y U v
1 .15000E+01 .25000E+00 -.27049E-21 -.11965E-04
2 .15000E+01 .50000E+00 -.30440E-21 -.12522E-04
3 .15000E+01 .75000E+00 -.48638E-21 -.13175E-04

STRESSES AT THE BOUNDARY NODAL POINTS

NODE X Y SXB SYB SXYB
1 .10000E+00 .00000E+CO -.13018E+01 .00000E+00 .00000E+00
2 .30000E+00 .00000E+00 -.97418E+00 .00000E+00 .00000E+00
3 .50000E+00 .00000E+00 -.35074E+00 .00000E+00 .00000E+00
4 .70000E+00 .00000E+00 .16019E+00 .00000E+00 .00000E+00
5 .90000E+00 .00000E+00 .55613E+00 .00000E+0Q0 .00000E+00
6 .11000E+01 .00000E+00 .83728E+00 .00000E+00 .00000E+00
7 .13000E+01 .00000E+00 .10050E+01 .00000E+00 .00000E+00
8 .15000E+01 .00000E+00 .10607E+01 .00000E+00 .00000E+00
9 .17000E+01 .00000E+00 .10050E+01 .00000E+00 .00000E+00
10 .15000E+01 .00000E+00 .83728E+00 .00000E+00 .00000E+00
11 .21000E+01 .00000E+00 .55613E+00 .00000E+00 .00000E+00
12 .23000E+01 .00000E+00 .16019E+00 .00000E+00 .00000E+00
13 .25000E+01 .00000E+00 -.35074E+00 .00000E+00 .00000E+00
14 .27000E+01 .00000E+00 -.97418E+00 .00000E+00 .00000E+00
15 .29000E+01 .00000E+00 -.13018E+01 .00000E+00 .00000E+00
16 .30000E+01 .71423%E-01 -.20636E+01 -.16270E+00 -.54870E+00
17 .30000E+01 .21429E+00 -.91311E+400 -.18262E+00 .30483E-01
18 .30000E+01 .35714E+00 -.51615E+00 -.10323E+00 .19079E+00
19 .30000E+01 .50000E+00 -.19883E+00 -.39766E-01 .29576E+00
20 .30000E+01 .64286E+00 .13260E+00 .26520E-01 .34608E+00
21 .30000E+01 .78571E+00 .57485E+00 .11497E+00 .34953E+00
22 .30000E+01 .92857E+00 .22960E+01 -.39150E+00 .39736E+00
23 .29000E+01 .10000E+01 .13174E+01 -.10000E+01 .00000E+00
24 .27000E+01 .10000E+01 .63672E+00 -.10000E+01 .00000E+00
25 .25000E+01 .10000E+01 .12837E-01 -.10000E+01 .00000E+00
26 .23000E+01 .10000E+01 -.43507E+00 -.10000E+01 .00000E+00
27 .21000E+01 .10000E+01 -.78429E+00 -.10000E+01 .00000E+00
28 .19000E+01 .10000E+01 -.10401E+01 -.10000E+01 .00000E+00
29 .17000E+01 .10000E+01 -.11968E+01 -.10000E+01 .00000E+00
30 .15000E+01 .10000E+01 -.124595E+01 -.10000E+01 .00000E+00
31 .13000E+01 .10000E+01 -.11968E+01 ~-.10000E+01 .00000E+00
32 .11000E+01 .10000E+01 -.10401E+01 -.10000E+01 .00000E+00
33 .90000E+00 .10000E+01 -.78429E+00 -.10000E+01 .00000E+00
34 .70000E+00 .10000E+01 -.43507E+00 -.10000E+01 .00000E+00
35 .50000E+00 .10000E+01 .12837E-01 -.10000E+01 .00000E+00
36 .30000E+00 .10000E+01 .63672E+00 -.10000E+01 .00000E+00
37 .10000E+00 .10000E+01 .13174E+01 -.10000E+01 .00000E+00
38 .00000E+00 .92857E+00 .22960E+01 -.39150E+00 -.39736E+00
39 .00000E+00 .78571E+00 .57485E+00 .11497E+00 -.34953E+00
40 .00000E+00 .64286E+00 .13260E+00 .26520E-01 -.34608E+00
41 .00000E+00 .50000E+00 -.19883E+00 -.39766E-01 -.29576E+00
42 .00000E+00 .35714E+00 -.51615E+00 -.10323E+00 -.19079E+00
43 .00000E+00 .21429E+00 -.91311E+00 -.18262E+00 -.30483E-01
44 .00000E+00 .71429E-01 -.20636E+01 -.16270E+00 .54870E+00

STRESSES AT THE INTERNAL POINTS
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NODE X Y SXIN SYIN SXYIN
1 .15000E+01 .25000E+00 .39351E+00 -.33746E+00 -.26455E-16
2 .15000E+01 .50000E+00 -.92069E-01 -.50317E+00 -.22378E-15
3 .15000E+01 .75000E+00 -.58061E+00 -.66592E+00 -.54123E-15

I 2 e 2R 2 R R R R R R R R R R AR SRS S22 RS2SR SR SR SRRl Rl Rl ]l

Table 7.1 presents the computed values of the displacement v and the stress o at
the cross-section z = 1.5 for various values N . They are compared with those
obtained using FEM and the Timoshenko beam theory (i.e. including shear defor-
mation). The deflection at point 2 is given by the expression

_ g’
3841

()

1+ 8k(1 +,,)(§)2

where ~ is the shape coefficient of the cross-section (x = 1.2 for a rectangular
cross-section) and ¢ is the load per unit length (¢ = —h ty).

Table 7.1 Computed values at boundary and internal points of Example 7.2
for various values of N .

BEM

Beam

Point Number of boundary elements, N FEM Theory

44 | 244 | 404 | 532 | 804 | 1604

Displacement v x 10*

A [-0.1381]-0.2633 | -0.2766 | —0.2815 | -0.2864 | -0.2911 | -0.2924

2 —0.1252 | -0.2495 | -0.2627 | -0.2675 | -0.2724 | -0.2771 | -0.2783 | -0.2885
B |-0.1140|-0.2392 | -0.2525 | -0.2574 | -0.2623 1 -0.2670 | —0.2682

Stress o

A -1.250 | -2.491 |-2.614 |-2.660 |-2.706 |-2.750 [-2.630 |-2.250
3 -0.581 | -1.055 |-1.106 |-1.124 |-1.143 |-1.161 |-1.170 |-1.125
2 -0.092 {-0.090 |-0.090 {-0.090 |-0.090 |-0.090 |-0.089 0.000
1 0.394 0.872 0.923 0.961 0.961 0.979 0.986 1.125
B 1.061 2.259 2.383 2.475 2475 2.519 2.450 2.250

For the beam theory, the stress o is computed from the expression

Or = — O.r_
1( 5-y)

where M = ga®/24 is the bending moment at the mid-section.
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We note that a number of 44 constant boundary elements is not sufficient for an
accurate solution. The convergence of the BEM was achieved with N=1604
(NX=501, NY=301), whereas of the FEM with 432 rectangular hybrid elements.
Finally, the distribution of . at the cross-section z = 3.0 is shown in Fig. 7.10 as
it was obtained using BEM, FEM and the Timoshenko beam theory.

1.0 e Lot o -
08 |
0.6 - " v
0.4 - -
02 —O— BEM
- & - FEM

‘ ‘ - | —©— Beam Theory

0.0 e —

-10.0 -5.0 0.0 5.0 10.0 15.0

Tr

Figure 7.10 Distribution of o, at the cross-section z = 3.0.

Example 7.3

Determine the deformation and state of stress for the pipe of Fig. 7.11, which is
subjected to internal pressure p = L MPa. [t has a uniform cross-section and since
it is very long in the z—direction, the produced state of stress is plane strain. The
material constants are £ = 2x10° kN/m* and » = 0.20. All the other data can
be found in Fig. (7.11).

The results are obtained using program ELBECON with INPLANE=0, N=348,
NB=2, NL(1)=284 and NL(2)=348. The external boundary is divided into N=142
(NX=91, NY=51) constant boundary elements, while the inner boundary is discre-
tized into N=32 (NX=21, NY=11) elements. The data file is created using program
RECTEL-MU.FOR. Due to space considerations, the obtained results are given
only at selected points. The distribution of ¢, along the boundary y = 0 is shown
in Fig. 7.12, whereas the distribution of o, along the boundaries y =0 and
y = 1.5 are shown in Fig. 7.13. Fig. 7.14 depicts the deformed shape of the pipe’s
cross-section. Finally, the stress contours o, o, and 7. at the cross-section of
the pipe are presented in Figs. 7.15, 7.16 and 7.17, respectively.



274 BOUNDARY ELEMENTS

¥i
t 0, t 0
A A
.om
Y
[FFiss5552] 4
u 0 B A U 0
b 1.5m . P » 0.5m
t 0 e g =0
4+ -
Y Y Y YYYTYYY Y
A
- 0.75m - 1.0m »ra——0.75m -
0.5m
Y Y \ -
QO 0O O 0 00 00000000 | I
] t L)
- 0] 2.0m -

Figure 7.11 Pipe under uniform pressure.

EXAMPLE 7.3 (RESULTS)

L2222 2RSSR R Rt i ARt l X

J.T. KATSIKADELIS

EXAMPLE 7.3

DATA
NUMBER OF BOUNDARY ELEMENTS =348
NUMBER OF INTERNAL POINTS = 28
NUMBER OF BOUNDARIES E

PLANE STRAIN PROBLEM

ELASTIC CONSTANTS: ELASTIC MODULUS = .2000E+06 POISSON RATIO = .20

(22222 R X2 RS RS2 R 2R 222222 R0 222t dil 22222 2 e X

RESULTS

BOUNDARY NODES
NODE X Y u v TXB TYB
1 .13736E-01 .00000E+00 -,24189E-04 .00000E+00 .0O0O0QOE+00 -.52996E+03

21 .56319E+00 .00000E+00 -.72425E-03 .00000E+00 .000O0OCE+00 -.35881E+03
41 .11126E+01 .0QQ000QE+00 -.35833E-03 .00000E+00 .00000E+00 .84725E+03
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46 .12500E+01 .0000OE+00 -.82078E-17 .00000E+00 .00000E+00 .92400E+03
51 .13874E+01 .00000E+00 .35833E-03 .00000E+00 .0000O0E+00 .84725E+03
71 .19368E+01 .00000E+00 .72425E-03 .00000E+00 .00OO00E+00 -.35881E+03
91 .24863E+01 .00000E+00 .24189E-04 .00000E+00 .0CO0O00E+00 -.52996E+03
92 .25000E+01 .14706E-01 .00000E+00 .41985E-04 -~.13765E+03 .00000E+00
112 .25000E+01 .60294E+00 .00000E+00 .14047E-02 -.24658E+02 .00000E+00
117 .25000E+01 .75000E+00 .00000E+00 .16518E-02 .93068E+01 .00000E+00
122 .25000E+01 .89706E+00 .00000E+00 .18227E-02 .19794E+02 .00000E+00
142 .25000E+01 .14853E+01 .00000E+00 .21831E-02 -.97037E+03 .00000E+00
143 .24863E+01 .15000E+01 .69463E-04 .22128E-02 .00000E+00 .0000OE+00
163 .19368E+01 .15000E+01 .28213E-02 .46238E-02 .00000E+00 .00COOE+00
183 .13874E+01 .15000E+01 .15391E-02 .12138E-01 .00000E+00 .0000OE+00
188 .12500E+01 .15000E+01 -.32385E-17 .12683E-01 .00000E+00 .00000E+00
193 .11126E+01 .15000E+01 -.15391E-02 .12138E-01 .00000E+00 .00O000E+00
213 .56319E+00 .15000E+01 -.28213E-02 .46238E-02 .00000E+00 .00000E+00
233 .13736E-01 .15000E+01 -.69463E-04 .22128E-02 .00000E+00 .00000E+00
234 .00000E+00 .14853E+01 .00000E+00 .21831E-02 .97037E+03 .00000E+00
254 .00000E+00 .89706E+00 .00000E+00 .18227E-02 -.19794E+02 .00000E+00
259 .00000E+00 .75000E+00 .00000E+00 .16518E-02 -.93068E+01 .00000E+00
264 .00000E+00 .60294E+00 .00000E+00 .14047E-02 .24658E+02 .00000E+00
284 .00000E+00 .14706E-01 .00000E+00 .41985E-04 .13765E+03 .00000E+00
285 .75000E+00 .52273E+00 -.10789E-02 .13739E-02 -.10000E+04 .00000E+00

290 .75000E+00 .75000E+00 -.17573E-02 .24620E-02 -.10000E+04 .O00000E+00
295 .75000E+00 .97727E+00 -.14720E-03 .40572E-02 -.10000E+04 .00000E+00
296 .77381E+00 .10000E+01 .18298E-02 .70657E-02 .00000E+00 .10000E+04
304 .11548E+01 .10000E+01 .69300E-03 .13851E-01 .00000E+00 .10000E+04
306 .12500E+01 .10000E+01 .68200E-18 .14123E-01 .00000E+00 .10000E+04

308 .13452E+01 .10000E+01 -.69300E-03 .13851E-01 .000COE+00 .10000E+04
316 .17262E+01 .10000E+01 -.18298BE-02 .70657E-02 .00000E+00 .10000E+04

317 .17500E+01 .97727E+00 .14720E-03 .40572E-02 .10000E+04 .00000E+00
322 .17500E+01 .75000E+00 .17573E-02 .24620E-02 .10000E+04 .00000E+00
327 .17500E+01 .52273E+00 .10789E-02 .13739E-02 .10000E+04 .00000E+00
328 .17262E+01 .S50000E+00 -.52574E-04 -.21925E-03 .000OOE+00 -.10000E+04
336 .13452E+01 .S50000E+00 -.15442E-04 -.236B5E-02 .00000E+00 -.10000E+04
338 .12500E+01 .S50000E+00 .44900E-18 -.24171E-02 .00000E+00 -.10000E+04
340 .11548E+01 .50000E+00 .15442E-04 -.23685E-02 .00000E+00 -.10000E+04
348 .77381E+00 .S0000E+00 .52574E-04 -.21925E-03 .00000E+00 -.10000E+04

DISPLACEMENTS AT INTERNAL POINTS

POINT X Y u v
1 .50000E-01 .75000E+00 -.17973E-04 .16589E-02
3 .25000E+00 .75000E+00 -.11601E-03 .18458E-02
5 -45000E+00 .75000E+00 -.33619E-03 .22240E-02
8 .65000E+00 -75000E+00 -.11736E-02 .25230E-02
9 .70000E+00 .75000E+00 -.14580E-02 .25163E-02
10 .18000E+01 .75000E+00 .14580E-02 .25163E-02
11 .18500E+01 .75000E+00 .11736E-02 .25230E-02
14 .20500E+01 .75000E+00 .396189E-03 .22240E-02
16 .22500E+01 .75000E+00 .11601E-03 .18458E-02
18 .24500E+01 .75000E+00 .17973E-04 .16589E-02
19 .12500E+01 .50000E-01 -.29477E-18 -.24514E-03
21 .12500E+01 .25000E+00 -.47095E-18 -.12253E-02
23 .12500E+01 .45000E+00 -.34305E-18 -.21906E-02
24 .12500E+01 .10500E+01 -.85212E-18 .13990E-01
26 .12500E+01 .12500E+01 -.13705E-17 .13330E-01
28 .12500E+01 .14500E+01 -.22311E-17 .12828E-01

STRESSES AT THE BOUNDARY NODAL POINTS

NODE X Y SXB SYB SXYB
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1
21
41
46
51
71
91
92

112
117
122
142
143
163
183
188
193
213
233
234
254
259
264
284
285
290
295
296
304
306
308
316
317
322
327
328
336
338
340
348

.13736E-01
.56319E+00
.11126E+01
.12500E+01
.13874E+01
.19368E+01
.24863E+01
.25000E+01
.25000E+01
.25000E+01
.25000E+01
.25000E+01
.24863E+01
.19368E+01
.13874E+01
.12500E+01
.11126E+01
.56319E+00
.13736E-01
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.75000E+00
.75000E+00
.75000E+00
.77381E+00
.11548E+01
.12500E+01
.13452E+01
.17262E+01
.17500E+01
.17500E+01
.17500E+01
.17262E+01
.13452E+01
.12500E+01
.11548E+01
.77381E+00

STRESSES AT THE

NODE

@ U W

9
10
11
14
16
18
19
21
23
24
26
28

LA R AR SRR RSl s Rl iR Rt l sl i i 22X 22 X2 ot R

X

.50000E-01
.25000E+00
.45000E+00
.65000E+00
.70000E+00
.18000E+01
.18500E+01
.20500E+01
.22500E+01
.24500E+01
.12500E+01
.12500E+01
.12500E+01
.12500E+01
.12500E+01
.12500E+01

.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.14706E-01
.60294E+00
.75000E+00
.89706E+00
.14853E+01
.15000E+01
.15000E+01
.15000E+01
.15000E+01
.15000E+01
.15000E+01
.15000E+01
.14853E+01
.83706E+00
.75000E+00
.60294E+00
.14706E-01
.52273E+00
.75000E+00
.97727E+00
.10000E+01
.10000E+01
.10000E+01
.10000E+01
.10000E+01
.97727E+00
.75000E+00
.52273E+00
.50000E+00
.50000E+00
.50000E+00
.50000E+00
.S0000E+00

INTERNAL POINTS

Y

.75000E+00
.75000E+00
.75000E+00
.75000E+00
.75000E+00
.75000E+00
.75000E+00
.75000E+00
.75000E+00
.75000E+00
.50000E-01
.25000E+00
.45000E+00
.10500E+01
.12500E+01
.14500E+01

-.76833E+02
-.14872E+03
.30248E+03
.32588E+03
.30248E+03
-.14872E+03
-.76833E+02
-.13765E+03
-.24658E+02
.93068E+01
.19794E+02
-.97037E+03
-.74157E+03
-.98134E+03
.21656E+04
.24140E+04
.21656E+04
-.98134E+03
-.74157E+03
~.97037E+03
.19794E+02
.93068E+01
-.24658E+02
-.13765E+03
-.10000E+04
-.10000E+04
-.10000E+04
.45463E+04
-.17027E+04
-.17871E+04
-.17027E+04
.45463E+04
-.10000E+04
-.10000E+04
-.10000E+04
-24004E+04
-.29043E+03
-.28146E+03
-.29043E+03
.24004E+04

SXIN

.71437E+01
-.50055E+02
-.28878E+03
-.85555E+03
-.96161E+03
-.96161E+03
-.85555E+03
-.28878E+03
-.50055E+02

.71437E+01

.32130E+03

.19696E+03
~-.17085E+03
-.12449E+04

.3B464E+03

.18800E+04

.52996E+03
.35881E+03
-.84725E+03
-.92400E+03
-.B84725E+03
.35881E+03
.52996E+03
.38094E+03
.38745E+03
.30245E+03
.18846E+03
-.24593E+02
-.28422E-13
-.28422E-13
.00000E+00
.56843E-13
.56843E-13
-.28422E-13
-.28422E-13
-.24593E+02
.18846E+03
.30245E+03
.38745E+03
.38094E+03
.38357E+04
.76988E+03
.74041E+04
-.10000E+04
-.10000E+04
.10000E+04
-.10000E+04
.10000E+04
.74041E+04
.76988E+03
.38357E+04
-.10000E+04
-.10000E+04
-.10000E+04
-.10000E+04
-.10000E+04

SYIN

.30748E+03
.43360E+03
.78449E+03
.11362E+04
.10218E+04
.10218E+04
.11362E+04
.78449E+03
.43360E+03
.30748E+03
-.92963E+03
-.98046E+03
-.10010E+04
-.95462E+03
-.52482E+03
~.39172E+02

.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
.00000E+00
-00000E+00
.00000E+00
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Figure 7.15 Contours of o at the pipe cross-section.
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7.13 References

The boundary value problems of the theory of elasticity are well known and the
interested reader find them in many relevant books, some of which are listed
below. References [1, 2,3, 11,12, 13] are addressed mainly to engineers, while
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Problems

7.1. Derive the boundary integral equations for the plain strain problem taking

into account initial strains.
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7.2.

7.3.

7.4.

7.5.

Determine the deformation and the stresses in the pipe of Fig. 7.11, which are
produced by a temperature change of AT = 80°C. The coefficient of ther-
mal dilatation is « = 107, while the elastic constants are those of Exam-

ple 7.3.

Determine the deformation and the stresses in the pipe of Fig. 7.11, when the
temperature of the fluid in the pipe is T;, = 300° C, the ambient temperature
is T,u = 25°C, the reference temperature (temperature of manufacturing for
the pipe) is Ty = 10°C and the internal pressure is p = 1 MPa . The coeffi-
cient of thermal dilatation is o = 107"

Determine the deformation and the stresses in the deep beam of Fig. 7.9 con-
sidering also the weight of the body, p» = 25kN/m” .

The two-column frame is subjected to uniformly distributed horizontal loads
p = 750 kN/m as shown in Fig. P7.5. The supporting wall is fixed (u = 0
and v = 0) along its sides AB, BC , CD, DE and EF . Determine the de-
formed shape of the frame and evaluate its lateral stiffness K, using the
theory of elasticity. The thickness of the structure is 0.25m and the elastic
constants are £ = 2.1x 107 kN/m* and v = 0.20.

LA B
-
TYYTY

Figure P7.5

7.6. The shear wall of the following figure is subjected to distributed horizontal

loads p = 50 kN/m. Determine the deformation of the plane body and find
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the stress distribution along the cross-sections z = 0.00, 0.90,1.70m and
y = 0.40, 1.60, 4.00 m . The thickness is 0.25 m and the elastic constants are

E =2.1x10"kN/m® and v = 0.15. The support conditions of the structure
are u(z,0) =0 and v(z,0)=0.

Yy Y T Y Y T Y T Y Y Y Y YYLYLY

:
1
0.4(
1
1.60 —
I
T _—

sle- (180 ate .50 sle—1.00 —ode (.80 wle 0.80 sle—1.40 —!

- 1.4l

le 3.50 »le 3.50 |

Figure P7.6
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Appendix A

Derivatives of r

In this Appendix, we present certain relations which facilitate the differentiation of
the kernels of the integral equations. Points inside the domain 2 are denoted by
upper case letters, e.g. P(z,y), while points on the boundary by lower case letters,
e.g. q(&,n). The angle between the z —axis and the vector r is denoted by « and
the angle between the u —axis and the unit vector n normal to the boundary at
point ¢ by 3 (see Fig. A.1). Using these two angles, we also define the angle ¢

as
¢ = angle(r,n) = [ — «
Referring to Fig. A.1, it s
E—u

7

COS(y =

n-—y

7

sin v =

where

r=yE -1+ -y
Differentiation of Eq. (A.4) yields

r
s = —75 = — = —COS ¥

Ty = -1y, = —+——2 = —sina

(A.1)

(A2)

(A.3)

(A.4)

(A.5)

(A.6)

where the subscripts z, y, £ and n preceded by a comma denote differentiation
with respect to the corresponding independent variable.



286 BOUNDARY ELEMENTS

Figure A.1 Geometric definitions related to the relative position of
a field point P and a boundary point ¢ .

Noting that
cosf3 =mn.,
sin 3 = ny

we can derive the following expressions for the derivatives of r

Tn = T + 7y 1y
=recos 3+ mysin 3

= cosacos 3 + sinasin 3

= cos(ff — )
= cos¢ (A.7)
Ty = —TeNy + Ty

—T¢ sin 8 4+ 1, cos 3

I

= —cosqsin 8 + sinacos 8

= —sin(f — @)
= —sing (A.8)
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e
r T
o (é—x),xr—(é_l‘)rx
T2
_ -y’
7,3
2
=0 (A.9)
T
Similarly, we obtain
2
Tay = 22 (A.10)
T
Ty = — 2 (A.11)
"
2
re = (A.12)
"
i
Ty = —= (A.13)
.
re, = — 2 (A.14)
T
7'2
Ter = —Twr = — =L (A.15)
»
Ty = —Tuy = = (A.16)
,
T = —Tye = 204 (A.17)
"
2
Tay = —Tyy = ——= (A.18)
»

Tor = (¢ cos B+ rysin ()

W

=71 cosf +rypsind =
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Tny

Tty

(re cos B+ 7ysin §)

Y
Tey COS,B + Ty sin ,6

L (—pycos B + 7 sin B)
”

Tl

r

(—resinf+1y Cosﬁ)yI

—7¢, SN G + 7ye cO8

—7;—'?(115 cos 3 + 1y sin 3)
_ Tyl
,

(—resin B 41, cos3)

N
—1g, sin 3 4 1,y cos 8

7 .

L (re cos B+ rysin3)
”

Tl

r

(A.19)

(A.20)

(A21)

(A.22)



Appendix B

Gauss Integration

B.1 Gauss integration of a regular function

The success of BEM as a computational method is contingent upon evaluating
accurately line and domain integrals. Any numerical integration method can be
utilized, e.g. trapezoidal rule, Simpson rule, Newton-Cotes rule, etc. The numerical
methods approximate an integral with a sum of products of the values of the inte-
grand at specific points of the integration interval, usually equidistant, multiplied
by known coefficients, the weight factors (or weights), resulting from the employed
integration rule. Hence, an essential criterion for choosing the integration rule is the
achievement of the desired degree of accuracy in the approximation of the integral
by utilizing the lowest possible number of integration points. The Gauss integration
method satisfies this criterion. In this method, the points are not equidistant but
they arrange themselves in the optimal pattern. The weight factors are also adjusted
in this optimization process. The concept behind the Gauss integration is quite
simple, and will be explained in the sequel.

Let us consider the integral
i
1= [ 1 (B.1)

It is approximated by the sum
I~ In = Zf(&k)u}k (BZ)
k=1

where f(§,) (k =1,2,...,n) are the values of the function f(£) at the n points &
(-1 < & < +1) and w, the associated weights. The points £, which are called
Gauss integration points or simply Gauss points, are not equidistant within the
integration interval, but, for a given n, their location and the associated weights
are chosen so that the error F,. = I — [, becomes minimum.
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We first study the trivial case where the function f(£) is a linear polynomial
f&)=a+ag (B.3)

The exact value of the integral is

I= f:l(ao + ai§)d§

2 1+!

a + a; =
o€ S

-1

= 2(10
while the approximate value obtained from Eq. (B.2) for n =1 is

I = (ay + ai&y)wy

Therefore, the error is

E\(ag,a1) =1 =1, = 2ay — (ay + a,§) w

and is minimized for

oF,

- =2—w =0
Jag

(B.4)
(Z—il =—w & =0
which yield
=0, w=2
and £ (ay,aq,)=0.
We notice that Eq. (B.2) gives

[ r€rag =24,
— %a, (B.5)

where f, = f(0).

Namely, the value of the integral is independent of the slope a; of the straight line
representing the function. Hence, the definite integrals on the interval [—1,4+1] of
all the linear functions passing through the point (0, fy) have the same value (see
Fig. B.1).
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Sy
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] L ! _l

Figure B.1 Typical linear polynomials.

Consider now the case of a function f(£) which is a quadratic polynomial. The
exact value of the integral is

I= f_ll(a(, +a, £+ ay 52)d§

2 ERRS
a0£+al%+a2%

-1

2
= 2ay + 5(12

while the approximate one for two Gauss points (n = 2) is
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I, = f(&)w + f(&)w,
= (ao +a, & +a2§12)w1 +(a0 +a, & +a2§22)w2

The resulting error is

E2(007a1aa2) =1-1
2
= 2a, +ga2 —(ao +a, & +ap 512)1111
- (ao tab+a bl )wz (B.6)

which is minimized under the following conditions

OF; _ 9wy —w, =0 (B.7)
6(10

% =-Gu —&§w =0 (B.8)
8(11

0E2 2 2 2

L= =& w, =0 B.9
om 3 & wy — &y ws (B.9)

The above three simultaneous equations include four unknowns, w,, w,, £ and
&, . Therefore, one of them can be chosen arbitrarily, and since it is convenient to
place the points & and &, symmetrically with respect to the origin, we set

& ==& (B.10)
From Eq. (B.8), we obtain w;, = w, and from Eq. (B.7) we find

w, = wy; =1 (B.1D)
Finally, Eq. (B.9) gives

£ = - = 0.577350269189626 (B.12)

J3

Introducing the above values of £, &, w, and w, into Eq. (B.6), the error be-
comes FE,(ag,a,,a:) = 0. The approximate value of the integral is computed from
the sum

I, = f(&)w + f(&)w, (B.13)

where &, and &, are given by Egs. (B.10) and (B.12) and w,, w, by Eq. (B.11).
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We consider the case where the function f(£) is a cubic polynomial and we apply
the same procedure. The exact value is

1 .
Iy = f71(00 +.al E+a & +a,6 )df
2
= 2a¢ + —a.
0 3 2
Using again two Gauss points (n = 2), the expression for the error becomes

2 \
Ej(ag,a1,09,03) = (200 + ga‘z)— (ao +a; & +ay 512 + ay 513 )w1

—(ao +a, &+ ay &+ ay &;)wz

which is minimized if the following conditions are satisfied

9L, =2—w —wy, =0 (B.14a)
day

OF, =-&uw —&w, =0 (B.14b)
oay

OF. 2 - :

0—0': = 3 Elw — €& wy, =0 (B.14c¢)
@—‘ =& w — & w, =0 (B.14d)
Oay

The solution w, = w, =1 and & = —§, = 1//3, obtained when f(£) is a sec-
ond order polynomial, is also a solution of the simultaneous equations (B.14), and
yields E;(ay,a,ay,a4) = 0. Hence, Eq. (B.2) renders exact values for the integrals
of the second and third order polynomials using the same Gauss integration rule,
i.e. the same integration points and weights.

This procedure can also be applied for higher order polynomals. In general, it can
be proved that the formula of Eq. (B.2) with n terms gives the exact value for the
integral of a polynomial f(£) of order less than or equal to 2n — 1. However, this
procedure can hardly be employed to determine the coordinates of the Gauss points
and the weight factors, because it becomes complicated and laborious for increas-
ing degree of the polynomial. The Gauss points can be obtained by a simpler
method, which uses Legendre’s orthogonal polynomials [1, 2] to represent the
function f(£) and that is why it is known as Gauss-Legendre integration.

Legendre’s polynomials are defined as
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1 a .
P&) =5y d{"(£2_1) (B.15)

For example, the first, second and third order polynomials are

for n=1: P{{)=¢ h
for n=2: Pz(g):%(%?—l) > (B.16)
for n=3: R,(g):%(sg"—?,g)

It is proven that the coordinates £, of the integration points are the zeros of these
polynomials. The weight factors w; are computed by the expression

n?[Poi(&)]

Table B.1 provides the coordinates of the integration points and the weights for
various values of 7.

(B.17)

If f(£) is not a polynomial, the integral can be evaluated approximately as
l n
[ e~ se)m (B.18)
- k=1

where the function is actually approximated by a polynomial of degree 2n —1.
The error associated with the Gauss-Legendre integration is given by Lanczos in
the following form (1]

1
2n +1

En—_—l_[n:

fO+ f(=1)— 1. - Zwk & (&) (B.19)

in which n is the number of integration points. This estimation is very good for
smooth functions f(&).

Usually, the interval over which a function is integrated differs from the interval
[~1,+1]. Suppose that we have to evaluate the integral

1= ! fx)de (B.20)

Using the transformation

b—a€+b+a
2 2

(B.21)

Tr =
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Table B.1 Abscissas and weights for the Gauss-Legendre integration.

1= fede~ Y e w

n +&; Wy,
n=2 0.57735 02691 89626 1.00000 00000 00000
n=3 0.00000 00000 00000 0.88888 88888 88889
0.77459 66692 41483 0.55555 55555 55556
n=4 0.33998 10435 84856 0.65214 51548 62546
0.86113 63115 94053 0.34785 48451 37454
n=>5 0.00000 00000 00000 0.56888 88888 88889
0.53846 93101 05683 0.47862 86704 99366
0.90617 98459 38664 0.23692 68850 56189
n==06 0.23861 91860 83197 0.46791 39345 72691
0.66120 93864 66265 0.36076 15730 48139
0.93246 95142 03152 0.17132 44923 79170
n==7 0.00000 00000 00000 0.41795 91836 73469
0.40584 51513 77397 0.38183 00505 05119
0.74153 11855 99394 0.27970 53914 89277
0.94910 79123 42759 0.12948 49661 68870
n =28 0.18343 46424 95650 0.36268 37833 78362
0.52553 24099 16329 0.31370 66458 77887
0.79666 64774 13627 0.22238 10344 53374
0.96028 98564 97536 0.10122 85362 90376
n=>9 0.00000 00000 00000 0.33023 93550 01260
0.32425 34234 03809 0.31234 70770 40003
0.61337 14327 00590 0.26061 06964 02935
0.83603 11073 26636 0.18064 81606 94857
0.96816 02395 07626 0.08127 43883 61574
n =10 0.14887 43389 81631 0.29552 42247 14753
0.43339 53941 29247 0.26926 67193 09996
0.67940 95682 99024 0.21908 63625 15982
0.86506 33666 88985 0.14945 13491 50581
0.97390 65285 17172 0.06667 13443 08688
n=12 0.12523 34085 11469 0.24914 70458 13403
0.36783 14989 98180 0.23349 25365 38355
0.58731 79542 86617 0.20316 74267 23066
0.76990 26741 94305 0.16007 83285 43346
0.90411 72563 70475 0.10693 93259 95318
0.98156 06342 46719 0.04717 53363 86512
n =16 0.09501 25098 37637 0.18945 06104 55068
0.28160 35507 79258 0.18260 34150 44923
0.45801 67776 57227 0.16915 65193 95002
0.61787 62444 02643 0.14959 59888 16576
0.75540 44083 55003 0.12462 89712 55533
0.86563 12023 87831 0.09515 85116 82492
0.94457 50230 73232 0.06225 35239 38647

0.98940 09349 91649 0.02715 24594 11754
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Table B.2 Computed values of the integral [ = j; ’ Sir:: % dz for various
numbers of Gauss points, n .
n & Wy j;a M dz
T
1 & =0 w, =2.0000000000  0.82682181
2 £ =-0.5773502692  w; =1.0000000000  0.79856002
& = —¢& Wy, =W
3 & =-0.7745966692  w, =0.5555555556  0.79465269
& =0 wy, = (0.8888888889
& =—& Wy = W
4 £ =-0.8611363116  w, =0.3478548451 0.79482835
& =-0.3399810436  w, =0.6521451549
& =& Wy = Wy
& ==& wy =
S & =-0.9061798459  w, =0.2369268851 0.79482516
£, =-0.5384693101  w, =0.4786286705
& =0 wy = 0.5688888889
&=-& Wy = Wy
& =& Wy = W,
Exact value 0.79482518

the interval of Eq. (B.20) is mapped onto the interval [—1,+1}. Thus,

[ = f:f(::;)dx =0 = “f:‘f(g)dg (B.22)

Example B.1

Determine the value of the integral

3wl g

sSin’”

= [y,
1 fes

The transformation z = £ + 2 yields the expression of the above integral in the
interval [—1,+1], which is of the following form
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Table B.3 Abscissas and weights for the Gaussian quadrature of a
function with logarithmic singularity.

1= [ fepde Yo sew,

n & Wy
n=2 0.11200 88061 66976 0.71853 93190 30384
0.60227 69081 18738 0.28146 06809 69615
n=3 0.06389 07930 873254 0.51340 45522 32363
0.36899 70637 15618 0.39198 00412 01487
0.76688 03039 38941 0.09461 54065 661491
n=4 0.04144 84801 993832 0.38346 40681 45135
0.24547 49143 20602 0.38687 53177 74762
0.55616 54535 60278 0.19043 51269 50142
0.84898 23945 32985 0.03922 54871 299598
n=>5 0.02913 44721 519720 0.29789 34717 82894
0.17397 72133 20897 0.34977 62265 13224
0.41170 25202 84902 0.23448 82900 44052
0.67731 41745 82820 0.09893 04595 166331
0.89477 13610 31008 0.01891 15521 431957
n==0 0.02163 40058 441169 0.23876 36625 78547
0.12958 33911 54950 0.30828 65732 73946
0.31402 04499 14765 0.24531 74265 63210
0.53865 72173 51802 0.14200 87565 66476
0.75691 53373 77402 0.05545 46223 248862
0.92266 88513 72120 0.01016 89586 929322
n==79 0.01671 93554 082581 0.19616 93894 25248
0.10018 56779 15675 0.27030 26442 47272
0.24629 42462 07930 0.23968 18730 07690
0.43346 34932 57033 0.16577 57748 10432
0.63235 09880 47766 0.08894 32271 376579
0.81111 86267 40105 0.03319 43043 565710
0.94084 81667 43347 0.05932 78701 512592
n=2~8 0.01332 02441 608924 0.16441 66047 28002
0.07975 04290 138949 0.23752 56100 23306
0.19787 10293 26188 0.22684 19844 31919
0.35415 39943 51909 0.17575 40790 06070
0.52945 85752 34917 0.11292 40302 46759
0.70181 45299 39099 0.05787 22107 177820
0.84937 93204 41106 0.02097 90737 421329

0.95332 64500 56359 0.03686 40710 402761
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_f+1 sin® §+2 dé
- §+2

The integral is computed using Gaussian integration. Results for various values of
n are presented in Table B.2. We notice that a five-point Gaussian quadrature is
sufficient to approximate the value of the integral to seven significant figures.

B.2 Integrals with a logarithmic singularity

The Gaussian integration gives good results when a function f(£) varies smoothly
within the integration interval. If the integrand is singular the Gauss-Legendre
integration cannot be employed and for this purpose special integration rules have
been developed which depend on the type of singularity. Integrals whose integrand
includes a logarithmic singularity are approximated by the formula [3]

folf(f)fnﬁdf ~ Y (&) w (B.23)
k=1

The integration points &, and the weights w, are given in Table B.3.

B.3 Double integrals of a regular function

The Gaussian integration can also be employed to evaluate double integrals. In this
case the integration rule depends on the geometry of the domain over which the
integration is performed. Various Gauss integration rules have been developed for
domains of specific geometry, such as rectangles, triangles, circles as well as do-
mains that can be transformed into one of those geometries. Efforts have been
made to develop Gauss integration rules for domains of arbitrary geometry, e.g. the
method of finite sectors [4]. In the sequel, we will limit our discussion to Gaussian
quadratures for rectangular and triangular domains, which are the common geome-
tries for two-dimensional discretizations.

B.3.1 Gauss integration for rectangular domains

For domains resulting as Cartesian products of lower dimensions, e.g. squares,
cubes, cylinders, etc., integration rules can always be formulated by multiplying
rules of lower dimensions [2, 5]. For example, if

+1 n
[ H©dg~ Y ey (B.24)
- k=1
is a one-dimensional rule, then

[ f(&n)dEdn~ZZf(E,,nz)wzw] (B25)

=1 1=
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Table B.4 Coordinates and weights for Gauss integration on square
domains of side 2h .

Number and position

of the Gauss points T Y W
0 0 %
| 1
| | +h +h %6
. Tl TR +
_ +h 0 yg
r—a—=o
0 +h %)
) 2]
Y3 Y3 Y
3 3
) ®
0 0 1681
=3 3 3 or
e o o ﬂ:h,\/g ;t},,\/g 0324
L ® 0: -
’ +h |2 10
(@ o o U I\/-':) 81

+h

D51

is the corresponding two-dimensional rule. These rules, however, are not necessar-
ily on the side of economy, with regard to the number of integration points. For
square domains §2: 1zt < h, |y| < h, the following simple rule can be employed

(2]

1 n
—_— x,y)drdy ~ Ty, Yy ) Wy .
e fj;zf(l,!/)( vy kZ:lf(l'k»?/k>“)k (B.26)

The coordinates of the Gauss points 2, and y, and the associated weight factors
are given in Table B.4. The order of the error is £ = O(L™') for the first two cases
and E = O(h") for the third one.
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B.3.2 Gauss integration for triangular domains

The integration over a triangular domain is simplified by employing a natural coor-
dinate system, which here is referred to as triangular coordinate system (see
Fig. B.2). The sides q,, a,, a3 are designated by the number of the opposite verti-
ces. The triangular coordinates &, (z = 1, 2, 3) for an interior point P are defined
as the ratios of the areas A, to the total area A of the triangle,

EI:%’ &=%, 5:;=% (B.27)
Since the sum of the three areas is

A+A+A=A4
it is evident that

G +&+86=1 (B.28)

Figure B.2 Triangular coordinate systems.

The Cartesian coordinates « and y of point P> are related to the triangular coordi-
nates as

z =3 + Lz + 313
(B.29)
y =&y + Sy + Sy
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where z;, y; (¢ = 1,2,3) are the coordinates of the triangle’s vertices. Equations
(B.29) can be checked at a few specific points. For example, at the centroid of the
triangle it is:

A1=A2:A3:

PO W w7 e a7 R y:y1+y2+y:s
3 3
while at point 2 (see Fig. B2): Ay = A, A\ =A4;=0,z=1z, and y = y,.

Equations (B.28) and (B.29) yield the relation between rectangular and orthogonal
coordinates which can be written in matrix form as

1 11 1]&
=z z, T;|3{& (B.30)
Y YooY Uz |€,

Figure B.3 Integration over a triangular domain.

The integration over the triangular domain can be performed by considering the in-
finitesimal parallelogram shown in Fig. B.3. Denoting by s;, s, and s; the dis-
tances of point I’ from the corresponding opposite sides and by 4y, iy and hy the
respective heights of the triangle, we can write
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a;$;

A=%% and A = (i=1,23)

which yield according to Eq. (B.27)

S él_ —

R A &
and hence

s =hé&

So, the surface element dA can be expressed as
dSldSQ

sin 03

- (hldfl)(hzdfz)

sin 8,

dA =

= 2Ad€, d&, (B.31)
Consequently, a domain integral may be written as

f flx,y)dA _-2/1f f (&, &, E3)dEy dEy

L opl=g
=24 [ [ fl6,6,0 - & - &)]d& dg (B32)
If f(£,,€;) is a polynomial term of the form & &] &, where a, b and ¢ are
non-negative integers, then we have [6]

f & & & dA = _atblel oy (B.33)
AT (a+b+c+2)!

A comprehensive introduction to triangular coordinates can be found in the book
by Gallagher [7].

Gauss integration rules over triangles have been derived by means of triangular co-
ordinates and have the form

1= [ R GRSRDLAS

~ Yy f(& €65 wy (B.34)
k=1
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The coordinates &, £5, &5 and the weight factors w; for integration rules which
are accurate for polynomials of order 1 to 5 are given in Table B.5. These values

have been derived by Hammer et al. [8].

Table B.5 Coordinates and weights for Gauss integration over triangular

domains.

Number and position

of the Gauss points & & & w%l

gy 1 1 1
N 1 1 1
e 2 0 Y Y s

Degree of accuracy: 2 3 % 0 % %
1 1 1 —27
1 Iz Vs s Vs

X o> 3 1 1 25
At 2 % % % 48
> 1 3 1 25
1 3 % % Y s
¥ ” . 1 f

Degree of accuracy: 3 4 % /5 % 2548
I 033333333 0.33333333 0.33333333  0.22500000
2 079742699 0.10128651 0.10128651 0.12593918
5y 3 010128651 0.79742699 0.10128651 0.12593918

g7 v 4 0.10128651 0.10128651 0.79742699 0.12593918
2 7 5 0.05971587 0.47014206 0.47014206 0.13239415

Degree of accuracy: 5 ¢ (47014206 0.05971587 0.47014206 0.13239415
7 047014206 0.47014206 0.05971587 0.13239415
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Example B.2

The integrals below are computed using a 4-point Gaussian integration over the tri-
angle shown in Fig. B.4.

Figure B.4 Triangular domain of integration.

Equations (B.29) applied to the triangle of Fig. B.4 become
T =285 + 36 + &

y =& + 26 + 3¢

and formula (B.34) yields

4

fA (1)(1/4 = Z(])“ Wy

k=1

(B 28 )

fldA 2(251 + 3¢, +f;)wk

(2><1+3xl l)(—%ZA) (2><§+3>< 4+ )(2°A)
3 3 3/\ 48 5 5

5 48
+(2x1+3x§+1)(-2—5A)+(2x1+3x1+§)(2—5f1)
5 05 548 5775 5)\a8
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4
k=1

2 2
:(l+2xl+3xl) (—2—ZA)+(§+2X1+3X1) (&A)
3 3 3 5 3

48 5/ 148
2 2
+(l+2x§+3xl) (§A)+(l+2xl+3x§) (25—A)
5) 5 5/ \48 ) ] 5/ 148
— 2y
6

The computed values are exact because the 4-point integration rule is exact for
polynomials up to the third degree.

B.4 Double singular integrals

The domain discretization method to compute the integrals (4.30) for Poisson’s
equation or (7.105) and (7.116) for plane elasticity problems requires the evalua-
tion of double integrals, whose integrand behaves like ¢nr, 1/7r or 1/7°. When
the integration is performed over the element on which the field point lies, these
integrals become singular or hyper-singular. Several special methods have been
developed for their evaluation [9]. The method presented here is relatively simple
and effective. It was developed in [10] for the fundamental solution of the Laplace
equation and here it is extended also to that of Navier’s equations.

B.4.1 Domain integrals of the fundamental solution for the Laplace equation

Consider the domain integral on the ¢—th element
[, vae (B.35)
where v(r) is the fundamental solution for the Laplace equation

v:%m-, r=1Q—P] (P,Qeq) (B.36)
71’

The domain integral (B.35) can be evaluated by converting it into a regular line
integral on the boundary I'*. This is achieved using Green’s identity

[ (wvv-vva)aa= [ (ud—U—UQ’—‘)ds (B.37)
Q I on on

which for functions » and U defined as

u=1 and VU =v (B.38)
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where
v =L (onr +1) (B.39)
m
yields
g [ OU
fﬂrv a0 = fr" s (B.40)

Combining Egs. (B.36) and (B.39), we find that

fﬂde f ‘dQ——
~f Unds—— (B.41)

where A° is the area of the ¢—th element.

The function U/ may be established by expressing the second of Egs. (B.38) in po-
lar coordinates,

1d ( dU

rdr dr

) 27r([” 1

rdr

which gives after two consecutive integrations

U= —1—7'2f71.'r (B.42)

87

In the case that the domain integral involves derivatives of v, the function U in
Eq. (B.41) is replaced with the respective derivatives. Namely,

‘[;2, Vo d§) = fl U annds (m = x,y, 2z, 29,9y ) (B.43)

where subscripts preceded by a comma denote differentiation.

The derivatives (/.. and U ... are evaluated from the relations

Un = L(2{’71,7‘ +1)rmn (B.44a)
8
Um = 48L[(2€m' + 1) cos{e + @) + 2cos v cos¢} (B.44b)
™
Uy = -——L[(%nr + 1) sin{a + @) + 2sin COS¢] (B.44c)

8
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Ueen = ——(cos ¢ — sin 2a sin ¢ (B.44d)
4mr

Uz = LCos 2 sin ¢ (B.44e)
4mr

Uy = —L(cos¢ + sin 2cx sin d)) (B.44f)
4mr

where « = angle(x,r) and ¢ = angle(r,n) (see Fig. A.1).

B.4.2 Domain integrals of the fundamental solution for the Navier equations

Consider the domain integral on the e-th element

ﬁ v (B.45)
where
'U‘ = ljff or U],_lt or Uf’/ or l/r]y (846)

The integral of Eq. (B.45) can be evaluated by converting it into a regular line
integral on the boundary I'*. This is achieved using Egs. (7.139) and (7.140). For
example, choosing V = £ as the potential function in Egs. (7.135) and (7.139),
results in

_21-7) Do) ,
ﬂ s dd= =22 fl [5[ | o |ds

+ fl NUgone + Unamy )ds (B.47)
The domain integrals of the kernels T¢,, Ty, Ty, Toy, 0y Ty, ooy Tagy, T,
O, ..., Toyy are expressed in terms of the derivatives of (B.45), and are evaluated

after they have been converted to line integrals.
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Answers to
selected problems

Chapter 2

2
2.1. () j}%mds or j;‘:z:;z/n,yds

2
(1) f xyn.ds or an,,d.s'
r i)
2

2
%y Ty
— N ix' ——1n d-‘
(111) j; 5 n.ds or f[ 5 nyds
3 .
(iv) fr%mds or f[ ynyds
3
v) fr xyn.ds or ﬁ'%nyds
(v1) \ﬁ_%(:p”m + y'n, )ds or fl axy (yn. + any )ds

(vi1) fsinzmds or fycosznyds
r r

2.2. Hint:
(a) Use the transformation relations from Cartesian to polar coordinates
r=rcosf and y=rsinf

(b) Apply the chain rule of differentiation to express the derivatives in polar
coordinates
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0 _,, 0,99 90 _,0 409

Oz or 00 Jy or el

e =cosd, 71y, =sinf, 9,1-———Sin9, H,yzcosg
T T

(¢) Repeat the differentiation to obtain the second derivatives and by adding
them derive the Laplacian in polar coordinates

LTIy
or® ror r° 00
which for the axisymmetric case, v = v(r), becomes
0 10 li(rﬁ)
or* rdr ror\ Or
(d) Establish a particular solution of the equation
VU = ¢nr
(e) Apply Green’s identity for v =1 and U to obtain

V=

V=

f fnrdQ) = f E)—gds, where U :lr?(fm'—l)
Q r'dn 4

b
23. ) f 8x —xy)dr =1

b
(if) f 6(he)f (x) do = fT(AQI) (hint: use appropriately Eq. 2.40)

i) [ 8(~)dr =1
i) [ 6" @) ) ds = (~1)" 6" (z0)

2.4. Hint: Use appropriately Eq. (2.40).

2.5. Hint: Apply Eqgs. (2.40) for z = rcos8, y = rsiné to obtain
6(r —m)8(6 — 6,)

r

§(P— PRy) =8z — 20)6(y — o) =

2.6. Hint: Apply repeatedly the Gauss-Green theorem for all terms in the integral
j; Y L(u)dQ

until all derivatives of u are eliminated and group appropriately the bound-
ary terms.

2.7. Hint: Apply Green’s identity for v and v =1.
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v——u—+uv(a n)|d

2.8. (m)va ) —uL'(v)]dQ = f

Chapter 3

1 2 2
31, u=—zxy(zy+x
T y(zy + zy°)

3.2 vafdQ = iRQ(%nR =D f(@o,y0),  fo,%0) = g + @y o + 2 Yo

3.3. (i) Hint: use Eq. (3.49) and differentiate it with respect to z. See also
Section B.4 of Appendix B.

(ii) Hint: Establish a function F' satisfying the equation
VIF =z +¢4°
Then apply Green’s identity for v = énr/27 and u = F, differentiate
it with respect to = and use Eq. (2.42).

3.4. Hint: Show first that the integral representation (3.18) can be written as

) == [ {288t - 24D s+

Ny ony

where p is a point on I'. Then, to obtain Ju/dn,, differentiate with respect
to a direction n and find the limit as P — p € I' choosing 7 to coincide
with the normal to the boundary at point p € I'. The limiting procedure is
similar to that of Section 3.3. Work in the same way to obtain Ju/dt,. For
points p where the boundary is smooth, we find

1 du(p) [ dv(p, q) du(q) 9*u(p, q) }
_9up) _ _ [ |4An9) ) —u(p)| AR g
2 Ony f[ Oony, Jny [ulg) = (p)] Onydng %

10u(p) _ {Ov P,q) 9u(q) ) - u(p)]a%)(p,q)} ds,
2 0t Ll Ot OJnyg Ot,0ng

3.5. Hint: For p € T use the integral representations of du/0n, and du/dt, to
derive the expressions for Ju/0z and Ju/dy.
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Chapter 4

4.1, Hint: See subroutine DERIV of program FLUIDCON in Chapter 6.

4.3. Hint:

(2)

(b)

Evaluate the matrices [H]', [G]', [H] and [G] .

Domain §2, is isotropic. The boundary integral equation is given by
Eq. (3.29), which after discretization yields

[H{u} =[G {g}', {gn}' ={un} (wn=Vu-n)
The matrices [H]', [G]' are evaluated as described in Section (4.3).

Domain 2, is orthotropic. The boundary integral equation is given by
Eq. (3.79), which after discretization yields

[HP {u} = [GF{a}?, {@n}* = {un}®  (um =Vu-m)

where

1
H, 7md __61"
/ fl 27r\/ T 9 Y

G, = ———ﬂm'ds(
/ fx or D] '
in which
(€ — )2 (n - 1/,)2
7. b ()1 - + - k]
(‘1 ! ) \[ Kor Kyy

q:(&mer, and p:(z,y) el

The elements of these matrices can be evaluated in a way similar to that
presented in Section 4.3.

Apply the given boundary conditions on the outer boundaries and the
interface continuity conditions to obtain the matrices [A] and {B} as pre-
sented in Section 4.9.

Chapter 5
. ___1__ _13 ':_9____ 27
w;;=-9—+—§——§2—£€"‘, w4=—i——§ Dy D

16 16 16 16 16 16 16 16
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.. 1 1 2 2 2 3 2 4 2 2 4 3
=—=4+ =€+ =& —=&7, y = ——=&—=§"+=¢&7,

(ii) 6 6€ 3§ 35 (12 3 35 3§ 35
2 4 2.0 4 .3 1 1 2.0 2.3

YPy=—+=-&—=& —=&7, =———=¢+=§+ =

Y 3 36 3§ 35 Py 5 6£ 36 36

5.2. The exact value for the area of the circular sector is given as

Aexacl = &RQ = Acxact = 3_7r
2 8

(i) For a linear element approximation: Ajpear = -;—RQ sin g,

(ii) For a quadratic element approximation follow the steps:
(a) Use polar coordinates to evaluate the area

__1- H”Z
A_Qf“ 2 df

(b) Transform the integral on the interval —1 < ¢ <1

A= %fjl 2(€)* + y(&)* |J(€)]dE

where «(£) and y(£) are obtained from Egs. (5.66) and the Jaco-
bian |J(£)| from Eq. (5.68).

(c) Evaluate the integral using a four-point Gauss integration.

(ii1) For a cubic element approximation establish first

2(€) = > m(§) and Y€)= ywi(6)
k=1 k=1

from the known coordinates of the four nodal points, which are

(k—l)& %

- and 'g/k = Rsin|(k—-1) 3

x, = Rcos

where &k =1,2,3,4. The shape functions .(£) are those derived in

Problem 5.1-(1). Then, follow the same procedure as in case (ii) to
evaluate the area integral.

The exact value of the area along with the computed values for the three
types of elements are given in the following table.

Exact Linear Parabolic Cubic
Area 1.178097 1.164686 1.178086 1.178099
Error (%) 0 1.14 9.34x107°  —1.70x107°
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5.3. The integrand has a peak at z = 0.25 (see its graph in the figure). The
interval is divided into subintervals as in the table and Gauss integration is

applied on each of them

Number of Subintervals Number.of ff‘ rd?z ,
subintervals Gauss points ' [(2-0.25)" +0.05]
4 [-1.00, +0.10] 8 35124.17

(+0.10, +0.25] 6
[+0.25, +0.40] 6
[+0.40, +1.00] 8
Exact value 35123.22

160000 4+——~—A— At L b L L L L

120000 —f - -+ - == - == - -

80000 ~} - 1= = - o —m = menfeop - e - =

40000 | -1 b B CEE FRE R -

-1 -08-06-04-02 0 0204 06 0.8 1

5.4. Hint: Transform the integral on the interval —1 < ¢ < +1 and use Gauss
integration to cvaluate it. It is suggested to follow the steps:
(a) Express the coordinates of the points on the parabolic element in terms of
& using Eq. (5.63), namely
2(€) = 4.30 ¢, (&) + 4.10 (&) + 3.80y3(€)
y(€) = 2.5041(€) + 2.90 $(€) + 3.20 4y (€)

(b) Find the expressions of (&) and |J(£)] to obtain the integrand in the
form
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1€ = %i(€) el +(©)(©)
= —260-9 tn{la(€) ~ 4157 +[u(€) ~ 2657 |

J=©F +1v©7F

(c) Check whether the integral is singular or near-singular. For this purpose
evaluate £ = &, for which r(£) becomes minimum as well as the values

of r(&) and f(&) (answer: & = —0.56595534, r(&,) = 0.08357687,
f(&) = —0.49520518). Hence the integral is neither singular nor near-
singular. This also becomes evident from the graph of the integrand

shown in the figure.
(d) Evaluate the integral using Gauss integration
I, = —-0.34181408

+1 n
fl F(&)de ~ > f(&)w =1 = { Iy =—0.35966759
= I, = —0.35957404

02 L k--

R e o A S R A

06~/

-0.8
-1 -0.8-06-04-02 0 0204 06 0.8 1

5.5. Hint:
(a) Evaluate the length of the j—th element,

0, =2 -2 + (o — 1 ) = 1.166190
K
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(b) Use Eq. (5.27) together with Eqgs. (5.32) and (5.35) to evaluate g .
(c) Use Eq. (5.36) together with Eqs. (5.37) and (5.38) to evaluate g7 .

The influence coefficients, when the source node 7 coincides with nodes 1
and 2 (local numbering) of the integration element j, are
fornode-i at & = —0.5: g’ = —0.215355, g3 = —0.039519

27 _

for node-i at & = +0.5: gY) = —0.046087, g2 = —0.184665

Chapter 6

6.1. Use program TORSCON to evaluate the required quantities for the three

cross-sections. The computed answers along with the exact values or those
obtained with other approximate solutions are given below in tabular form.

Cross- Solution [ max 7
section method GOh
BEM (N=250) 0.028593 0.464960
Analytical'" 0.028585 0.465030
BEM (N=250) 0.053527 0.779140
Approximate" 0.051157
BEM (N=250) 0.053780 0.677690
Approximate'”’ 0.057911

) see Example 6.2

@ see Chapter 6, Ref. [19]

6.2. Hint: Seek the solution as a sum of the homogeneous solution and a particu-
lar one,

U = Uy +

(a) The particular solution is obtained according to the procedure described
in Section 3.4.2

Vi, = — —l—fr
30
which yields
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_ (2’ +y°)
240

U =

(b) The homogeneous solution obtained from the boundary value problem
Vi, =0 in
2, 2
g = 2" +y7) on T
240

using the program LABECON.
Answer: u(a/2,b/3) = 0.018 m employing N=200 boundary elements.

6.3. Hint: Use program LABECONMU.

6.4. Hint: At the insulated parts of the boundary itis 7, = 0.

Answer: Values of the temperature T’ at selected points on the axis of sym-
metry of the cross-section are given in the table below as obtained using
LABECON with N=240.

iy 0.05 0.25 0.45 0.65 0.85
T 14.54 32.67 50.82 67.35 77.86

6.5. Hint: Modify program LABECON, according to the procedure presented in
Section 4.9 (method of subdomains), so that it can be used for the analysis of
composite domains.

6.6. Hint: Use the program developed for the requirements of Problem 4.2.

6.7. Hint: Use program FLUIDCON.

Answer: Values of the velocity component v, at selected points of the outlet
cross-section are given in the following table as obtained using FLUIDCON
with N= 240.

y 1.70 1.30 0.90 0.50 0.10
U 0484 0492 0503 0512 0516
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Chapter 7

7.1, Given the initial strains {g,} use Eq. (7.13) to establish the corresponding

7.2.

stresses {0} . Then substitute Eq. (7.26) into the equilibrium equation (7.18)
with b; = b, = 0 to obtain

2 2
V24— [8—'j+ a”]+lb£=
1-2vldz® 0z8y) G
2 2
Vi — [mau +§—%]+ib§)=0
1-2vtdz0y Oy G
where
Oz Jy

by = -

ardy, n ol ]
oz Jy

The boundary tractions due to the initial strains are obtained by substituting
Eq. (7.26) into Egs. (7.22) and taking into account that

tr=tr~t =0
by = t,!’, - ’l(/) =0
where ¢/ and t; denote the total boundary tractions. The derived expressions

are

t {] 0 0
t: = t,_r = —( rns + T_ry'ILy)

! 0 0 0
ty = ty = — (T:y e + Oy Ty )

Therefore, the displacement field u, and v, due to initial strains is the one
produced by the effective body forces b7, by in © and the prescribed bound-
ary tractions t! and t; on I'. In this case, the boundary integral equations
result from Eqs. (7.90) by replacing b, b, and t., ¢, with b?, b) and ¢,
ty , respectively. In solving this problem using program ELBECON, attention
should be paid in restraining the rigid body motion, so that the matrix [H |
can be inverted.

The initial stress distribution caused by the temperature change AT(z,y) is

given by Eq.(7.28) and the effective body forces (see answer for Prob-

lem 7.1) become

_Ea 8AT:0 and b;?:—E(Y BAT___
1-v Oz 1-7 0Oy

v
bx =

0
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while the boundary tractions become
_ EaAT

1-7

£ ne =222.22n, and t) = EaAT ny = 222.22n,

1-v
The solution of the problem is obtained following three steps:

(a) Evaluation of the displacements produced by the temperature change.
Due to the double symmetry of the cross-section the solution can be lim-
ited to the lower left quadrant (see figure). This problem is solved using
program ELBECON with the boundary conditions shown in the figure.

- ) m—=+—(.5m-»
A
L)
[ Y A
0.25m
Y
: A
»m 0
0.50 m
v - Y
- m >

(b) Solve the problem for the whole domain with the following boundary
conditions: '

outer boundary: u(0,y) = —u"(0,y), t(0,) =0
v(z,0) = —v"(2,0), t:(x,0)=0

w(2.5,y) = —u"(2.5,y), t,(2.5,9) =0

tr(z,1.5) = 0, ty(z,1.5) =0

inner boundary: t: =0, t, =0 (traction-free)

(c) Superimpose the solutions of steps (a) and (b).

Numerical results obtained for N=348 boundary elements are given in the
following table.
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vx10? te ux10® vx10° Oz oy Ty

0.3125| 0.366 145.71 | 0.040 0371 -16629 1590  21.50
0.5125| 0.577 12034 | 0.115 0.595 -118.07 293  40.49
09875 1.018 119.13 | 0.126 -0.616 —111.11 —1.93 -27.24
1.1875 | 1.216 150.09 | 0.043 -0.477 -164.88 829 -12.87

7.3. Hint:

(a) Establish the displacement and stress fields for temperature change work-
ing in two stages as in Problem 7.2, including, however, the body forces

(J__E(Y?_T bo__Ea(’?_T
‘ 1-7 8z ! 1-7 Oy

which do not vanish in this case. Nevertheless, the domain integrals in-
volving the body forces can be converted to boundary line integrals by
means of Eqs. (7.139) and (7.140), since they are derived from a potential

T (VT = 0). For the needs of this problem, program ELBECON must
be modified to include the vector {F} of Eq. (7.111) resulting from the
presence of body forces.

(b) Superimpose the solution of part (a) to that for internal pressure in order
to obtain the total deformation and stresses in the pipe.

7.4. Hint: Determine a particular solution w,, v; using the relevant expressions
dertved in Example 7.1. Then employ program ELBECON after modifying
appropriately the boundary conditions as indicated in Eqs. (7.124).

7.5. Answer:
ug = uy = 7.3699x 10" m

_ P _ 2xTORN/M X 060m _ ) 510107 /m

K. -3
Ug 7.3699 x 10" m

It is worth mentioning that, modeling the given frame with three beam ele-
ments (accounting also for shear deformation) and considering that the frame
is clamped at the bottom of the two columns, the lateral displacement and
corresponding stiffness are found to be

Upeam = 7-6x107% m

Kiyeam = 1.18421 x10° kN/m
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A

actual boundary, 105, 111, 114
adjoint operator, 17

Airy’s stress function, 6

Analog Equation Method (AEM), 7

anisotropic bodies, 8, 171

potential problems, 39
boundary integral equation, 43
fortran program, 104
fundamental solution, 40, 42
integral representation of the

solution, 40
torsion, 171

anisotropic elasticity, 6

B

beam theory, 272
BEASY, 7

bending of simply supported plates,
178
bending moments, 178, 179
boundary conditions, 179
Dirichlet problems, 180
flexural rigidity, 178
twisting moments, 178

bending of thin plate, 236
Betti-Maxwell law, 219

Betti’s reciprocal identity, 211
plane strain, 212, 238
plane stress, 213

Betti’s theorem, 5, 212
biharmonic equation, 6, 178
biharmonic operator, 178, 215

body forces, 206, 209, 234
integrals: (see also domain inte-
grals)
direct numerical evaluation, 234
drawbacks, 234, 235
evaluation using a particular so-
lution, 235, 236, 238
example, 237
transformation of the domain in-
tegrals to boundary integrals,
238, 307
body forces of arbitrary dis-
tribution, 238
body forces derived from a
potential function, 239
weight of the body, 237

Boundary Element Method (BEM), 2,
5,7
accuracy, 169, 196
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advantages, 4

coefficient matrices, 5

constant elements, (see boundary
elements)

convergence, 78, 84, 169, 273

direct, 6, 8, 26, 28, 34

disadvantages, 4, 37

discretization, 3, 49, 75, 80, 93

fundamental solution, (see
fundamental solution)

historical development, 5

indirect, 6, 26

infinite domains, 4

numerical implementation, 8, 47

potential problems, 25

two-dimensional elastostatic prob-
lems, 201

boundary element technology, 8, 105

boundary elements, 47
categories of elements:
1soparametric, 106, 107, 111,
129, 132
subparametric, 49, 105, 106
superparametric, 49, 106, 107
constant elements, 47, 48, 49, 84
coordinate transformation, 54
discretization, 49, 50, 75, 80, 93
continuous elements, 106, 107, 108
corner points, 49, 114, 134
curvilinear elements, 129
discontinuous elements, 49, 106,
107, 108
elliptic domain, 80, 164
end points, (see extreme points)
extreme points, 47, 48, 54
hybrid elements, 108
integration element, 113, 116, 118
integration point, 50
inter-element continuity, 49
length, 54, 120
linear element, 47, 48, 105, 107
angle between elements, 111
boundary conditions (change
in), 114
continuous, 107, 109, 111, 112,
119

coordinate transformation, 118
corner points, 114
discontinuous, 108, 109, 115,
118,119, 120

evaluation of line integrals, 115
modeling, 112
systems of axes, 109, 118

nodal points, (see nodes)

nodes, 47, 48

numbering, 110, 111

numerical integration, 56, 116,
123, 125

parabolic (quadratic) element, 47,
48, 84,129
continuous, 130
corner points, 134
discontinuous, 134
discretization, 133
mapping onto a straight line,

131

rectangular domain, 75

reference point, 50

source node, 113, 116, 118,123

technology, 105

Boundary Elements Communications,
44,45

Boundary Elements Reference Data-
base, 44, 45

boundary integral equation:
Laplace equation, 33
plane elasticity, 224
potential problems in anisotropic

bodies, 43

Boundary Integral Equation Method
(BIEM), 5, 6,7

boundary value problems, 1, 8
deflection of membrane, 175, 176
plane elasticity, 201
potential equation, 25
warping function (torsion), 148

C

calculus of variations, 175
canonical form, 40
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Cauchy tetrahedron, 208

Cauchy type singularity, 118, 126,
127

cells, (see Gaussian integration)
closed domain, 64

coefficient of thermal dilatation, 209
collocation points, 58, 59, 61
compatibility relation, 33
compliance matrix, 205, 211

composite domain, 96
continuity conditions, 98
discretization, 97

Computational Aspects, 140, 141
concentrated loads, 18, 19, 214
conductivity matrix, 182
connormal, 39, 172
constant elements, (see boundary ele-
ments)
constitutive matrix, 182, 193
constitutive relations, 171
continuity conditions, 98
flux continuity, 98, 99
potential continuity, 98
continuity equation, 187
continuous clements, (see boundary
elements)
converting domain to boundary inte-
grals, (see domain integrals)
coordinate systems:
global, 54, 108, 109, 118
local, 54, 108, 109, 118
coordinate transformation, 21, 22, 54,
118, 131
Jacobian, (see Jacobian of transfor-
mation)
non-singular (invertible), 22
corner points, 30, 49, 114, 224
curvilinear boundaries, 129

D

Darcy’s law, 193, 196

deflection of elastic membranes, (see
membranes)

delta function, (see Dirac delta func-
tion)

derivatives of distance r, 52, 216,
221, 285

differential equations, 8
elliptic type, 18, 44, 58, 83
hyperbolic type, 18, 58
parabolic type, 18, 58
diffusion of ions, (see Fick’s law)

Dirac delta function, 8, 18, 20, 23, 26,

35,213

Jacobian of transformation, 22, 41

one-dimensional, 20
derivative, 22

transformation from Cartesian to:
curvilinear coordinates, 22
polar coordinates, 24

two-dimensional, 20, 21
derivative, 23

direction cosines, 146, 208, 213

Dirichlet problem, 5, 25, 154, 176,
180, 183

discontinuous elements, (see bound-
ary clements)
discretization:
boundary (BEM), 3
boundary elements, (se¢ boundary
elements)
composite domain, 97
domain (FEM), 3, 58
element numbering, 110
elliptic domain, 80, 107, 108, 164
mixed boundary conditions, 51, 75,
92,114
rectangular domain, 75, 93

divergence (of a vector), 16

divergence theorem of Gauss, 7, 15,
23,147,153
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domain integrals:
elasticity, (see body forces)
evaluation, 57
numerical evaluation, (see Gaus-
sian integration)
singular, 305
transformation to boundary inte-
grals, 36, 37, 60, 152, 153, 305,
307
arbitrary function, 38, 58
polynomial, 37
domains, homogeneous, long and
slender, 102

domains with multiple boundaries, 85
dot product, 16

double integrals, (see Gaussian
integration)

Dual Reciprocity Method (DRM), 7,
61, 181
Poisson’s equation, 58

E

effective elastic constants, 204
elastic constants, 203, 210
elastic support, 175
elasticity problem, 5, 6, 8, 201
anisotropic, 6
body forces, 206, 209
boundary conditions, 206
boundary tractions, 208, 209
corner point, 224
elastic strain, 208
equilibrium equations, 205, 210
equilibrium of the body, 207
initial strains, 208
temperature variation, 209
initial stresses, 208
temperature variation, 209, 211
integral representation of the solu-
tion, 5
Navier equations of equilibrium,
206, 211
plane elasticity, 201
body forces, (see body forces)

boundary integral equations,
224,228
initial strains, 281
boundary quantities, 230
boundary tractions due to con-
centrated unit force, 220
displacements in the interior of
the body, 232
fundamental solution, 213, 217,
218
domain integrals, 307
integral representation of the
solution, 221, 223
integral representation of the
stresses, 228
matrices, evaluation:
diagonal elements, 245, 247
off-diagonal elements, 244,
246
numerical solution of the bound-
ary integral equations, 230
plane strain, (see plane strain)
plane stress, (see plane stress)
program ELBECON.FOR, 241
stresses due to concentrated unit
force, 219
stresses in the body, 233
stresses on the boundary, 233
reciprocity of displacements, 219
stress function, (see Airy)
thermoelasticity, 6
total strain, 208

elastodynamic problem, 6

elastoplastic torsion, 6

ELBECON.FOR, 9, 241

arrays, 243

examples, 263, 273

listing, 248

macro flow chart, 242

subroutines:
ABMATREL, 241, 247, 255
GMATREL, 241, 244, 251
HMATREL, 241, 246, 253
INPUTEL, 241, 244, 250
LEQS, 248, 256
OUTPUTEL, 241, 248, 263
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REORDEREL, 241, 248, 257
RLINTG, 248, 252
RLINTH, 246, 248, 254
SLINTH, 259
SOLVEQ, 241, 248, 256
STRESSB, 241, 248, 261
STRESSIN, 241, 248, 259
UVINTER, 241, 248, 258
variables, 241, 243

electric potential, (see Ohm’s law)
ELLIPSE-1.FOR, 9, 81
ELLIPSE-3.FOR, 9, 165

elliptic domain, 79, 164

elliptic problems, (see differential
equations)

ellipticity condition, 39
equilibrium equations, 145, 205
essential condition, 29, 183

examples:

deflection of elastic triangular
membrane, 176

ELBECON.FOR, 263, 273

ELLIPSE-1.FOR, 81

ELLIPSE-3.FOR, 165

fluid flow, 192

FLUIDCON.FOR, 193

Gauss-Legendre integration, 296

Gaussian integration over triangu-
lar domain, 304

heat transfer, 184

integrand behavior for different
source nodes, 116

LABECON.FOR, 74,79, 177, 184

LABECONMU.FOR, 92

near-singular integral evaluation
with element subdivision, 138

near-singular integrand behavior,
136

Neumann problem, 79

particular solution of the Navier
equations, 237

particular solution of the Poisson
equation, 36

plane strain (pipe subjected to in-
ternal pressure), 273
plane stress (clamped beam), 263
potential problem:
doubly connected domain, 92,
184
elliptic domain, 79
square domain, 74
RECT-1.FOR, 74
RECT-2.FOR, 92
RECT-3.FOR, 169
RECT-4.FOR, 264
RECTEL-MU.FOR, 273
singular influence coefficients, 125
TORSCON.FOR, 164, 169
torsion problem:
elliptic cross-section, 164
square cross-section, 169

existence condition, (see Neumann
problem)

F

Fick’s law, 193

finite differences, (see numerical dif-
ferentiation)

Finite Element Method (FEM), 2,
235,272,273
coefficient matrices, 5
discretization, 3
drawbacks, 2
infinite domains, 2

flexibility matrix, 205
flexural rigidity (plate), 178

flow through porous media (see
Darcy’s law),

fluid flow, 187, 197
continuity equation, 187
example, 192
fluid density, 187
fluid velocity, 187
inlet, 188, 192
outlet, 188, 192
program FLUIDCON.FOR, 189
tranquility condition, 189
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velocity field, 188
velocity potential, 188

FLUIDCON.FOR, 9, 189
example, 193
listing, 189
subroutines:
DERIV, 189, 190
OUTPUT, 189, 192

flux of a vector, 16, 40, 98, 193
continuity, (see continuity condi-
tions)
Fourier’s law, 98, 181, 193, 196

frame, two-column, 282
lateral stiffness, 282

free space Green’s function, 28

fundamental solution, 4

Laplace equation, 26
derivatives, 52
domain integrals, 305

plane elasticity, 217, 218
domain integrals, 307

potential equation, 28

potential problems in anisotropic
bodies, 40

G

Galerkin functions, 215
Galerkin vector, 215, 236, 237
Gauss elimination, 63, 241
Gauss-Green theorem, 13, 15, 23

Gauss-Legendre integration, (see
Gaussian integration)

Gaussian integration, 8, 53, 57, 65,
116, 133, 246, 289
abscissas, 53, 57, 295, 297
accuracy, 117
double (domain) integrals, 57, 298
cells, 57,234, 235
domain discretization, 57
multiplication of rules, 298
rectangular domains, 298
table of coordinates and
weights, 299

triangular domains, 300
example, 304
integration rule over trian-
gles, 302
table of coordinates and
weights, 303
triangular coordinate system,
300, 302
four-point quadrature, 65, 246
Gauss-Legendre integration, 293
error, 294
example, 296
Legendre’s polynomials, 294
table of abscissas and weights,

295
Gauss points, 53, 116, 289, 293,
299, 303
integrals with logarithmic singular-
ity, 298
table of abscissas and weights,
297
integration of regular functions,
289
integration points, (see Gauss
points), 123

method of finite sectors, 298
subintervals, 125, 138, 139
weights, 53, 57, 123, 289, 293,
295, 297, 299, 303

Gaussian quadrature, (see Gaussian
integration)

generalized Hooke’s law, 171
constitutive relations, 171

gradient (of a scalar), 16
gradient of temperature field, 181
Green'’s function, 5
Green’s reciprocal identity, (see
Green’s second identity)
Green’s second identity, 8, 16, 17
applications, 28, 29, 31, 33, 34, 37,
38,147, 152, 240, 305
general form, 17, 39
multiply connected domains, 85

Green’s tensor, 218
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H

harmonic operator, 16
polar coordinates, 24, 27, 37, 306

heat conduction, (see heat transfer)
heat flow, 99, 196, 197
heat flux, 181

heat transfer, 8, 98, 181
ambient temperature, 183
boundary conditions, 183
conductivity matrix, 182, 183
isotropic material, 182
orthotropic material, 182
equations, 181
isotropic, 183
orthotropic, 183
example, 184
heat flux, 181
heat transfer coefficient, 183
internal energy, 182
specific heat, 182
Hermite polynomials, 135
hydrostatic pressure, 198
hyperbolic problems, (see differential
equations)
hypersingular integrals, 140,235,305

ideal fluid, 187
incompressible fluids, 8, 187

indicial notation, 217, 220, 221, 223,
228

infinite domains, 2, 4

influence coefficients:
evaluation:
diagonal elements ,56, 118, 122
indirect evaluation, 127, 133
off-diagonal elements, 53
Laplace equation, 49, 53

inside integration, 115, 118, 126, 133

integral representation of the solution:

Laplace equation, 30

plane elasticity, 5, 221
stresses, 228

potential problems in anisotropic
bodies, 39

integration by parts, 15, 175

integration rules, (see numerical inte-
gration)

internal heat generation, 181

International Association for Bound-
ary Elements (IABEM), 7

International Boundary Element Con-
ferences, 140

International Society for Boundary
Elements (ISBE), 7

interpolation polynomials, 105, 111,
129, 135
Hermite, 135

inviscid fluid flow, 187
irrotational flow, 8, 187

J

Jacobian of transformation, 22, 55,
132

K

Kelvin’s solution, 213
kinematic condition, 29
Kronecker delta, 50

L

LABECON.FOR, 9, 61, 67, 189

arrays, 63, 64

examples, 74,79, 177

listing, 67

macro flow chart, 62

subroutines:
ABMATR, 63, 66, 71
DALPHA, 65, 71
GMATR, 63, 64, 69
HMATR, 63, 65, 70
INPUT, 61, 64, 68
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LEQS, 66, 72
OUTPUT, 63, 66, 74
REORDER, 63, 66, 73
RLINTC, 65, 69
SLINTC, 65, 70
SOLVEQ, 63, 66, 72
UINTER, 63, 66, 73
variables, 63

LABECONMU.FOR, 9, 86

example, 92

listing, 87

subroutines:
GMATR, 86, 89
HMATR, 86, 90
INPUT, 86, 88
UINTER, 86, 91

Lamé constants, 203, 210
laminar flow, 189

Laplace equation, 5, 8, 25, 196
boundary conditions, 25, 26
boundary integral equation, 33
composite domains, 96
corner point, 30, 32
derivatives of the solution, 53, 104,
189

direct BEM, 28

examples, 74, 79

fundamental solution, 26
derivatives, 52
domain integrals, 305

influence coefficients, 49, 52, 122
derivatives, 53
numerical evaluation, 55, 56,

127

integral representation of the de-
rivatives of the solution, 46, 52,
104

integral representation of the solu-
tion, 30
boundary points, 32
domain points, 30

matrix equations, 50

matrix partitioning, 51

mixed boundary conditions, 28, 75,
83,92, 114

multiply connected domain, 85
programs:
LABECON.FOR, 61
LABECONMU.FOR, 86
smooth boundary, 32, 33
subdomains, 96, 102

Laplace operator (see harmonic opera-
tor)

Legendre’s orthogonal polynomials,
293,294

L Héspital’s rule, 124, 126
line integrals, 53
evaluation over linear elements,
115
numerical integration, (see Gaus-
sian integration)
linear elements, (see boundary ele-
ments)
loading, 2
logarithmic singularity, 57, 118, 126,
140
analytical integration, 118
integration by extracting the singu-
larity, 124, 125, 134
numerical integration, 123, 298

Stroud and Secrest approximation,
123

M

mass conservation principle, 188
material density, 181
mathematical concepts, 13

matrices, 5
partitioning, S1
potential problems, 50
singular, 83, 245

mean value theorem, 20, 31, 32, 225,
226, 235

membranes (deflection of), 8, 196
boundary value problem, 176
elastic supports, 175
example, 176
prestress, 175
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strain components, 175

strain energy, 175

total potential energy, 175

triangular membrane, 176
analytical solution, 177
deflection surface, 176

mesh generators, 4

method of coordinate transformation,
137

method of element subdivision, 137,
139, 245

method of subdomains, 96
long and slender homogeneous do-

mains, 102

Microsoft FORTRAN PowerStation,

79, 102, 103

mixed problem, 26, 83, 92
monoclinic material, 171
multi-zone body, 96
multiply connected domains, 85, 174
example, 92, 184
program listing, (see
LABECONMU.FOR)

N

NASTRAN, 4
natural condition, 29, 183

Navier equations of equilibrium, §,
206

Navier operator, 213, 238, 239
fundamental solution, 217
domain integrals, 307
integral representation of the solu-
tion, 221
particular solution, 235, 236, 238
near-singular integrals, 136, 137
coordinate transformation, 137
element subdivision, 137, 139
Neumann problem, 5, 25, 79, 83, 148,

150, 183
existence condition, 83, 146

non-dimensionalized shear moduli,
173,174

non-smooth boundary, 30, 224
nonviscous fluid flow, 187
normal derivative, 17, 53, 286
normal unit vector, 14, 64, 86, 97

numerical differentiation, 155, 234,
248
backward differences, 157
central difference, 156
forward differences, 156

numerical integration:

Gaussian quadrature, (see Gaussian
integration)

integrals with logarithmic singular-
ity, 123, 298

integration of regular functions,
289

Newton-Cotes formulae, 116, 138,
289

Simpson’s rule, 116, 138, 289

trapezoidal rule, 116, 138, 289

0)

Ohm’s law, 193, 196

open domain, 64
outside integration, 115, 116, 133

P

parabolic elements, (s¢e boundary ele-
ments)

parabolic problems, (see differential
equations)

particular solution:
Navier equation, 235, 236, 238
Poisson equation, 34, 37, 60, 177

perfect fluid, 187
plane elasticity, (see elasticity prob-
lem)

plane of material property symmetry,
171
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plane strain, 201

boundary conditions, 207

boundary tractions, 208

compliance matrix, 205

constitutive relations, 203, 204

effective elastic constants, 204

equilibrium equations, 205

example (pipe subjected to internal
pressure), 273
contours of stresses at the pipe

cross-section, 278, 279
deformed pipe cross-section,
278

governing equations, 206

initial strains, 281

initial stresses due to temperature
variation, 209

kinematic relations, 202

program ELBECON.FOR, 241

reciprocal identity, 212, 238

stiffness matrix, 205

strain tensor, 202, 204

stress tensor, 203

stress vector, 205

plane stress, 201, 209
body forces, 209
boundary tractions, 209, 211
compliance matrix, 211
constitutive relations, 210, 211
effective elastic constants, 210
equilibrium equations, 210, 211
example (clamped beam), 263
initial stresses due to temperature

variation, 211

program ELBECON.FOR, 241
reciprocal identity, 213
stiffness matrix, 211

plate bending, 6, (see bending of sim-
ply supported plates)
simply supported, 8, 178

point source, 26

Poisson’s equation, 8, 25, 176, 196
boundary conditions, 25
direct BEM, 34
domain integrals, 57, 305

Dual Reciprocity Method, 58
integral representation of the solu-
tion, 34
Green’s identity, 34
mixed boundary conditions, 34
transformation to Laplace equation,
34
homogeneous solution, 36, 177
particular solution, 34, 36, 176

Poisson’s ratio, 178
polluted numerical results, 115

potential equation, 25
fundamental solution, 27, 305

potential theory, 5, 6, 8, 44
boundary conditions, 25
governing equation, 25

Prandtl’s stress function, (see torsion)

prestress of membrane, (see mem-
brane)

projection of a vector, 16

Q

quadrature, (see numerical integra-
tion)

R

radial basis functions series, 58
multiquadrics, 61
polynomial, 61
thin plate splines, 61

Rayleigh-Green identity, 6

reciprocal identity, (see Betti’s recip-
rocal identity)

RECT-1.FOR, 9, 74
RECT-2.FOR, 9, 92
RECT-3.FOR, 9, 169
RECT-4.FOR, 9, 264
RECTEL-MU.FOR, 9, 273
regularity condition at infinity, 128
rigid body motion, 207, 232

rigid body rotation, 151
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Robin problem, 26, 176, 183

S

Saint-Venant torsion problem, (see
torsion)

self-adjoint operator, 18
signum, 126

shape functions, 111, 116
continuity, 135
cubic element, 142
linear element, 111, 118
parabolic (quadratic) element, 131,
135

shear wall, 209, 282

singular integrals, 118, 140, 235
Cauchy-type singularity (see
Cauchy-type singularity)
indirect method, 118, 133
logarithmic singularity, (see loga-
rithmic singularity)

singular particular solution, (see fun-
damental solution)

source, 25, 26

source density function, 58, 61
specific heat, 182

specific internal energy, 181
stiffness matrix, 205, 211
stiffness modulus, 175

strain components, 145, 175
strain energy, 175

stress vector, 205

subdomains, (see method of subdo-
mains)

summation convention, 15

symbolic languages:
Maple, 53, 116
Mathematica, 53

T

tangential unit vector, 52

Taylor series expansions, 155, 156
tensor, two-point second order, 218
thermal conductivity, 98, 99
thermal flux density, 181
thermoelasticity, 6

Timoshenko beam theory, 272, 273

TORSCON.FOR, 9, 157

examples, 164, 169

listing, 157

subroutines:
INPUT, 157, 158
OUTPUT, 157, 163
TORCENTER, 157, 160
TORSTIF, 157, 162
TORSTRESS, 157, 163
UINTER, 157, 161

torsion, 8, 44, 143, 151, 196, 197
anisotropic bars, 171
constitutive relations, 171
torsional constant, 173
twisting moment, 172
boundary stress, 155, 157
boundary value problem, 148
composite bars, 44, 199
constitutive relations, 145
displacement components, 144
elastoplastic, 6
elliptic cross-section, 164
contours of warping surface,
168
equilibrium equations, 145
examples, 164, 169
hollow cross-section, 155
moment resultant, 148
orthotropic materials, 173, 199
non-dimensionalized shear
moduli, 174
program TORSCON.FOR, 157
rotation of cross-section, 143
solution:
conjugate of warping function,
154
Prandt!’s stress function, 154
steps, 153
shear stresses, 145, 150, 154, 155
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square cross-section, 169 traction boundary conditions, 146
analytical expressions, 169 traction components, 146, 208, 209
contours, 170
warping function, 170

strain components, 145

strain energy, 151
minimization conditions, 151

transformation of coordinates, (see
coordinate transformation)

transformation of differential to
boundary integral equations, 13

stress resultants, 147 transformation to complex domain,
torsional constant, 148, 151, 154, 35, 36, 236
157,173 triangular coordinate system, 300, 302
torsional rigidity, 148
torsional stiffness coefficient, 148 \Y
traction boundary conditions, 146 _—
twist center, 143, 149, 151, 157 viscosity, 187
twisting moment, 148, 172
warping function, 143, 145, 146, A\%Y
154
anisotropic bar, 172 warping function, (see torsion)
Neumann problem, 148, 150 weighted residual form, 52, 79

total potential energy, 175
principle, 175
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